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Introduction 


Topics in algebra and analysis have become fundamental for the mathematical 
olympiad. Today, the problems in these topics that appear in the contests are 
frequent, and the problems from other areas that use algebra and analysis in 
their solutions are also frequent. In this book, we want to point out the principal 
algebra and analysis tools that a student must assimilate and learn to use gradually 
in training for mathematical contests and olympiads. Some of the topics that we 
study in the book are also part of the mathematical syllabus in high school courses, 
but there are other topics that are presented at the college level. That is, the book 
can be used as a reference text for undergraduates in the first year of college who 
will be facing algebra and analysis problems and will be interested in learning 
techniques to solve them. 

The book is divided in ten chapters. The first four correspond to topics from 
high school and they are basic for the students that are training for the math- 
ematical olympiad contest, at a local and national level. The next four chapters 
are usually studied in the first year of college, but they have become fundamental 
tools, for the students competing in an international level. The last two chapters 
contain the problems and solutions of the theory studied in the book. 

The first chapter covers the basic algebra, as are the numerical systems, abso- 
lute value, notable products, and factorization, among others. We expect that the 
reader gain some skills for the manipulation of equations and algebraic formulae 
to carry them in equivalent forms, which are easier to understand and work with 
them. 

In Chapter 2 the study of the finite sums of numbers is presented, for in- 
stance, the sum of the squares of the first n natural numbers. The telescopic sums, 
arithmetic and geometric progressions are analyzed, as well as some of its proper- 
ties. 

Chapter 3 talks about the mathematical technique to prove mathematical 
statements that involve natural numbers, known as the principle of mathematical 
induction. Its use is exemplified with several problems. Many equivalent statements 
of the principle of mathematical induction are presented. 

To complete the first part of the book, in Chapter 4 the quadratic and cu- 
bic polynomials are studied, with emphasis in the study of the discriminant of a 
quadratic polynomial and Vieta’s formulas for these two classes of polynomials. 
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The second part of the text begins with Chapter 5, where the complex num- 
bers are studied, as well as its properties and some applications are given. All 
these with examples related to mathematical olympiad problems. In addition, a 
proof of the fundamental theorem of algebra is included. 

In Chapter 6, the principal properties of functions are studied. Also, there is 
an introduction to the functional equations theory, its properties and a series of 
recommendations are given to solve the problems where appear functional equa- 
tions. 

Chapter 7 talks about the notion of sequence and series. Special sequences 
are studied as bounded, periodic, monotone, recursive, among others. In addition, 
the concept of convergence for sequences and series is introduced. 

In Chapter 8, the study of polynomials from the first part of the book is 
generalized. The theory of polynomials of arbitrary degree is presented, as well 
as several techniques to analyze properties of the polynomials. At the end of the 
chapter, the polynomials of several variables are studied. Most of the sections of 
these first eight chapters have at the end a list of exercises for the reader, selected 
and suitable to practice the topics in the corresponding sections. The difficulty of 
the exercises vary from being a direct application of a result seen in the section to 
being a contest problem that with the technique studied is possible to solve. 

Chapter 9 is a collection of problems, each one of them close to one or more of 
the topics seen in the book. These problems have a degree of difficulty greater than 
the exercises. Most of the problems have appeared in some mathematical contests 
around the world or olympiads. In the solution of each problem is implicit the 
knowledge and skills that are need to manipulate algebraic expressions. 

Finally, Chapter 10 contains the solutions to all exercises and problems pre- 
sented in the book. The reader can notice that at the end of some sections there is 
a x symbol, this means that the level of the section is harder than others sections. 
In a first lecture, the reader can skip these sections; however, it is recommended 
that the reader have them in mind for the techniques used in them. 

We thank Leonardo Ignacio Martinez Sandoval and Rafael Martinez Enriquez 
for his always-helpful comments and suggestions, which contribute to the improve- 
ment of the material presented in this book. 
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Chapter 1 


Preliminaries 


1.1 Numbers 


We will assume that the reader is familiar with the notion of the set of numbers 
that we usually use to count. This set is called the set of natural numbers and it 
is usually denoted by N, that is, 


N = {1,2,3,...}. 


In this set we have two operations, the sum and the product, that is, if we add or 
multiply two numbers in the set we obtain a natural number. In some books 0 is 
considered a natural number, however, in this book it is not, but we will suppose 
that 0 is such that n+ 0 =n, for every natural number n. 

Now, suppose that we want to solve the equation «+a = 0, with a €N, that 
is, we want to find an x such that the equality is true. This equation does not have 
a solution in the set of natural numbers N, therefore we need to define another set 
which includes the set of numbers N but also the negative numbers. In other words, 
we need to extend the set of numbers N in order that such equation can be solved 
in the new set. This new set is called the set of integers and is denoted by Z, that is, 


Dt np), S120 1,9, 8 seat 


In this set we also have two operations, the sum and the product, which satisfy 
the following properties. 


Properties 1.1.1. 


(a) The sum and the product of integers are commutative. That is, if a, b € Z, 
then 
a+b=b+a and ab=ba. 


(b) The sum and the product of integers are associative. That is, ifa, bandc € Z, 
then 
(a+b) +c=a+(b+c) and (ab)c=a(bc). 
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(c) There exists in Z a neutral element for the sum, the number 0. That is, if 
a €Z, then 
a+0=0+4a=a. 
(d) There exists inZ a neutral element for the multiplication, the number 1. That 
is, ofa € Z, then 
al=la=a. 


(e) For each a € Z there exists an inverse element under the sum which is 
denoted by —a. That is, 


(f) In Z a distributive law holds, in which addition and multiplication are in- 
volved. That is, if a, b andc € Z, then 


a(b+c) =ab+ace. 


Note that the existence of the additive inverse allows us to solve equations of 
the type mentioned above, that is, x +a = b, where a and 0 are integers. However, 
there is not necessarily an integer number x that solves the equation qx = p, 
with p and q integers. Therefore the necessity arises to extend the set of integers. 
Consider the set of rational numbers, which is denoted by Q, defined as 


Q= {7 |peZandgea\{o}}. 


In general, when working with the rational number 4 we ask that p and gq do not 
have common prime factors, that is, the numbers are relative primes, which is 
denoted by (p,q) = 1. In the set of rational numbers we also have two operations, 
the sum and the product, which satisfy all the properties valid in the set of integers, 
but in the case of the product we have an extra property, the multiplicative inverse 
element. 


Property 1.1.2. ie EQ, with p £0 and (p,q) = 1, then there exists a unique 
number, : EQ, which is called the multiplicative inverse of i such that 


Ded as: 

q Pp 
Using this property we can solve equations of the form qx = p, however, there 
are numbers that we cannot write as the quotient of two integers. For example, if 
we want to solve the equation x? — 2 = 0, this equation does not have a solution 
in the set Q. We write the solutions of the equation as x = +V/2 and proceed to 
prove that \/2 is not in Q. 


Proposition 1.1.3. The number /2 is not a rational number. 


Proof. Suppose the contrary, that is, /2 is a rational number. Therefore, it can 
be written as /2 = fe where p and q do not have common factors. Squaring 


2 
both sides of the equation we get 2 = roa that is, 2q? = p?. This means that 
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p? is an even number, but then p is also even. But if p is even, p is of the form 


p = 2m, then 2q? = (2m)? = 4m?. Dividing by 2 both sides of the equation, give 
us q? = 2m?, that is, q? is even and therefore qg is also even. Hence, p and q are 
even numbers, which contradicts the fact that p and q were assumed as not having 
common factors. Thus, V2 is not a rational number. 


We can give a geometric representation of the rational numbers as points on 
a straight line, which in this case is called the number line. A straight line can 
be travelled in two directions, one which we call the positive direction and the 
other the negative direction. Once we have agreed about which of the directions 
is to be taken as positive we talk of an oriented straight line. For example, we can 
decide that the positive direction goes from left to right. If we consider two points 
O and U on the straight line, we will give the same orientation to a line segment 
contained on the straight line. That is, if we let the point O be 0 and U be on 
the right of it, we will say that the line segment OU is traversed in the positive 
direction. If U represents the point 1, we will call OU an unitary oriented straight 
line segment. In this way, we place, to the right of 0, what we take to be all the 
positive integers equally spaced along the line, that is, two consecutive integers 
are spaced a distance equal to the length of the segment OU. To represent the 
negative numbers it is sufficient to do the same, starting at O and traversing the 
straight line in the opposite direction. 

The rational number 4 is defined as the oriented segment 2OU. This segment 
is obtained when we sum p times the qth part of the segment OU . More precisely, 
we do the following: 

(a) Divide the segment OU into q equal parts. To do this, we make use of an 
extra straight line passing through O and not perpendicular to OU, and in this 
line we take q points Wj, ..., W,, where two consecutive points are separated a 
distance OW,. Now, we draw the line segment from W, to U and for each W; we 
draw a parallel straight line to UW,, the intersection points of the parallels with 
OU will divide OU in q equal parts. If V is the intersection point of the parallel to 
UW, through Wj, we have that V is the point that represents the number ; (note 
that OV has the same orientation as OU). We also consider V’ the symmetric 
point to V, with respect to O. In the following figure, we took q = 4. 
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(b) If p is a non-negative integer, take 
OP =OV+0OV +-:-+OV =p-OV. 
a 


p times 


The segment OP is, by definition, FOU . In the next figure we have marked the 
point P, with p=6 and q=4. 


0 1 2 
o_o _ o_o —_o_-_____—_o 
U' O U P 


(c) If p is negative, let p’ be the positive integer such that p = —p’. Then 


OP = OV’ + OV'+---+ OV’ =p'0V’ = (-p')OV =p- OV. 
—_—_—__—_—_———_—_—_—_—_—_—_—_—_—_—_—_— 


p’ times 


The segment OP is, by definition, FOU. Since OU is the unitary segment, this 
point is simply denoted by e 


With this representation of the rational numbers, we have that every rational 
number defines a point on the number line, but there are points on the number line 
that are not represented by a rational number. For example, we want to determine, 
on the number line, which point represents the number V2, which we proved above 
is not a rational number. To do this, take the right triangle whose legs are each 
equal to 1. Then, by the Pythagorean theorem, the hypotenuse of the triangle 
is equal to /2. If we take a compass and draw a circle of radius /2 and center 
at 0, the point where the circle intersects the positive part of the number line 
corresponds to v2. 


1 U V2 

A point on the number line that does not correspond to a rational number repre- 

sents an irrational number, and the set of irrational numbers is denoted by I. 
The union of these two sets is called the set of real numbers and is denoted 

by R, that is, R= QUI. 

The set of real numbers R contains the set of natural numbers, the set of integers 

and the set of rational numbers. In fact, we have the following chain of inclusions 

NCZcCQCR. 


O 
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Given two points on the number line that we know represent two real num- 
bers, we can find the point which represents the sum of these two numbers in the 
following way: if P and Q are two points on the straight line and O is the origin, 
the sum will be the addition of the oriented segments OP and OQ, as we can see 
in the following figure. 


OP +0Q 


—— OQ OP 


O P Q P+Q 


We can also find the point that represents the product of two points P and 
Q which are on the number line. In order to do that we consider an extra straight 
line passing through the origin O and not perpendicular to the line OP. We mark 
on the extra straight line the unity U and the point Q. Through Q we draw a 
parallel line to UP which will intersect the real line at a point R. 

Since the triangles ORQ and OPU are similar it follows that oR = oe, 
therefore OR. OU = OP- OQ, hence OR represents the product of P and Q. 


With this geometric representation of the numbers it is easy to find, in the 
real line, the sum and the product of any two real numbers, no matter whether 
they are rational or irrational numbers. 

Similarly, as it happens in the set of integers, the operations in the set of real 
numbers have the same properties. 


Properties 1.1.4. 


(a) The sum of two real numbers is a real number. 
The sum of two real numbers is commutative. 


The number 0 is called the additive neutral element. That is, x +0 = x for 
allz eR. 

(e) Every real number x has an additive inverse. That is, there is a real number, 
which we denote by —x, such that x + (—x) = 0. 


) 
(c) The sum is associative. 
) 
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) The product of two real numbers is a real number. 

) The product of two real numbers is commutative. 
(h) The product is associative. 

) The number 1 is the multiplicative neutral element. That is, x-1 =x for all 
xceER. 
(j) Every real number x different from 0, has a multiplicative inverse. That is, 

there exists a real number, which we denote by x~', such that x-x~!=1. 

(k) For any three real numbers x, y, z it follows that 


c(ytz)=xr-ytu-s. 
This property is called the distributive law. 


In the set of integers there is an order. With this we want to point out that 
given two integers a and b we can say which one is greater. We say that a is greater 
than b if a — b is a natural number. In symbols we have that 


a> b if and only if a—bEN. 


This is equivalent to saying that a — b> 0. 
In general, the notation a > b is equivalent to b < a. The expression a > b means 
that a > b or a= b. Similarly, a < b means that a < bora=b. 


Properties 1.1.5. If a is an integer number, one and only one of the following 
relations holds: 


(a) a> 0, (b) a=0, (c)a <0. 


In the set of rational numbers and in the set of real numbers, we also have 
the order properties. The order of the real numbers enables us to compare two 
numbers and to decide which one of them is greater or whether they are equal. 
Let us assume that the real number system contains a set P, which we will call the 
set of positive numbers, and we will express in symbols a > 0 if a belongs to P. 

In the geometric representation of the real numbers, the set P in the number 
line is, of the two pieces in which O has divided the straight line, the piece which 
contains U (the number 1). The following properties are satisfied. 


Properties 1.1.6. Every real number x has one and only one of the following prop- 
erties: 


(a) « =0. (b) a € P, that is, x > 0. (c) —a € P, that is, —x > 0. 
Properties 1.1.7. 
(a) Ifa, ye P, thena+ye€P (in symbols x > 0, y>0, thenx+y> 0). 
(b) Ifa, ye P, then xy € P (in symbols x > 0, y > 0, then xy > 0). 
We will denote by R* the set P of positive real numbers. 


Now we can define the relation x is greater than y, by saying that it holds 
x—y € P (in symbols x > y). Similarly, x is smaller than y, if y— a € P (in 


1.1 Numbers 7 


symbols « < y). Observe that x < y is equivalent to y > x. We can also define 
that x is smaller than or equal to y, if « < y or x = y, (using symbols x < y). 


Example 1.1.8. 


(a) Ifa <y and z is any number, thenzx+z<ytz. 
(b) Ifa<y and z>0, then xz < yz. 


In fact, to prove (a) we see that «+z < y+ if and only if (y+ z)—(a#+z)>0 
if and only if y— x > 0 if and only if x < y. To prove (b), we proceed as follows: 
x < y implies that y— ax > 0, and since z > 0, then (y — x)z > 0, therefore 
yz — xz > 0, hence xz < yz. 


Exercise 1.1. Prove the following statements: 


(i) Ifa <0,b <0, then ab> 0. 

(ii) Ifa <0, b>0, then ab <0. 

(iii) Ifa<b, b<c, thena<ce. 

(iv) Ifa<b,c<d, thna+c<b+4+d. 
(v) Ifa>0, thena~!>0. 

(vi) Ifa <0, thena! <0. 


Exercise 1.2. Let a, b be real numbers. Prove that, ifa+b, a? +b anda+0? are 
rational numbers, anda+b#1, then a and b are rational numbers. 


Exercise 1.3. Let a, b be real numbers such that a? + b?, a® +b? and a* + b* are 
rational numbers. Prove that a+ b, ab are also rational numbers. 


Exercise 1.4. 


(i) Prove that if p is a prime number, then ,/p is an irrational number. 
(ii) Prove that if m is a positive integer which is not a perfect square, then \/m 
is an irrational number. 


Exercise 1.5. Prove that there are an infinite number of pairs of irrational numbers 
a, b such that a+ b= ab is an integer number. 


Exercise 1.6. If the coefficients of 
az? +ba+ce=0 


are odd integers, then the roots of the equation cannot be rational numbers. 


Exercise 1.7. Prove that for real numbers a and b, it follows that 


2 ae Qs 
ee fat : un a “ b 
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Exercise 1.8. For positive numbers a and b, find the value of: 


(i) Jolasayan (i) fa bVavo.... 


Exercise 1.9 (Romania, 2001). Let x, y and z be non-zero real numbers such that 
xy, yz and zx are rational numbers. Prove that: 


(i) a +y? + 2? is a rational number. 
(ii) If 7 + y+ 2° is a rational number different from zero, then x, y and z are 
rational numbers. 


Exercise 1.10 (Romania, 2011). Let a, b be different real positive numbers, such 
that a— Vab and b—vVab are both rational numbers. Prove that a and b are rational 
numbers. 


The decimal system is a positional system in which every digit takes a value based 
on its position with respect to the decimal point. That is, the digit is multiplied 
by a power of 10 according to the position it occupies. For the units digit, that is, 
the digit which is just to the left-hand side of the decimal point, it is multiplied 
by 10”, with n = 0. Accordingly, the digit in the tens position must be multiplied 
by 10! = 10. The exponent increases one by one when we move from right to left 
and decreases one by one when we move in the other direction. For example, 


$7325.31:= 8+ 1074. 7-10° 43-10? +2-10' +5. 10° +3: 107° +1-1072. 


In general, every real number can be written as an infinite decimal expansion 
in the following way 
bm see b 1 bp.aya2a3 sey 


where b; and a; belong to {0,1,...,9}, for every 7. The symbol ... means that on 
the right-hand side of the number we can have an infinite number of digits, in this 
way the number b,, ...b,b9.a,a2a3..., represents the real number 


bry, 10 + +--+ bp: 10+ b9- 10° +a; - 10-1 + ag + 1077 + --- 


For example, 
= 0.3333..., = = 0.428571428571..., 


wle 


= 0.50000..., W2=1.4142135.... 


Ne) 


With this notation we can distinguish between rational and irrational numbers. 
The rational numbers are those in which the decimal expansion is finite or infinite, 
but there is, always, a certain number of digits which, after a certain point, repeat 
periodically, for example the number x = 0.123636... is periodic of period 2 
after the third digit. Meanwhile, for the irrational numbers, the decimal expansion 


is infinite and never becomes periodic. 
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This manner of representing numbers is essential to solve some of the problems 
that appear in the mathematical olympiad. 

In the same way, as in the decimal representation of the numbers in base 10, we 
can represent the integers in any base. 

If m is a positive integer, we can find its representation in base b if we write 
the number as a sum of powers of b, that is, m = a,b" + ---+a,b+ ao. The 
integers which appear as coefficients of the powers of b in the representation must 
be smaller than 6. 


Observation 1.1.9. To identify a number which is not written in base 10, we will 
use a subindex indicating the base, for example, 12047 means that the number 1204 
is a number expressed using base 7. 


Let us analyze the following example. 
Example 1.1.10. In which base is the number 221 a factor of 1215? 


The number 1215 in base a is written as a? + 2a? +a+5 and the number 221 
in base a is 2a? + 2a+ 1. Therefore, if we divide a3 + 2a2 + a+5 by 2a7+2a+1 
we obtain that 


ee | 
a? + 207 +a+5 = (2a? + 2a +1) (50 5) ( =a+4 5) 


2 2 2 2 


Therefore, since 1215, has to be a multiple of 221,, the remainder (—4a + 3) has 
to be 0 and ta + 4 has to be an integer number. Both conditions are satisfied if 
a=9. 


Exercise 1.11. Write the following numbers as , where m and n are positive 
integers: 


(i), CTTITT oc (ii) 114141414... 


Exercise 1.12. 


(i) Prove that 121, is a perfect square in any base b > 2. 
(ii) Determine the smallest value of b such that 232, is a perfect square. 


Exercise 1.13 (IMO, 1970). Let a, b and n be positive integers greater than 1. Let 
An—1 and A, be numbers expressed in the numerical system in base a and Bn_y 
and B, be two numbers in the numerical system in base b. These numbers are 
related in the following way, 

An = InIn—-1-+-XO, An-1 = In—-1Un-2---X0, 


Bn = InIn—-1---XO, By-1 = In—-1Un—-2---X0, 
with Ln #0 and tp_1 #0. Prove that a > b if and only if 


An-1 Bn-1 
A, Baw 


10 Chapter 1. Preliminaries 
1.2 Absolute value 


We define the absolute value of a real number x as 


ne x, if «>0 (1.1) 
I) 9 if 2 <0. 


For a real non-negative number k, the identity |x| = k is satisfied only by 
x=kand«=-k. 


The inequality |z| < k is equivalent to —k < x < k. This can be seen as 
follows: If « > 0, then 0 < x = |az| < k. On the other hand, if z < 0, then 
—x =|az| <k, therefore, x > —k. As a consequence of the previous discussion, we 
observe that x < |a|. In the next figure we show the values of x which satisfy the 
inequality. These being the values lying between —k and k, and including the two 
numbers. The set [—k,k] = {x € R| —k < a < k} is called a closed interval, since 
it contains the numbers k and —k. The numbers —k, k are called the endpoints of 
the interval. 


—k Ok 


Similarly, the inequality |2| > k is equivalent to x > k or —x > k. In the next 
figure, the values of x that satisfy the inequalities are the values falling before —k 
and —k itself, or k and those values to the right of k. The set (—k,k) = {x € 
R| —k <a < k} is called an open interval, since it does not contain either k or 
—k, that is, an open interval is an interval that does not contain its endpoints. 
With this definition, we see that the set of values x that satisfy |2| > k are the 
values x ¢ (—k,k). 


-k Ok 


Example 1.2.1. Find in the Cartesian plane! the area enclosed by the graph of the 
relation |x| + |y| = 1. 


For |x| + |y| = 1 we have to consider four cases: 
(a) « >0 and y> 0; this implies « + y = 1, that is, y=1— <2. 
(b 


) 

) « >0 and y < 0; this implies x — y = 1, that is, y= a—1. 
(c) « <0 and y > 0; this implies —x + y = 1, that is, y=a+1. 

) 


(d) « <0 and y < 0; this implies —x — y = 1, that is, y= —a — 1. 


1The Cartesian plane is defined as R? = R x R = {(a, y)|a € R, y € R}. 
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We can now draw the graph of the four straight lines. 
(0, 1) 


(—1,0) (1, 0) 


(0, —1) 


The area enclosed by the four straight lines is formed by four isosceles right tri- 


angles, each of which has two sides of length equal to 1. Since the area of each of 


these triangles is = it a = 5, the area of the square is 4 (3) =2. 


Example 1.2.2. Solve the equation |2a — 4| = |x + 5]. 


We have that 


; F 2x —A, if x>2 
PE SEO goto er eS, 


We also have that 


z+, if w«>—-5 
In +5] = | 
—x—5, if a<—5d. 


If x > 2, then 2x—4 = x+5, that is, x = 9. Ifa < —5, then —2%+4 = —x—5, hence 
x = 9, but this is impossible since x < —5. The last case that we have to consider 
is —5 < a < 2. Then, the equation that we have to solve is —2x +4 = 4+5. 


Solving for x we get x = —%. Therefore, the numbers which satisfy the equation 
are = 9 and x = —3. 


Sometimes it is easier to solve these equations without using the explicit form of 
the absolute value, just by observing that |a| = |b| if and only if a = +b and 
making use of the absolute value properties. 


Observation 1.2.3. [fx is any real peels then the relation between the square root 
and the absolute value is given by Vx? = |x|. The identity follows from |x|? = a? 
and |x| > 0. 


Properties 1.2.4. [fx and y are real numbers the following relations hold: 


a] = ta fy #0. 
(b) ja+y| < |x| +|y|, where the equality holds if and only if xy > 0. 


(a) |zy| = |z||y|. This implies also that 


Proof. (a) The proof follows directly from |ry|? = (xy)? = 2?y? = |a|?|y|?, and 


taking the square root on both sides gives the result. 
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(b) Since both sides of the inequality are positive numbers, it is enough to 
verify that |a + y|” < (|x| +lyl)?. 
Jn+yl? =(@+y)? =a? + 2ay + y? =|2|? + 2ay + [yl? 
2 2 2 2 2 
S |e)" + 2 [ay] + ly!” = [el" + 2 |e] [yl + yl” = (lel + ly)”. 
In the previous chain of relations there is only one inequality, it follows trivially 


from the fact that xy < |ay|. Moreover, the equality holds if and only if xy = |zxy|, 
which is true only when ry > 0. 


Inequality (b) in Properties 1.2.4 can be extended in a general form as 


J2aytxQ4---+2y| < jai] + |rol+---+|rnl, 


for real numbers 21, ®2, ..., Ln. The equality holds when all the +z;’s have the 
same sign. 
This last inequality can be proved in a similar way, and also using induction?. 


Exercise 1.14. [fa and b are any real numbers, prove that ||a| — |b|| < ja — }]. 


Exercise 1.15. Find, in each case, the numbers x that satisfy the following: 
(i) Je —1]-|e+1) =0. 

(ii) |x — 1|Je¢+1)=1. 

(iii) Jw — 1) + |e+ 1] =2. 


Exercise 1.16. Find all the triplets (x,y,z) of real numbers satisfying 


je +y| > 1, 
Qey — 27 > 1, 
z—|e+ty|>-1. 


Exercise 1.17 (OMM, 2004). Find the largest number of positive integers that can 
be found in such a way that any two of them, a and b (with a # b), satisfy the next 


inequality 


ab 
epee 
eae ear Th 


1.3 Integer part and fractional part of a number 


Given any number x € R, sometimes it is useful to consider the integer number 
max{k € Z|k < a}, that is, the greatest integer less than or equal to x. This 
number is denoted by |x| and it is known as the integer part of x. 

From this definition, the following properties hold. 


2See Section 3.1. 
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Properties 1.3.1. Let x,y © R andneEN, then it follows that: 
(a) e-1<|2|<a<|a2|+1. 

(b) x is an integer if and only if |a| = a. 

(c) |w+n|] =|a] +n. 

(a) | 21] = [2]. 

(ce) lz] + ly] Sle@+y) < le] + ly +1. 


Proof. The proof of the first three properties follows immediately from the defini- 
tion. 

(d) If we divide |x| by n, we have that |x| = an + 6, for an integer number 
a and for an integer number b such that 0 <b <n. 

On the one hand, we have that [=| = | se | =a+ [2 = a. On the other 
hand, since x = |x| +c, with 0 <c <1, andb+c<n—1+1=N, we get 
[=| = | te] =a + |*| =a. Then the equality holds. 

(e) Since x = |x| +a and y = |y| +b) with 0 < a,b < 1, then |x + y| = 
+|y| + la +b] by property (c). The inequalities follow if we observe that if 
a,b <1, then 0 < [a+b] <1. 


Example 1.3.2. For any real number x, it follows that 
1 
[a] + je ;| — |2x| =0. 


If we let n = ||, then 2 can be expressed as x = n+a withO <a <1, 
hence 


La] + ers — [22] =n+ Prtats| — |2(n+a)| 


Sa ot cata 


eer 


where the second equality follows by property (c). Now, if0 <a< $, then 


|a+4| = |2a] =0, meanwhile, if $ <a <1, it follows that |a+ 4] = [2a] =1. 


Example 1.3.3. [fn and m are positive integers without common factors, then 


2 Bla] Se] 


Consider, in the Cartesian plane, the straight line passing through the origin 
and the point (m,n). Since m and n are relative primes, then on the segment 
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where points (0,0) and (m,n) lie, there is no other point with integer coordinates. 


B= (m,n) 
C = (0,n) 
n—-1 
1 
A =(m,0) 
Or 489 m-1 


The equation of the straight line is y = 4 and passes over the points (j, 47), 
with j = 1,...,(m—1), and such that 4j is not an integer. The number | 4j| is 
equal to the number of points with integer coordinates lying on the straight line 
x = Jj and between the straight lines y = 22 and y = 1 included. It follows that 
the sum is equal to the number of points with integer coordinates that lie in the 
interior of the triangle OAB, and by symmetry it is equal to half of the points 
with integer coordinates inside the rectangle OABC. The number of points with 
integer coordinates in the rectangle is (n — 1)(m — 1), therefore 


2) > Bots = 


m m 2 


Observation 1.3.4. Since the right-hand side of the last inequality is symmetric in 
m and n, then 


n 2n (m—1)n m 2m (n—1)m 
|=| +}=]4+---+]|~——] = |= | +/—]4+---+|———}. 
m m m n n n 
For a number x € R we can also consider the number {x} = x — |x|, which 
we call the fractional part of x, and for which the following properties are fulfilled. 
Properties 1.3.5. Let x,y © R and n€ Z, then it follows that: 
(a) O< {a} <1. 
(b) x= [x] + {a}. 
(c) {et+y} < {ae} +{y} <{et+y} +. 
(d) {e +n} = {a}. 


Exercise 1.18. For any real numbers a, b > 0, prove that 


|2a| + [2b] > |a] + |b] + |a+)}]. 


Exercise 1.19. Find the values of x that satisfy the following equation: 


(i) [ala]J =1. 
(ii) [lz] — La ]| = Le] - Le] J. 
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Exercise 1.20. Find the solutions of the system of equations 


zt+ly|t+{z}=1.1, 
jel +{y}+2=2.2, 
{t}+y4 |[z] =3.3. 


Exercise 1.21 (Canada, 1987). For any natural number n, prove that 


[Vnt+Vn4t1] = |V4n4+1) =|V4n +2] = |V4n 43]. 


1.4 Notable products 


The area of a square is the square of the length of its side. If the length of the 
sides is a + b then the area is (a + b)?. However, the area of the square can be 
divided in four rectangles as shown in the figure. 


Hence, the sum of the areas of the four rectangles will be equal to the area 
of the square, that is, 


(a+)? =a? + ab+ab+ b* =a? + 2ab+d?. (1.2) 


Now we give a geometric representation of the square of the difference of two 
numbers a, b, where b < a. The problem now is to find the area of the square of 
side a — b. 


In the figure we observe that the area of the square of side a is equal to the sum of 
the areas of the square of sides (a—b) and 6, respectively, plus the area of two equal 
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rectangles with sides of length b and (a—b). That is, a? = (a—b)? +b? + 2b(a— b), 
hence 
(a—b)? = a? —2ab+ 6. (1.3) 


Now, in order to find the area of the shaded region of the following figure, 


So 


observe that the sum of the areas of the rectangles covering the regions is a(a — 
b) + b(a — 6), and factorizing this sum we get 


a(a — b) + b(a— b) = (a+ b)(a — b), (1.4) 


which is equivalent to the area of the large square minus the area of the small 
square, that is, 
(a+ b)(a — b) = a? — B?. (1.5) 


Another notable product, but now dealing with three variables, is given by 
(a+b+c)? =a? +6? +c? + 2ab+ 2ac-+ 2be. (1.6) 


The geometric representation of this product is given by the equality between the 
area of the square with side length a+ b+ c¢ and the sum of the areas of the nine 
rectangles in which the square is partitioned, that is, 


(a+b+c)? =a? +b? +c? +ab+ac+ba+be+ca+cb = a? +b? +c? +2ab+2ac+2be. 


Next, we provide a series of identities, some of them very well known and some 
others less known, but all of them very helpful for solving many problems. 
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Exercise 1.22. For every x andy € R, verify the following second-degree identities: 
(i) a +y? =(@+y)? — 2ay = (x — y)? + ay. 

(ii) (@+y)? + (w—y)? = 2a? + y’). 

(iti) (@+y)? - (@ —y)? = day. 

2 

) 


2 I 2 
Pe ye gg ee 


2 2 2 
(v) ae t+y—ay=— y a yy 


(vi) Prove that x? +y%+2y >0 anda? +y?—axy>0. 


Exercise 1.23. For any real numbers x, y, z, verify that 


i 2 i 2 I 2 
(i) PEP Ly Naga = Ee (y +2) Cay : 


(ii) a2 + y? + 22 —a2y— yz pp y+(y—z)P? +z x)” 


iti) Prove that x? 4 -2*toytyztze > 0 anda?+y?+a?-2 z—-zx > 0. 
¥y YTY y Y-Y 


Exercise 1.24. For all real numbers x, y, z, verify the following identities: 


(i) (xy t+ yz+zz)\(e+ytz) = (x2y + y2z 4+ 272) + (zy! + y2? + zx) + B8ayz. 
(e+ ly + 2) 242) = yy +222) + (ay? + ye? + 20°) + Days 
(iii) (vy + yztzz)(a+ytz)=(et+y)(yt z+) + zyz. 
+ 202) — (a%y + yz + 22). 


ii) 
) 
(iv) (w — y)(y— 2)(z — 2) = (wy? + y2? 4 
) 
) 


(v) (© +y)(y + 2)(z + 2) — 8ayz = 22(@ — y)’ + (a + y)(@ — 2)(y— 2). 
(vi) xy? a + 2x7 — 3ryz = 2z(x— y)? + y(x — z)(y— 2). 


Exercise 1.25. For any real numbers x, y, z, verify that: 


(i) a +y? +2? +3(aytyztza) = (at+y)\(ytz)+(ytz)(zt+a)+(z+2)(e+y). 
(ii) ey+yz+za—(2? +y? + 27) = (@—y)(y—2z)+(y—2)(2-2)+(2-2)(@—y). 


Exercise 1.26. For any real numbers x, y, z, verify that: 


(e—y)? + (y—2)? +(z-2)? = 2[(e — y)(@ — 2) + (y—2)(y—2) + (z-2)(2—-y)]- 


1.5 Matrices and determinants 


A 2x 2 matrix is an array 
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where a1, @12, G21 and az2 are real or complex numbers®. The determinant of the 
above matrix, which is denoted by 


a11 412 


a21 422 


is the real number defined by aj1a22 — a12421. 


A 3x 3 matrix is an array 


where, again, every aj; is a number. The subindex indicates the position of the 
number in the array. Then, a;; is the number located in the ith row and in the 
jth column. We define the determinant of a 3 x 3 matrix by the rule 


411 G12 413 


a22 423 a21 423 a21 422 


a21 G22 423 |= 411 — a2 + 413 


432 433 431 433 431 432 


431 432 433 


That is, we move along the first row, multiplying a1; by the determinant of a 2 x 2 
matrix obtained by eliminating the first row and the jth column, and then adding 
all this together, and keeping in mind to place the minus sign before a,2. The 
result of the determinant is not modified if instead of choosing the first row as the 
first step we chose the second or third row. In case we choose the second row, we 
begin with a negative sign and if we choose the third row the first sign is positive, 
that is, 


411 G12 413 


412 413 Q11 413 Qa11 412 


a21 G22 a23 | = —a21 + a22 


a: 


432 433 431 433 431 432 


431 432 433 


The signs alternate according to the following diagram: 


There are many properties of the determinants which follow immediately from the 
definitions. These properties become rules of a sort and the following are the most 
frequently used. 


3Complex numbers will be treated in Chapter 5. 
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Properties 1.5.1. 


(a) If we interchange two consecutive rows or two consecutive columns, the sign 
of the determinant does change, for example, 


411 G12 413 421 422 4923 
421 422 423 |=—|] G11 G12 413 
431 432 433 431 432 433 


(b) We can factorize the common factor of any row or column of a matrix and 
the corresponding determinants are related in the following way, for example, 


aaj, AA12 AA13 411 412 413 
a21 a22 a23 =Q) 421 422 423 
a31 432 433 431 432 433 


(c) If to a row (or column) we add another row (or column), the value of the 
determinant does not change, as in the following example: 


a11 412 «443 a1 +@21 G12 +422 413 + 93 
421 422 423 | = a21 a22 a23 
31 432 433 a31 a32 a33 


4117412 G12 413 


= | or a21 +422 422 423 |, 


431 + 432 432 433 


(d) If a matriz has two equal rows (or two equal columns) the determinant is 
zero. 


Example 1.5.2. Using determinants we can establish the identity 


a’? +b? +c? — 3abe = (a+ b+c)(a2 +0? +c? — ab— be - ca). (1.7) 


Note that 
a be 
D=|c a bd|l=a —b f +e a 
ca boa bo ¢ 
boca 
= a? — abe — abe + b° + c3 — abc = a? +B? +c? — Babe. (1.8) 


On the other hand, adding to the first column the other two, we have 
at+b+ec b ¢ 1 be 
D=|a+b+c a bl|=(a+b4+c)| 1 a b 
lca 


a+b+ece ca 


= (a+b+c)(a? +6? +c? — ab—be— ca). 
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By properties (b) and (c), the determinants are equal. 


Observe that the expression a? + b? + c? — ab — be — ca can be written as* 


a +B 4.69 — Babe = 5(a Lb+0)[(a—b)?+(b-02+(c—a)’]. (1.9) 


Observe that if the above identity satisfies the condition a+ b+ c = 0 or the 
condition a = b = c, then the following identity holds: 


a® +b? +c? = 3abe. (1.10) 


Reciprocally, if identity (1.10) is satisfied, then it follows that either a+b+c=0 
ora=b=c. 


Exercise 1.27. Prove that V/2+ /5+ W/2— V5 is a rational number. 


Exercise 1.28. Find the factors of the expression (2 — y)? + (y— z)?+ (z-—2)8. 


Exercise 1.29. Find the factors of the expression (x + 2y — 3z)? + (y+ 22-32)? + 
(z + 2x — 3y)3. 


Exercise 1.30. Prove that if x, y, z are different real numbers, then 
Ya-yt+ Yy—z+V7z—-xF0. 
Exercise 1.31. Let r be a real number such that </r — Sa = 1. Find the values of 


= 
1 3.2 a 
r and ifs ro: 


Exercise 1.32. Leta, b, c be digits different from zero. Prove that if the integers 
(written in decimal notation) abc, bca and cab are divisible by n then also a? + 
b? + c3 — 8abe is divisible by n. 


Exercise 1.33. How many ordered pairs of integers (m,n) are there such that the 
following conditions are satisfied: mn > 0 and m3 + 99mn + n3 = 33°? 


Exercise 1.34. Find the locus of points (x,y) such that x? + y? + 3ry = 1. 


Exercise 1.35. Find the real solutions x, y, z of the equation, 
ge t+y +2 = (e+y+z). 


4See Exercise 1.23. 
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1.6 Inequalities 


We begin this section with one of the most important inequalities. For any real 
number 2, we have that 
x’? >0. (1.11) 


This follows from the equality x? = |z|? > 0. 
From this result, we can deduce that the sum of n squares is non-negative, 


n 


Sia 0 (1.12) 


i=l 


and it will be zero, if and only if all the x;’s are zero. 
If we make the substitution x = a—b, where a and b are non-negative real numbers, 
in equation (1.11), we get 

(a —b)* > 0. 


Simplifying, the previous inequality leads to 
a? +b? > 2ab. (1.13) 
Since 
a” +b? > 2ab if and only if 2a? + 2b? > a? + 2ab +b? = (a +)’, 


we also have the inequality 


a7" > (a+b) 


; 5 (1.14) 


In case both a and 6 are positive numbers, the inequality (1.13) guarantees that 


b 
- >). ‘ 
~ 22 (1.15) 


ay 
b 


If we take b = 1 in the previous inequality, then we have that a+ 4 > 2, that is, 
the sum of a > 0 and its reciprocal is greater than or equal to 2, and it will be 2 
if and only if a= 1. 


Replacing a, b by Va, Vb in (1.13), we obtain that 


b 
eRe SN ab wandoulyrit — > Sab. (1.16) 


Multiplying the last inequality by Vab and reordering, we obtain 


Vab > “. (1.17) 
a 


22 Chapter 1. Preliminaries 


Summarizing, the inequalities (1.14), (1.16) and (1.17), which we have just proved, 
imply that 


(1.18) 


2ab Agape) 2 a? +b 
+b 2 2 
The first expression is known as the harmonic mean (HM), the second is the 
geometric mean (GI), the third is the arithmetic mean (AM) and the last one 
is known as the quadratic mean (Q/). 

Now, we will present a geometric and a visual proof of the previous inequal- 


ities. Consider a semicircle with center in O, radius arb and right triangles ABC, 
DBA and DAC, as shown in the following figure: 


A 


Se 
B cae C 


D 


a b 


These triangles are similar triangles and therefore the following equality holds: 


AD DC 
DB DA 
hb 
ah 
h? = ab, 


hence, the height h of the triangles is given by h = Vab, which according to the 
diagram is clearly smaller than the radius. Therefore, ab < ath 

To prove the first inequality in (1.18), observe that the triangles DAF and OAD 
are similar, hence 


AD _ AO 
AE AD’ 
h? = y(y +2), 
2ab = 
Saat 


that is, y represents the harmonic mean. Clearly we have that y < h, therefore 


2ab / 
baa < ab. 
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To prove, geometrically, the last inequality in (1.18), consider the next figure. 


L 
A 
D O 
We have that OD = ath -a= bea and using the Pythagorean theorem, we obtain 


DL? = OD? + OL? = (*) (2th)? ete 


that is, DL = 4/ oP +t" which is clearly greater than ath 


Using Example 1.5.2, we can provide a proof of the arithmetic mean and the 
geometric mean inequality for three non-negative real numbers. In fact, using the 
next identity 


1 
a +b° +e — 3abe = s(a +b +e) [(a b)? + (b—c)? + (c—-a)’], 


it is clear that if a, b and c are non-negative numbers, then a? + b? +c? — 3abc > 0, 
that is, a3-+b?+c? > 3abc. Moreover, if a+b+c = 0 or (a—b)?+(b—c)?+(c—a)? = 0 
the equality holds, and this happens only when a = b = c. Now, if x, y and z are 
non-negative numbers, define a = Wz, b= 3/y and c= Wz, then 


E+yt+zZ 


a = > xyz (1.19) 


with equality if and only if = y =z. 


Example 1.6.1. For every real number x, it follows that 2, > 2. 


In fact, 


x? +2 vet 1 1 
a P22: 
Vazt+l Vaz 4+1 V2? +1 g+1 7 


The inequality now follows if we apply inequality (1.15). 


Example 1.6.2. Ifa, b, c are non-negative numbers, then 


(a+ b)(b+ c)(a4+c) > 8abc. 
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As we have seen, (a+b) > Jab, Ore) > Vbc and (ate) > Jac, then 


a+b b+c a+e so 
= 22-2 — : 
( 5 )( 5 )( 5 ) 2 vatiRe abc 


Example 1.6.3. If 71 > @2 > x3 and y1 > y2 > y3, which sum is greater? 


S=21y1 + cay2 + ©3y3, 


SY = x1yo + roy1 + 3 Yy3- 


Consider the difference, 


SY — S=a21y2 —21y1 + ey1 — Tayo 
£1 (yo — yr) + L2(y1 — ya) 

©1(y1 — y2) + t2(y1 — yo) 
= (x2 — 21) (y1 — y2) < 9, 


I 


I 


then, S’ < S. 
In general, for any permutation {y/,, y5, y3} of {y1, y2,y3}, we have that 


S> ay + royo + ry, (1.20) 
which is known as the rearrangement inequality”. 
Exercise 1.36. Leta, b be real numbers withO<a<b< 1, prove that: 
b-a 
i) O0< <i. 
as 1—ab~— 
ee Sere eee 
~14+6b 1+a7 


(ii) 0 


Exercise 1.37 (Nesbitt Inequality). Ifa, b, c> 0, prove that 


a zs b f: c 
b+e ate atb 


No] ww 


Ea 


Exercise 1.38. Ifa, b, c are the lengths of the sides of a triangle, prove that 


| 43 p3 3 b 
° oven > max {a, b,c}. 


Exercise 1.39. Let p and q be positive real numbers with : + ; = 1. Prove that: 
1 1 1 1 1 

——. + ——_ < =. (ii) ——. + ——— > 1. 

pip+1)  g(q+1)7 2 


p(p-1) a(q-1) 7 
5To see a general version, consult Example 7.3.6. 
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Exercise 1.40. Find the smallest positive number k such that, for anyO < a,b <1, 
with ab=k, it follows that 


a fi b a b 
boa 
Exercise 1.41. Leta, b, c be non-negative real numbers, prove that 


(a+ b)(b+c)(c+a) > 


g(a tb + c)(ab + be + ca). 


Exercise 1.42. Let a, b, c be positive real numbers that satisfy the equality (a + 
b)(b+c)(c +a) =1. Prove that 


ab+be+ca< 


mI cw 


Exercise 1.43. Leta, b, c be positive real numbers that satisfy abc = 1. Prove that 
(a+ b)(b+c)(e+a) > 4(a+b+c-—1). 


Exercise 1.44 (APMO, 2011). Let a, b, c be positive integers. Prove that it is 
impossible for all three numbers a? +b+c, b?+c+a andc*?+a+tb to be perfect 
squares. 


1.7 Factorization 


One of the most important forms of algebraic manipulation is known as factor- 
ization. In this section we study some examples and problems whose solutions 
depend on factorization formulas. Many of the problems that involve algebraic 
expressions can be easily solved using algebraic transformations in which the fun- 
damental strategy is to find appropriate factors. 


We start with some elemental formulas of factorization, where x, y are real num- 
bers: 


(a) 2? —y? =(@+y)(a—-y). 
(b) 2? + 2ay+y? = (x+y)? and 2? — 2ry+y? = (x — y)?. 
(c) a? + y? +27 4 Qry + 2yz +22" = (a@+yt 2). 


These algebraic identities are cataloged as second-order identities. In fact, we 
studied these four identities in the section of notable products. However, now we 
would like, given an algebraic expression, to reduce it to a product of simpler 
algebraic expressions. 
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Example 1.7.1. For real numbers a, b, x, y, with x and y different from zero, it 
follows that 
a? ay 6? (a+b)? — (ay— ba)? 
ey ety  ay(aty) 
To obtain the equality, we start with the sum on the left side of the identity 
and follow the ensuing equalities 


a a+b)? _ aye ty) + bale + y) ~ ry(a +b)? 


gy Fay ry(a+y) 


An application of the previous identity helps us to prove, in a straightforward 
manner, the so-called helpful inequality® of degree 2. This inequality assures that 
for real numbers a, b and real positive numbers z, y, it follows that 

a2 b? _ (a+b)? 


—+-—2 : 
x y c+y 


The following identities are known as third-degree identities, with x, y, z € R: 
(a) a —y? =(a@—y) (a? +2y+y’). 
(b) 2 —y° = (x —y)? + 32y(x — y). 
(c) (w@ +) — (a? +?) = 3xy(@ + y). 
(d) 2° —ay? + 2*y—y? = (x + y)(2? — y?). 
(e) 2 +2y?—22y—y =(e—y)(2? +"). 
To prove the validity of these identities, it is enough to expand one of the sides 
of the equalities or use the Newton binomial theorem, which we will study in 
Section 3.2. 


Another quite important identity of degree 3, previously given as (1.7), is 


gp + y? + 2° — Bayz = (ety +2) (7? +97 +22 -—cy— yz — zz), 


for all x, y, z real numbers. A proof of this identity can be obtained directly 
expanding the right-hand side of the identity. Different proofs of this equality will 
be given throughout this book. 

An equivalent form of the above identity is 


x+y? + 23 — 382yz = 


6See [6] or [7]. 
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The identities ? — y? = (x + y)(x — y) and x? — y? = (x — y) (a7 + zy + y”) are 
particular cases of the nth degree identity, 


n—1 |, ,n—-2 


ze —y" = (e@—y)(a" +a “y +++ + ay 


aes an) (1.21) 


for any x, y real numbers. If n is odd, we can replace y by —y in the last formula 
to obtain the factorization for the sum of two nth odd power numbers, 


Cas (1.22) 


n—2 | 
T 


a? ty” = (e@t+y)(ar? — 2 Ay te — ay 


In general, when n is even, the sum of two nth powers cannot be factored, however 
there are some exceptions when it is possible to complete squares. Let us see the 
following example. 


Example 1.7.2 (Sophie Germain identity). For any x, y real numbers, it follows 
that 
x’ + 4y* = (x? + Qy? + Qay)(x? + 2y? — Qzy). 


Completing the square, we have 
at + 4y* = a4 + day? + 4y4 — 4a?y? = (x? + 2y?)? — (Qary)? 
= (x? + Qy? + 2ay) (a? + 2y? — Bry). 
Another example, with even powers is the following. 
Example 1.7.3. For any x, y real numbers, it follows that 
2 — 2 = (9 bey) (g2Po} — gM 2y 4 pM By 2 4 gry 2-2 y2M“1), 
To prove this we only have to divide x?” — y?” by «+ y or do the product on the 
right-hand side and simplify. 
Example 1.7.4. The number n4—22n?+9 is a composite number for any integer n. 


The idea is to try to factorize the expression. We do it by completing squares, 
and the common way to do it is as follows: 


nt — 22n? + 9: = (n* — 22n? +121) — 112 = (n? = 11)? — 112. 
While doing this a problem arises: 112 is not a perfect square, therefore the factor- 


ization is not immediate. However, we can try the following strategy to complete 
squares, which is less usual, 


n* — 22n? +9 = (n* — 6n? + 9) — 16n? = (n? — 3)? — 16n? 
= (n? — 3)? — (An)? = (n? — 3 + 4n)(n? — 3 — 4n) 
= ((n + 2)? — 7)((n — 2)? — 7), 


and observe that none of the factors is equal to +1. 


The following is another example of how to solve problems using basic factoriza- 
tions. 


Example 1.7.5. Find all the pairs (m,n) of positive integers such that |3"—2"| = 1. 
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When m = 1 or m = 2, it is easy to find the solutions (m,n) = (1,1), (1,2), 
(2,3). Now, we will prove that these are the only solutions of the equation. Suppose 
that (m,n) is a solution of |3” — 2”| = 1, with m > 2 and therefore n > 3. We 
analyze both cases: 3” — 2”. = 1 and 3" — 2" = —1. 

Suppose that 3” — 2” = —1 with n > 3, then 8 divides 3” + 1. However, if we 
divide 3” by 8 we obtain as a remainder 1 or 3, depending on whether n is odd 
or even, therefore in this case we do not have a solution. 

Suppose now that 3” —2” = 1 with m > 3, therefore n > 5, since 2"+1 = 3™ > 27. 
Then 3” — 1 is divisible by 8, hence m is even. Write m = 2k, with k > 1. Then 
a” = 324 _1 = (3* + 1)(3* — 1), therefore 3* + 1 = 2”, for some r > 3. But the 
previous case tells us we know that this is impossible, therefore in this case there 
are no solutions. 


The following formulas are also helpful to factorize. For real numbers 2, y, z we 
have the following equalities: 


(2+y)(yt z)\(z+a)+ cyz = (2 t+yt+ z)\(cy + yz + 22), (1.23) 
(@ty+zP =e +9 +224 3(e+y)(yt z)(z4+2). (1.24) 


To convince ourselves of the validity of these equalities, just expand both sides in 
each equality. From these equalities the following observation arises. 


Observation 1.7.6. 


(a) Ifa, y, 2 are real numbers, with xyz = 1, then 


(2+ y)\ytz)(2+2)+1=(@+y+2)(ey + yz + 22). (1.25) 


(et+ty)\(y+z)\(z+2)+ryz=r+yt+z. (1.26) 


x—y)>—(a@+y— 2)? = 24ryz. 


Exercise 1.46. For all real numbers x, y, z, prove that 
(i) If f(z,y,2) = 2% + y? + 23 — 8xyz, then 


1 1 
fey.2) = sfetyytez+a) = pfl-etytza—ytzety—2). 


(ii) If f(x,y, z) = 23 +y3+23—32yz, then f(x,y, z) > 0 if and only if xt+yt+z > 0, 
and f(x,y,z) <0 if and only ifa+yt+2z<0. 
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Exercise 1.47. Prove that for any real numbers x, y, the following identities are 
satisfied: 
(i) (w@+y)? — (2? +?) = Say(x t+ y)(2* + ay + y?). 
(ii) (ety)! — (a +") = Taya + y) (2? + ay +y?)?. 


Exercise 1.48. Let x, y and z be real numbers such that x« £ y and 
x(ytz)=y(e#+z)=2. 
Find the value of z?(a + y). 


Exercise 1.49. Find the real solutions x, y, z and w of the system of equations 


e+y+z=uv, 


1 1 1 1 
=F SSS =. 
GT Y &£ w 


Exercise 1.50. Let x, y and z be real numbers different from zero such that «+ 


yt+z#0 and + + - + + = =! Prove that for any odd integer n it follows that 


Te ash al 1 
+—+ 


gen yr yn gn te yr +27 : 


Chapter 2 


Progressions and Finite Sums 


2.1 Arithmetic progressions 


In antiquity, patterns of points played an important role in the use of numbers and 
cosmological conceptions. The Pythagoreans used to represent some integers as a 
set of points arranged in polygonal or polyhedral forms. These integers, presented 
as spatial arrays, are known as figurate numbers. In this section we will study 
some of these numbers. 

Suppose that we want to add the natural numbers 1+ 2+3-+---+ 7, where n 
is any natural number. Call t,, the sum of these numbers, for example, t; = 1, 
tg =14+2=3,t3 =14+24+3=6, t4=14+243+4= 10. We will represent them 
as patterns of points in the following form: 


e e e 
e e e e e e 
e e e e e e e e e e 
ty fo =3 ts =6 ts =10 


We can obtain the sum ¢t, from the following figure, where the geometrical ar- 
rangement shows that 2t, = n(n + 1). 


n-points 


_—_,_-—_—__~Y 
n+ 1-points 


These numbers are known as triangular numbers. 
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This sum is also known as the Gauss sum, named after Carl Friedrich Gauss who, 
when he was only a child, calculated this sum using the following trick. Let t, be 
the sum of the n numbers that we want to add. Since the sum is commutative, 
we can arrange the numbers starting from the higher value and ending with the 
lower. If now we sum, term by term, both arrangements, we get 


th = 1 + 2 foeee + n 
and t, = n + nm-1L + ee + 1 (2.1) 
2, = (n+1) + (n4+1) 4+ - + (nF), 
therefore 2t, = n(n +1), that is, t, = minty) 
Remember that even numbers can be represented as 2n, where n = 1,2,... and 


odd numbers can be written as 2n — 1, where n = 1,2,.... 

If we want to sum the first n odd numbers, that is, the ones that run from 1 to 
2n — 1, and we call c, the sum of these numbers, then we have, following Gauss, 
that 


fo = 1 + 3 fs. Aes In-1 
and cy = Qn-1 + 2n-3 + +e + 1 ; (2.2) 
26, = 2n - an He eas ae on 


therefore, 2c, = n-2n = 2n?, where we have multiplied by n because we have 
exactly n odd numbers. Therefore, c, = n?. We can represent these sums using 
patterns of points in the following way: 


. & BS 


C1 C2 =4 c3 = 9 ca = 16 


Then the sum of the first n odd natural numbers corresponds to the representation 
of the perfect square n?, that is, 


n-points 


n-points 


Every corridor represents the corresponding odd number we are adding, therefore, 
the sum of the first n odd numbers is the number of points in the square, that is, 
n-n=n?. These numbers are known as the square numbers. 
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An arithmetic progression is a collection or sequence of numbers such that each 
term of the sequence can be obtained from the preceding number adding a fixed 
quantity. That is, a collection {ao, a2,...} is an arithmetic progression if, for each 
n > 0, Qn41 = Gn + d, where d is a constant. This common constant is called the 
difference of the progression and the collection or sequence will be represented 


by {ay}. 
Proposition 2.1.1. If {a,} ts an arithmetic progression with difference d, it follows 
7g 
that: 
(a) The term ap, is equal to ag + nd, forn =0,1,2,.... 
(b) a9 +41 ++++ +a, = ME%(n +1) = 2a0tnd (n +1), forn =0,1,2,.... 
(c) Gn = te forn =1,2,3,..., that is, each term is the arithmetic mean 
of its two neighbours. 


Proof. (a) Gn—a9 = (@n—Gn—1)+(An—1—-Gn—2)+- + -+(a1—-a0) = d+d+---+d = nd. 
(b) Similarly as we did with the Gauss sum, if S = ap + a, +++: + Gy, = Gn + 
An—1 +--+ + ao, then 


25 = (ado + an) + (G1 + Gn—1) +++ + (Qn +0) = (20 + Gn)(n + 1), 


a result of the identity 


aj + An—j = Aj41 + Gn—j-1, 


since Qj41 — Aj = An—j — An—j-1 = d. 
(c) It follows from a, — Qn—1 = An41 — Gn. 


Example 2.1.2. The following figures are formed with toothpicks and they are com- 
posed by equilateral triangles. 


L\ LV LAN 


Figure 1 Figure 2 Figure 3 
How many toothpicks are needed to construct the figure with n triangles? 


To build the first figures we need 3, 5 and 7 toothpicks, respectively. The fourth 
figure will have 4 triangles, that is, one more than the third figure; but we only 
need 2 more toothpicks to make an additional triangle. In general, this happens 
always as we go from figure j to figure 7 +1, that is, a new triangle is constructed, 
but only 2 additional toothpicks are needed. Therefore, the difference of toothpicks 
going from one figure to the next is 2, that is, if a; and aj41 are the number of 
toothpicks necessary to construct the jth figure and the next one, respectively, we 
have that aj;41 — a; = 2. Then, 


Qn = An-1 +2 = Gn-2 + 2-2 =--- =a, +2-(n—1)=342n—-—2=2n+4+1. 


34 Chapter 2. Progressions and Finite Sums 


Proposition 2.1.3. The sequence {a,} is an arithmetic progression if and only if 
there exist real numbers m and 6 such that a, = mn-+b, for every n => 0. 


Proof. If {a,,} is an arithmetic progression with difference d, part (a) of the previous 
proposition, ay, = ag + nd, leads to m = d and b = ao been the numbers we were 
searching for. 

Reciprocally, if a, = mn + 0, then adn+41 — Gy, = m is constant and therefore {a,,} 
is an arithmetic progression, with difference m. 


An harmonic progression is a sequence {a,,} which satisfies that the sequence 


{2} is an arithmetic progression. That is, —~-— + is constant, for every natural 
an an4+1 an 


number n. 


For example, the sequence {1,4 om s, i, Peg oo 


{1,2,3,4,...} is an arithmetic progression. 


ae is an harmonic progression since 


Exercise 2.1. Calculate the sum of the first n even numbers. Can you exhibit a 
geometric representation of them? 


Exercise 2.2. 


(i) If {an} and {b,} are arithmetic progressions, then {an + bn} and {ay — by} 
are arithmetic progressions, this can be shortened saying that {a, + bn} are 
arithmetic progressions. 


ii) If{a,} is an arithmetic progression, then } bn = az,, —a2} is an arithmetic 
” n+1 n 
progression. 


Exercise 2.3. If {an} is an arithmetic progression with a; # 0, for every j = 
0,1,2,..., then 


1 1 1 n 
+ fre fp———s= 
ao ay a1 a2 An—-1 an a0 an 
Exercise 2.4. Prove that a sequence {ay} is an arithmetic progression if and only if 
there exist real numbers A and B such that Sn = ag ta, +-:-+an—1 = An?+Bn, 
for everyn> 0. 


Exercise 2.5. A sequence {a,} is an arithmetic progression of order 2 if {an+1— Gn} 
is an arithmetic progression. 

Prove that {ay} is an arithmetic progression of order 2 if and only if there exists 
a degree 2 polynomial P(x) such that P(n) = an, for every n> 0. 


Exercise 2.6. If {a,} C R* is an arithmetic progression, then 


ay = oe 


VA1An S VWayag-+: apn < — 
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Exercise 2.7. Prove that there are 5 prime numbers which are in arithmetic pro- 
gression with difference 6. Is the progression unique? 


Exercise 2.8. For any natural number n, let S,, be the sum of the integers m, with 
2" <m<2"t!, Prove that S;, is a multiple of 3, for all n. 


Exercise 2.9. Ifa <b <c are real numbers which are in harmonic progression, 
then 
1 4 1 1 1 

+ + 


b—-c c-a a-b ca 


Exercise 2.10. If a, b, c andd are in harmonic progression, thena+d>b-+c. 


Exercise 2.11. Ifa, b andc are real numbers, prove that b+c, c+a anda+b are 
in harmonic progression if and only if a?, b? and c? are in arithmetic progression. 


Exercise 2.12. An increasing arithmetic progression satisfies that the product of 
any two terms of the progression is also an element of the progression. Prove that 
each term of the progression is an integer number. 


Exercise 2.13. In the following arrangement, all the odd numbers were placed in 
such a way that in the jth row there are j consecutive odd numbers, 


ak 
3. °«85 
7 9 Ii 


13 15 17 19 
(i) Which is the first number (on the left) in the 100th row? 
(ii) Which is the sum of the numbers in the 100th row? 


Exercise 2.14. Consider the following array, in which the numbers from 1 to 9 are 
placed as indicated. 


Observe that the sum of the integers in the two main diagonals is 15. If we construct 
a similar array with the numbers from 1 to 10000, what is the value of the sum of 
the numbers in the two main diagonals? 
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Exercise 2.15. Fill the following board in such a way that the numbers in the rows 
and columns are in arithmetic progression. 


2.2 Geometric progressions 


A geometric progression is a sequence of numbers related in such a way that 
each number can be obtained by multiplying the previous one by a fixed constant, 
different from zero, which we call the common ratio or the ratio of the progression. 
That is, the sequence {a,,} is a geometric progression if the ratio @“* is constant. 
Let this ratio be denoted by r. Note that a9 = 0 and r = 0 are not included. 


Proposition 2.2.1. If {a,,} is a geometric progression with ratio r, then: 


(a) The nth term is an = aor”, forn =0,1,2,.... 
Ja—rrtl 


(b) The sum agp +a, +--+ + @n = G9 ——, forn=0,1,2,.... 
r 


T= 
(c) If an are positive numbers then an = \/G@n—14n41, for n = 1,2,3,.... 
Proof. (a) Since —- ont oo a, =r" we have, after simplifying, that a, = aor”. 


(b) Using part (a) we get 


S=aptai+-:::+an =a + aor +--+: + aor” 
ag(1 — r”*1) 


Sao epee) ai 


The last equality follows from identity (1.21). 
(c) Since ++ = —2_. it follows that an = \/@n—10n41- 


maf? 


Example 2.2.2. If {an} and {b,} are geometric progressions, then {an - by} is a 
geometric progression. 


If {a,} and {b,,} are geometric progressions, then a, = apr” and b, = bos”, for 
some real numbers r and s. Then, anbn = (aobo)(rs)” is a geometric progression 
with ratio rs. 


Exercise 2.16. If {a,,} and {b,} are geometric progressions, with by, 40 for all n, 


prove that , => is a geometric progression. 
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Exercise 2.17. Find the geometric progressions {a,,} satisfying that dn42 = Gn4it+ 
an, for alln > 0. 


Exercise 2.18. If {a,,} is a geometric progression with ratio r, and if the product 
of ag, 1, ..., Gn—1 18 Py, prove that: 

GPa Saree we: 

(i). (Pay? = (aoan i) 


Exercise 2.19. If {ay} C R* is a geometric progression with ratio r, prove that 
{b, = loga,} is an arithmetic progression with difference log r. 


Exercise 2.20. Ifa, b and c are in geometric progression, then 
a®b? + bc? + ca? = abc(a® + b® +c). 


Exercise 2.21. Prove that it is possible to eliminate terms of an arithmetic progres- 
sion of positive integers in such a way that the remaining terms form a geometric 
progression. 


Exercise 2.22. The lengths of the sides of a right triangle, given bya <b<c, are 
in geometric progression. Find the ratio of the progression. 


Exercise 2.23 (Slovenia, 2009). Let {an} be a non-constant arithmetic progression 
with initial term a, = 1. The terms az, a5, a1, form a geometric progression. Find 
the sum of the first 2009 terms. 


Exercise 2.24. In the next figure the polygonal line has been constructed between 
the sides of the angle ABC as follows: the first segment AC of length b is perpen- 
dicular to BC, the second segment, of length a, starts where the previous segment 
ended and it is perpendicular to AB; proceeding in the same manner, the following 
segments start where the previous one ended, and keeping the perpendicularity to 
BC and to AB alternately. 
A 
\ | 
C 
(i) What is the length of the nth segment? 
(ii) What is the length of the polygonal line of n sides? 
(iii) What is the length of the polygonal line if it has an infinite number of sides? 


B 
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2.3. Other sums 


Now, we proceed to study more complicated sums. For example, let us see how to 
sum the squares of the first natural numbers, 


1742743? +---4+n?. 


Consider the following array of numbers: 


4 5 k n 
1 2 374 =5 k n n-TOWSs 


We will calculate the sum of the numbers on the array in two different ways. 
First, add the numbers in each of the rows of the array which, according to the 
Gauss sum formula, is a triangular number, that is, 


n(n +1) 


Bila p Dap PAS Ries Se 


But since we have n rows, then the sum of all the numbers in the array is 


n(n + 1) 


Sr=n 5 


On the other hand, if we add each of the corridors marked, we have that the sum 
of the first corridor is only 1. The sum of the second corridor is 1 + 2-2 = 1+2?. 
The sum of the third corridor is 1+ 2+3-3 =1+2+37. Continuing in the same 
fashion, the sum of the kth corridor is 

k(k —1) 3 k; 


+k? = = =. 


=1424+---+(k-1)+k-k= 
Cy =1+2+-+-+( )+ 5 5 5 


Now, if we sum all the corridors, we get the sum of all the numbers in the array 


3 1 
Sp = C14 Cote, = (ees ea) Se a ethan) 
tie 3 2 9 1 n(n+1) 
Equating both sums Sir, we get 
n(n+1) 3,9, 22 9», Ll n(n+1) 
i =i5 +264 Be ar 5 


2.3 Other sums 


Then 
n(n +1) n(n +1) 


342 2 y= ob 
5 +2 Be Ce cae 5 I 


therefore 
n(n + 1)(2n + 1) 


PHPte-tn= - 


Now, we will study the sum of the cubes of the first n natural numbers, 
19423 +---+n%. 
To that purpose, consider the following array of numbers: 
5 6 7 
10 12 14 
12 15 18 21 


4 8 12 16 20 24 28 
5 10 15 20 25 30 35 


Re 
co oF 


If we add the numbers in each of the squares, we obtain 
S,;=1 
Sg =14+2+42(1+ 2) 
$3 =14+243+4+2(114+2+4+3)+314+2+3) 


Sp =(L+24+---+n)+2(14+24+---+n)+---+n(1+24---+n) 
_ (n(ntdyy* 
= 5 ; 
If we now sum all the corridors 
Ci =1 


Co =2-2+2-2=2? +2? = 27(14+ 1) = 2° 
Cz = 2(3 + 2-3) +3? =2-3(1+2)+3? = 2-37 +37? = 37(2+1) =3° 


Cn = 2(n+2n4+3n4+---4+(n—1)n)4+n? 


-1 
=n (So 5 *) tn? =n? —n? +n? =n. 
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But, since Cy + Cp + C3 +---+Cy = Sn, we get 


2 
42494 tnt = (MEA) 


The above sum can also be written as 
13429 +3? +---+n? =(1424+34+---+n)?. 
Exercise 2.25. Using the corridor technique in the following array 
ales 32 4? 52 Niet k? ad’ n2 
12 92 32 4? 52 cee k? sie nz 


12 92 32 4? 52 wah k? gets nz N-TOWS 


1? 92 32 42 52 eee k? area n2 
prove the following equality, 


1 2 
(a) = 19429 43° +---+n%. 


2.4 Telescopic sums 


When we develop a sum of the form 


Sif (k+1)— f(k)], 


k=1 


we have that 


lege 


[F(R + 1) — F(R] = (2) — FO) + £3) — FQ) +--+ fln+1 — f(r), 


> 
Il 


1 


then the terms f(k), for k between 2 and n, cancel out and we obtain that the 
sum is equal to f(n +1) — f(1). This type of sums are called telescopic sums. Let 
us see some examples. 


Example 2.4.1. Evaluate the sum 


2.4 Telescopic sums Al 


Observe that RET a i - =e therefore 


n 


eS ee) 


1 n 


— 
n+1 n+1 


Example 2.4.2 (Canada, 1969). Calculate the sum S7;_, k!-k. 


Observe that k!-k = kl(k +1—1) =(k+1)!—&!, then we have that 


n 


Soak = ST (b+ DB) 
k=1 


k=1 

= (2!— 1!) + (8!— 2!) +--- + ((n4+1)!— n!) 

= ((n+1)!— nl) + (nt — (n— 1)!) +--+ + (2! 1) 
( 


1 1 1 
(1-3) (1-)--(Q-sGp): 
We have that 


0-2) (age) ae) 

= (ea) =a) (tg) ) bane) 
-(03)0e2) Goai) 2) (9) Coa) 
=($-3- ee sit) (5°5°3 er ard) 


_ (2012 1 \ _ 1006 
ar) 2011/ 2011 


Exercise 2.26. Find the sum 


1 1 


1 1 
T4*4-7* 7-10 7°" * 2998-3001" 
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Exercise 2.27. Calculate the following sums: 


n 


= 1 2k+1 
) ea () 2 Bete 


Exercise 2.28. Calculate the following sums: 
A i k+1 
(i > ea) () DGD ea ea 


Exercise 2.29. Find the sum 


liek mn 1 ee 1 7 1 
iat 32 : ' 90112 ° 20122" 


Exercise 2.30. Find the following product 


(05) (98) (oe) 


Chapter 3 


Induction Principle 


3.1 The principle of mathematical induction 


In Chapter 2 we deduced several formulas for finite sums of numbers. Thus we 
learned that the sum of the first n natural numbers is given by the identity 


1 
Lt 2t--¢n= Met) (3.1) 


In fact, this formula is a collection of statements, P(n), which we have proved 
using algebra, that are valid for every positive integer n. 


The validity of these series of statements can be proved using what is known as 


the principle of mathematical induction, which will be developed in this chapter. 


The principle of mathematical induction claims that a sequence of propositions 
P(1), P(2), P(3), ... are valid if: 


1. The statement P(1) is true. 

2. The statement “P(k) implies P(k +1)” is true. 
We can guarantee that this last statement is true assuming that P(k) is true and 
proving the validity of P(k +1)’. 


Observation 3.1.1. Statement 1 of the principle of mathematical induction is called 
the induction basis and statement 2 is known as the inductive step. 


We will prove using this principle the validity of the identity (3.1) for every natural 
number. 


Example 3.1.2. The identity 1+2+4+3+---+n= ninth) is valid for every positive 
integer n. 


“To prove 2. is equivalent to prove that: “not P(k +1) implies not P(k)”, is true. 
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If n = 1 the left-hand side of the identity has a unique term, that is, 1. The right- 
hand side is 1041) | since this last term is also 1. We have that the formula is valid 
for n = 1. 
Now, suppose that the statement P(k) is true, that is, the equality 
k(k+1 

L+2434-¢h= SS (3.2) 
is valid. We will prove the corresponding identity for k + 1. 
According to the formula, the terms on the left-hand side, for k + 1, are 1+2+ 
34+---+k+(k+1), and if we use (3.2), we have that 


SOF Es (ert) =(b +1) ($41) 


(k+1)(k+ 2) 
9 a 


142434+---+k+(k+)D= 


which is the same as the right-hand side of the formula for k + 1. This proves the 
validity of P(k + 1). Therefore, by the principle of mathematical induction the 
identity is valid for every positive integer n 


Example 3.1.3. For every natural number n, the number n? —n is a multiple of 6. 


If n = 1, then n? — n = 0 is a multiple of 6, since 0 = 6 - 0. 

Suppose that k? — k is a multiple of 6, that is, k? — k = 6r, for some integer 
number r. We will prove that the statement is true for k+ 1, that is, we will show 
that (k + 1)? — (k +1) is a multiple of 6. 

Now, we have that 


(k+1)?-—(k+1) =k? +3k?4+3k4+1-k-1 
= (k? —k) + 3(k? +k) =6r + 3(k? +k). 


Here we have used the induction hypothesis that P(k) holds, that is, k? — k = 6r. 
Since k? +k = k(k+1) is the product of consecutive numbers, one of them has to be 
even, then k? +k is even. Then, 3(k?+4) is a multiple of 6. Thus, (k +1)? —(k+1) 
is a sum of multiples of 6. Therefore, by the principle of mathematical induction 
the result is valid for every positive integer n. 


Example 3.1.4 (Hanoi Towers). A beautiful legend of the creation of the world tells 
us that Brahma placed on the Earth three bars of diamond and 64 golden discs. 
The discs had all different sizes and at the beginning they were located in the first 
diamond bar following a decreasing order of the diameters from bottom to top. 
Also Brahma created a monastery where the monks had the fixed task of moving 
all the discs from the first bar to the third, following some rules. The allowed rules 
were to move one disc from one bar to any other bar but under the condition that 
a disc with a greater diameter could never be placed on top of a smaller disc. The 
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legend also tells us that when the monks would finish their duty, the world will end. 
What is the smallest number of necessary moves that the monks have to make to 
accomplish the work? 


1° bar 2° bar 3° bar 


Let x, be the minimum number of necessary moves to move n discs. If n = 1, 
there is only one disc and therefore just one move is needed, that is, x; = 1. With 
two discs in the first bar, we move the small disc to the second bar, then the big 
one from the first bar to the third one, and finally the small one from the second 
bar to the third. Therefore, x2 = 3. With three discs the problem starts to become 
interesting. 

Expressing as 7 + j the move of the top disc from bar i to bar j, the discs can 
move in the following sequence of moves 1 > 3, 1 > 2,3 > 2,17 3,21, 
2 —> 3,1 —- 3, that is, z3 = 7. Observing the obtained sequence 1, 3, 7, we can 
note that if we sum 1 to each term we obtain consecutive powers of 2. Therefore, 
we conjecture that 2, = 2” — 1. To prove this conjecture by induction, we only 
need to prove the inductive step. Suppose that x, = 2” — 1 moves and let us see 
what happens with n+ 1 discs. By the inductive hypothesis, the n superior discs 
can be moved to the second bar in 2” — 1 moves. After this, the largest disc moves 
from the first to the third bar in one move, and finally the n discs in the second 
bar can be moved to the third bar in 2” — 1 moves. Therefore, in total we made 
(2"—1)+1+(2"—1) =27*!_— 1 moves. 


Therefore, 2” — 1 moves are enough, but is this the minimum? We will prove by 
induction that in fact this is the minimum. For n = 1, this is obvious. Suppose 
that it is true for n. Now, we want to move n+ 1 discs from the first to the third 
bar, that is, in some moment we have to move the largest disc to the third bar. 
At this moment the remaining n discs have to be all together in another bar and, 
by the induction hypothesis, they could not have arrived there in less than 2” — 1 
moves. In the same way, when the largest disc moves to its final position in the 
third bar, the n remaining discs have to be all in another bar, and to move them 
to the third bar we need at least 2” — 1 moves. 

Adding, we see that we cannot move n+1 discs in less than (2”—1)+1+(2"—1) = 
2"+! _ 1 moves, which completes the proof. 


With 64 discs, as in the legend, it is necessary to do 2&4 — 1 moves, and if we 
suppose that the monks can do one move every second, to finish their task they 


will need 500 thousand millions of years. 
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Observation 3.1.5. In many cases, the basis of induction is not for n = 1 but for 
n =k, for some natural number k. Then, if we prove the induction step, we can 
conclude that P(n) is true for all natural numbers n > k. 


Example 3.1.6. For x, y real numbers and for n > 2, it follows that 


n n nmol. 4. wn 2 


a —y" = (a —y)(a" +a y+: 


If n = 2 the result follows because x? — y? = (a — y)(a + y). 
Suppose that x* — y* can be written as 


ge — ay = (2 —y)(a*) ah Ay + + ay? 2 ty 


We will prove the result for k + 1. We start from the following identity, 


ght yktl — ghtl pak 4 yk — ybtd 


= 2(2* —y") +y*(e—y). 


Using the induction hypothesis, we have that 


a(a* —y*) + y*(a2—y) = a(e—y)(a2* 1 +a 2y te ty*") +y*(e-y) 
= (a —y)(a(e* + 0% 7y +---+y*") +9") 
= (w@—y)(a* + a* ty +--+ 4+ ay" t+ y*) 


k+1 


Therefore, 2*+1 — y*+! = (a — y)(x* + ct-ly +--- + cy*-1 + y*), as we wanted 


to prove. 


Example 3.1.7. The sum of the interior angles of an n-sided convex polygon is 
180°(n — 2). 


The statement makes sense for n > 3, that is, when we have a triangle. For 
n = 3, the statement holds since the sum of the interior angles of a triangle is 
180° = 180°(3 — 2). 

Suppose the statement is valid for any convex n-gon. Given a convex (n + 1)-gon 
with vertices A;, ..., An+1, the diagonal A,,A; divides the polygon in a convex 
n-gon A; Ag...A, and a triangle A, A,4 1A. The sum of the interior angles of the 
(n+1)-gon will be the sum of the angles of the n-gon A, ... A, plus the sum of the 
interior angles of the triangle A,An+41A1, that is, 180°(n—2)+180° = 180°(n—1). 


To verify a series of statements P(n), in some cases it is better to work with 
more general propositions P’(n), that is, propositions such that the validity of 
P'(n) will guarantee the validity of P(n). Let us see some examples. 


Example 3.1.8. For any positive integer n > 2, it follows that 


Eo, ee ae 
220" 32 n2 - 4 
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To use the principle of mathematical induction to prove the inequality can 
be complicated, since if we suppose that x + = ean + < 3. we would have 
to prove that 3 + = Se + + wit? < 3. but the margin of manoeuvre is 


limited. Then we will try to work with the following stronger result 


3 
Sn < 77am for all n> 2, 

where S$; is the sum on the left-hand side of the inequality that we want to prove, 
and {a} are positive numbers that we have to discover. In order to produce a 
proof by mathematical induction we need to show that the basis of induction is 

valid, that is 
1 3 
Zu 
47-4 
The inductive step consists in showing that the condition S, < 3 —ay, implies 
that Sp4i< 3 — Gn41- Since Sp41 = Sp + TE? the above will be true if a, and 


1 
—a2 or ag<-. 
2 255 


An+1 Satisfy 


———5 — On + Ont <0, 
(wee on Fans 


which is equivalent to 


1 
An — An4+1 = +?’ for all n > 2. 


Now, the numbers a, = 4 satisfy the above inequality, since 
1 st 1 bs 1 
n n+l n(n+1) 7 (n4+1)?” 


Also, a2 = 4 satisfies the condition of the basis of induction. Therefore, the num- 
bers ap, = ;; are good candidates to make possible the induction. In fact we have 


proved that, for every n > 2, it follows that S, < 3 - 1, thus 
1 is 1 aia, Ue 1 s 3 
22 3? n2 ~ 4 


A similar example is the following. 


Example 3.1.9. For any positive integer n, it follows that 


1 1 1 
= t+ met + SK? 
2/1 3V2 (n+ 1)/n 


As in the previous example, it is sufficient to prove that 
1 1 1 2 
+ ———— <2- ——.. 


Wi 32 tla ret 


For n = 1, we have af <2- roe which is true, that is, the induction basis holds. 
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For the inductive step, it suffices to prove that 
1 - 2 2 
(n+ 2)/nF1 ° Vn+1I VnF2’ 


which can be reduced to prove that 


1 2 
< 2(vn+2-Vn+1) = ——., 
Vn+2 ( ) Vnt+24+vVn4+1 


but this last inequality is obviously true. 


Another frequently used version of the principle of mathematical induction is the 
following. 


Strong induction principle. The set of propositions P(1), P(2), P(3), ..., P(n), 
. are true if: 
1. The statement P(1) is true. 
2. The statement “P(1), ..., P(m) implies that P(n +1)” is true. 


Observations 3.1.10. (a) In the strong induction principle, the inductive step is 
valid if each time that P(k) ts valid for k <n then, starting with this hypothesis, 
we prove that P(n +1) is valid. 

(b) It ts clear that the strong induction principle implies the simple prin- 
ciple of induction. But in fact both are equivalent, since strong induction is a 
consequence of simple induction. To see this, it is enough to consider the logical 
conjunction® O(n) of the propositions P(1), ..., P(n). If P(1) is true also Q(1) 
is true (since they are exactly the same). If O(n) is valid so are P(1), P(2), ..., 
P(n), and by the strong induction hypothesis also P(n + 1) is valid, this implies 
that Q(n + 1) is true. Then, by simple induction Q(n), is true for any natural 
number n and the same is true for P(n). 

Although strong induction and the simple one are logically equivalent, in some 
cases it is easier to use one rather than the other. 

The strong induction is implicit in the definition of sequences by recurrence 
relations. 


Example 3.1.11. [fa is a real number such that a+ 4 is an integer, then a”™ + + 
is an integer for alln > 1. 


For n = 1, the statement is true by the hypothesis that a+ 4 is an integer number. 
Let us see how to solve for n = 2; sometimes this case gives us ideas about how 
to justify the inductive step. 

1)? ct a iy al 1)? : : 
Note that (a + +) =a°+442; then a*+>a= (a + +) — 2 is an integer number 
and then our statement for n = 2 is true. 


8The logical conjunction of P(1), ..., (n) means that all the propositions are true at the same 
time. 
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Let us analyze again our formula 


1\7 1 1 eae | ee Pa eee ae 
at-) =|a+-](a@a+—-|]=-e+5474--+--‘a-e+—5+7¢ +5, 
a a a a? a a a? a® 


then we get, a? + 4 = (a+ +4)- (a++) — (a° + 4), but this gives us another 
idea, the statement for n = 2 depends on the statements for n = 1 and for n = 0 
(which by the way are also valid). 

To obtain the statement for n = 3, we will work following the previous idea, 


én 3 1 oa ial 1 
a+—z) :lat-jrHe+az+tat+-. 
a a a a 


3 1 2, 1 1 1 
a+r yzHla raz) lar )|—latr—), 
a a a a 
1 


the right-hand side is an integer number if a + 4 and also a? + zz are integers, 
but this is already known. It is now clear how we can prove the inductive step. 
Suppose that the statement is valid for integers less than or equal to n, then from 


the identity 


1 1 1 1 
arts =(a"+—})-(a+—)—(a™ b+ ; (3.3) 
antl a” a qr-l 


it follows that the statement for n + 1 is also valid. 


It follows that 


There are other ways to prove statements inductively. 


Cauchy’s induction principle. The set of propositions P(1), P(2), ..., P(n), ... 
are all valid if: 


1. The statement P(2) is true. 


2. The statement “P(n) implies P(n — 1)” is true. 
3. The statement “P(n) implies P(2n)” is true. 


Observation 3.1.12. Let us see why Cauchy’s induction principle implies the prin- 
ciple of mathematical induction. First, note that 1 and 2 guarantee that P(1) is 
true, that is, the induction basis holds. Since 3 holds, the validity of P(n) implies 
that P(2n) is true. Now, applying n—1 times the condition 2, we get that P(2n—1), 
P(2n—2),..., P(n+1) are all true. In particular, P(n+1) is true. Thus, we have 
proved the inductive step of the principle of mathematical induction. Therefore all 
P(n) are true. 


We apply this inductive process to prove the inequality between the geometric 
mean and the arithmetic mean. 
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Example 3.1.13. For real non-negative numbers 71, ..., nm the following inequality 


holds for all n: 
Ly Lat+** + Ln 


Fs 2/0409. Lye (3.4) 


Denote by A = eitee ttt and G = ?/%1{%2...%n, the arithmetic mean and the 
geometric mean of the numbers 21, ..., %», respectively. The proof will be done 
by induction over n, using the inductive principle just described. 


1. For n = 1 we have the equality, and the case n = 2 was proved in Section 1.6. 

2. Let 21, ©, ..., LZ, be non-negative numbers and let g = rE ++ En—1- If 
we add this number to the numbers 21, ..., n-1, we obtain n numbers to 
which we apply P(n) and obtain 


Bytes + Xp-1 + * 
SS > ftiig Taig = Vo") Gg = 9. 


n 
Then, #1 +-+-+%,-1+ 9 > ng, which in turn leads to St > g, and 
therefore P(n — 1) is valid. 

3. Let 21, v2, ..., Lan be non-negative numbers, then 


21+ fo t++++ + Lon = (41 + £2) + (@3 + £4) + +++ + (Can-1 + Lan) 
> 2 (fait. + fata +--+ + VFIn—-1£2n) 
i 
> In (a1 82 /F304 +++ \/LIn—1 In)” = Wn (x172-++ Lan) 


In the previous sequence we applied several times the statement P(2), which 
we know is true, and after that the same was done with statement P(n) to the 
numbers \/%1%2, \/@3%4, ..., J£2n-122n- 

Example 3.1.14. Let us see another way to prove the previous inequality, but in this 
case using another variant of the induction principle. Observe first that if some 
x; =0, then the inequality is clear. 


3 


Suppose then that every x; > 0, and that x1x%2...%, = 1. Prove the statements 
P(n): ty +a. +--+ +4, > Nn. 


Clearly the basis of induction is true, that is, P(1) : x1 > 1 is true, in fact 2; = 1. 
Suppose that P(n) is valid for any n positive numbers whose product is 1, 
and let 21, ..., n,; Yn+1 be positive numbers whose product is 1. Then, there will 
be some x; > 1 and some x; < 1. Without loss of generality, we can suppose that 
x, > 1 and x2 < 1. Then, by the previous statement, (x1 — 1)(x2 — 1) < 0, then 
v149+1 < %1+42. Therefore, 71 +%24+++-+%n4+%n41 > 14+01%2+"34+++°+0n41- 
Now apply the induction hypothesis to the n numbers 2122, 73,...,£%n41 to show 
that v1 +22 +++: +4, +4n41 >1+4+7, that is, the statement P(n + 1) is true. 


For the general case, if a), ..., @, are positive and letting G = ~/a,a2...an, if we 


an 


consider the identities 7] = 4,..., 2n = @, we have that x1...2%p) = 1. Then, 


Pee ; at+:::+a 
%1+---+2, > n, which is equivalent to a i: > p/a,...Qn. 
n 
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Example 3.1.15. Let x1, 22,...,%n and yj, y2,---,Yn be natural numbers. Suppose 
that 4) + %2 +--+: +2, =Yyity2t+-::+Yym < mn. Then it is possible to cancel 
out some terms (not all of them) from both sides of the above equality while always 
preserving the equality. 


We use induction over k = m+n. Since n < 471 4+ %2 +--+: +2n < mn, then 
m > 1, and similarly n > 1, then m, n > 2 and k > 4. For m+n = 4, we have 
that m = n = 2, and the only possible cases are 1+1=1+1and14+2=1+2 
(maybe in a different order) and the result is immediate. 
Suppose that k = m+n > 4 and consider 


SHU TQ + + IXn = Yr + y2t--- + Ym < mn. 


Without loss of generality, we can suppose that x, is the largest term of the set 
of x,’s, with 7 = 1,2,...,n, and y, is the largest term of the set of y,;’s, with 
j =1,2,...,m. We can also assume that x, > y1, because if x; = y, the problem 
is solved. Then we have 


(t1— yi) + g++ + In = Yyote + Ym. 


We need to prove that the sum s’ = y2 +---+ Ym satisfies the required condition, 
that is, s’ <n(m—1). Since y; > yo >--+ > ym, it follows that y; > =, hence 
8 m—1 m—1 


s=s—-y<s—-—=s <mn =n(m-— 1), 
m m m 


and now we can apply the principle of mathematical induction to reach the desired 
conclusion. 


Exercise 3.1. 
(i) Prove by induction that for q # 1, 


l+q+---+q™ 1 = —— 
(ii) Prove that 1+214+27+4.---+2%=27+1_ 1]. 


Exercise 3.2. For the Fibonacci sequence, defined by a, = 1, ag = 1 and, for 
n > 3, Qn = Gn_1 + Gn_2, prove that 


Ant2 =ltay+ag+-::-+an. 


Exercise 3.3. Prove that 3"+! divides 23" +1, for any integer number n > 0. 


Exercise 3.4. There are 3” coins with identical aspect, but one of the coins is false 
and its weight is less than the weight of the real coins. Prove how, with a plate 
weighing scale®, inn weighings we can identify the false coin. 


9A plate weighing scale is a balance with two plates that will be at the same level if the weight 
of the objects placed in each one of the plates is the same. 
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Exercise 3.5. 


(i) For which integers n does it follow that 7 divides 2” — 1? 
(ii) For which positive integers n does it follow that 7 divides 2" +1? 


Exercise 3.6. Find the values of an, if a1 =1 and for each n > 2, it follows that 
a, tag +++++@n =Nn?. 
Exercise 3.7. Forn > 1, prove that 
al+bl+L]+~+lal- EIA] 
DP a ee Seale INS alee ao. IY 


Exercise 3.8. Find the values of an, if a, =1 and for each n > 2 


N,/an 
VG + fiat + aq =. 


Exercise 3.9. Prove the next inequality relating the geometric mean and the arith- 


metic mean, 
a a a 


n 


2 VW%1%2°++ Ln, 


by following the indicated steps: 


(i) Use induction to prove that 


ght = (n ae 1)x +n= (x _ 1)?(2"—4 ae Qn"? a 377-3 aes n). 
Therefore, for x > 0, it follows that «°*! —(n+1)xr+n>0. 
(ii) Apply the previous inequality to x = ¢, where a = ont and b = 
ttn and conclude that 


Ly+e+ + Ln41 a Ty+:+++a,\" - 
—_____"" > Spe (| ———— ]_ = aid”. 
n+1 n 


(iii) Now use induction again in order to finish the proof. 


Exercise 3.10. Let 0 < a, < ag <++: < dy and e; = £1. Prove that ye Cj; 0; 
has at least (ae) different values when the e; vary over the 2” possible elections 
of the signs. 


Exercise 3.11. A sequence a1,da2,...,d2n of numbers 0 or 1 is said to be even- 
balanced if ay+ag+--:+@2n—1 = Gg+a4+---+a2n. Prove that an arbitrary sequence 
of numbers 0 or 1, with 2n +1 elements, has a subsequence!® even-balanced with 
2n elements. 


10See Subsection 7.2.7, for the definition of subsequence. 
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Exercise 3.12. Prove that the only infinite sequence {ay} of positive numbers such 
that for each positive integer number n, the equality 

ae t+as+---t+a3 =(a,+ae+---+a,)’ 
holds, is the sequence given by an =n, forn=1,2,.... 
Exercise 3.13. If a, < a2 <--: < Gp are positive integers, then 

ay +43 +--+ +a, > (a1 tag t+ + an)’, 
with equality if and only if a, =k, for each k =1,2,...,n. 


Exercise 3.14. 
(i) Prove that, for n > 1, it follows that 


(+) (+8)-(48) 


(ii) Prove that, for n > 1, it follows that 


(8) (oa Oa) 


Exercise 3.15. Let a), d@2,...,@n be real numbers greater than or equal to 1. Prove 
that 


n 


1 n 
Ss 
liga 2 ites 


i=1 


3.2. Binomial coefficients 


The factorial of an integer number n > 0, denoted by n!, can be defined by 
induction as follows: 


(a) 0! =1, 
(b) n! =n(n—1)!, for n> 1. 


Observation 3.2.1. [fn > 1, then 
n!=n(n—1)---2-1. 


For all integers n and m, with 0 < m < n, we define the binomial coefficient!! 


(7m) as j ; 
@ a6 (3.5) 


11For a combinatorial meaning of the binomial coefficients and the factorial, see [19]. 
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Properties 3.2.2. For0<m<_n, it follows that: 


o1(3)-1me(0) 
()-(0) 


(c) For each m = 1,2,...,n—1, it follows that 


& 7 Ga z ee s (3.6) 


This identity 1s known as Pascal’s formula. 
(d) ( ) is a positive integer. 
m 


Proof. To prove (a) and (b) we just apply the definition of binomial coefficient. 
(c) To prove this property, observe that 


ai a) Ge ee ae 
Lier n! al 


m!(n — m)! mi\(n — m)! 


(d) This statement can be justified by induction over n. For n = 0 and n = 1, 
it is clear since Ga = land es - () =1, 


Suppose that for n — 1 the assumption is true, and let us prove that (7) is 


an integer, for m = 0, ..., n. By (a), we have that (3) = (") = 1 are integers. By 


nN. 
(c), form =1,..., »—1, we have that Gea is a sum of two integers and therefore 
it is an integer. 


Theorem 3.2.3 (Binomial theorem). Let a and b be real numbers and let n and m 
be integers withO<m<n. The numbers (ey are the binomial coefficients in the 
binomial development (a + b)", that is, 


(a+b)" = (5) a” + (") a” tb eee + O) a—*ht pee (") a (3.7) 


Using the sum notation we can write the previous equality as 
“(n 
a+b)" = ah, 
@+or= > (") 


This identity is known as Newton’s binomial formula. 


3.2 Binomial coefficients 


Proof. Induction over n yields a prove of this identity. 
If n = 0, then (a + b)° = 1 and (2) a°b° =1. 
Suppose that n > 0 and that the identity is valid for n — 1, that is, 


oro ta SMart 


i=0 


is true, then 


(a+b)” = (a+b)(a+b)""! = (a+b) S @ : ‘) g?—1-ipi 


i=0 
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n—1 late eae | ie cree | n—-1 
= ~ n d, We n-tipi S ~~ n—-ipi ~~ Opn 


“()oE (CF) eCoDleveGop 
“()e-EQev- (eZ Or 


In the last step we have used Pascal’s formula. 


Example 3.2.4. Ifn is a positive integer, then 
” .(n 
—1)' =0. 
Sen() 
Apply the binomial theorem with a = 1 and b = —1, to obtain 


o=0-1"=>> (")(-ay= Y-n'("). 


1=0 i=0 


Exercise 3.16. Prove the following equalities: 
n n 
n n . 
6) (") ee ("2 = 3". 


Exercise 3.17. Prove the following equalities: 


® (a) (E)= (Ife) 
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Exercise 3.18. Prove the following equalities: 


0 2G) -() 


& 
+ 7M 
io) 


m EC =(0)) 


Exercise 3.19. Calculate the following sums: 


n fn - n wale, a 
” (5). # oa). 


j=0 


S&S 


Exercise 3.20. Prove the following equalities: 


~we (“ptt fn, 11, 7! 
(i) Se (i) a1+34 eS eae 


aa j j ren 
0 Sa) deo 
ww) S geae ly) maar tat ta) 


Exercise 3.21. Prove that the following relations hold: 


n 


@ De-i(")=0. Gi ye (")=0 


j=1 j=1 J 


Exercise 3.22. Prove that the number of odd integers in the following list 


n n n 
Ov \I An 
is a number which is a power of 2. 


Exercise 3.23. For each prime number p > 3, prove that the number (23) —1l is 


divisible by p?. 
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3.3 Infinite descent 


The method of infinite descent was frequently used by Pierre Fermat (1601-1665), 
therefore it is also known as Fermat’s method. In general, it is used to prove that 
something does not happen. For instance, Fermat used it to prove that there are 
no integer solutions of the equation «4 + y* = z?, with ryz 4 0. 

The theoretical basis of his method rests on the fact that there is no such thing 
as an infinite decreasing collection of positive integers. In other words, we cannot 
find an infinite collection of positive integers such that nj >n2 >n3>---. 
There are two ways to use this idea in order to prove a statement. The first is to 
start with a statement P(n1) which we suppose is true. If from this statement, we 
can find a positive integer number ng <n, such that P(nz2) is valid and if from 
this last statement we can find a positive integer number n3 < ng such that in 
turn P(ng3) is valid, and so on and so forth, then an infinite number of positive 
integers is generated satisfying ny > ng > nz > ---, but this is not possible, so 
P(n,) is not true. Let us see an example in order to illustrate this method. 


Example 3.3.1. The number V/2 is not a rational number. 


Suppose that /2 is a rational number, then 2 = as with m, and n, positive 


integers. Since /2 +1 = Feat? we have that 


1 2n1 —m 
pie a  geeire: Gp ae 
ee my, — 14 my, — 14 m,— ny 


Since 1 < /2 < 2, substituting the suppose rational value V2 leads to 1 < a <2, 
hence ny < mj, < 2n,. From here we have that, 2n; — m, > 0 and m; — n; > 0. 
Then, if we define mg = 2n, — m, and ng = m, — ny, we have that mz < m4 
and nz < ni, since n, < mj, and m, < 2n1, respectively. Then, /2 = ar = re 
with mg < m, and nz < n;. Continuing this process we can generate an infinite 


number of positive integers m; and n; such that 


V2 m1 m2 m3 
Ny ne n3 


with my > m2 > m3 >--- and ny > no > n3 > ---, but this is not possible. 
Therefore, /2 is not a rational number. 


Example 3.3.2. Find all the pairs of positive integers a, b that satisfy the equation 
a” — 2b? = 0. (3.8) 
Suppose that there exist positive integers a,, b; such that 


a? — 2b; = 0. 
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This implies that a; is an even number, that is, aj = 2a2 for some positive integer 
az. Then, since 


(2a)? — 2b =0, it follows that 2a3 — b] = 0. 


Therefore b; is even, that is, b} = 2b with bz a positive integer. Substitution in 
the last equation leads to 


2a3 — (2b2)? =0, or az —2b3=0. (3.9) 


This implies that a2 and bz is another pair of positive integers satisfying equation 
(3.8). Since a, = 2a2, we have that a1 > a2. Moreover, the above equations imply 
that a, > by, > ag > bg. Equation (3.9) proves that a2 is even, that is, ag = 2a 
for some positive integer a3. 

Repeating the above arguments we obtain an infinite sequence of natural 
numbers in which each term is smaller than the previous one, that is, 


a, > by > ag > bg > ag > b3>---. 


However, this sequence cannot exist. Therefore, there is no pair of natural numbers 
that satisfy the equation (3.8). Note that this example proves also that V2 is not 
a rational number. 


The other way to use the infinite descent method has a more positive character. 
It can be used to show that a series of propositions P(a) are valid, where a is an 
element of a set A C N. To do this we use the following argument: suppose that 
P(a) is not valid for some a € A and define the set B = {a € A|P(a) is not true}. 
Since B # , in B there is a first element, say b. Now, using the hypothesis of the 
problem, we can find a positive integer number c < b such that P(c) is not valid. 
This leads to a contradiction since b was the minimum element of B. Then, P(a) 
has to be true for all a € A. 


Example 3.3.3 (Putnam, 1973). Let a1, a2, ..., dan4i be integers such that if we 
take one out, then the remaining numbers can be divided in two sets of n integers 
which have the same sum. Prove that all numbers are equal. 


We can suppose that ay < ag <--- < dan41. If we subtract the smallest num- 
ber from all these numbers, the new numbers also satisfy the inequality and the 
conditions of the problem. Then, without loss of generality, we can suppose that 
ay = 0. 

The sum of the 2n remaining numbers different from a1 satisfies the condition of 
being congruent to 0 modulo 2. Now, let us see that if we choose any two numbers 
the pair will have the same parity. Let a; and a; be any two such numbers and 
S =a, +--++4@n41. Since S—a; = S—aj; = 0 mod 2, we have that a; = a; 
mod 2. 
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If we divide by 2 all the numbers, the new collection has the same properties. 
Using the same arguments we can conclude that 


a, = a2 = +++ = Gang1 = 0 mod 2?. 


We can continue this argument to conclude that 


Q, = 2 = +++ = Gon41 = 9 mod 2¥, 


for each k > 1, but this is possible only in the case in which all the numbers are 
equal to zero, and therefore the original numbers are equal. 


Example 3.3.4. Let ABC be an acute triangle. Let A, be the foot of the altitude 
from A, Ag the foot of the altitude from A, over CA, Az the foot of the altitude 
from Ag over AB, Ag the foot of the altitude from A3 over CB, and so on and so 
forth. Prove that all the A;’s are different. 


A 


As 


B Ay Ay C 


Observe that each A, is a point in one of the sides of the triangle, that is, it 
cannot be in the extension of the side and it cannot be a vertex of the triangle. 
This follows from the fact that if A, is in the extension of one side of the triangle, 
then the triangle is obtuse, and if it is a vertex, then the triangle is either obtuse 
or a right triangle. 

Note also that A, and A,+1 do not coincide, because they belong to different 
sides of the triangle and they are not vertices. 

Suppose now that A, coincides with A,,, with n < m, and suppose also 
that n is the smallest index with the property that A, coincides with some A,,. 
We now see that n = 1, since otherwise we would have that A,_; coincides with 
Am-—1, and therefore n does not satisfy the property of being the smallest index n 
such that A, = Am, for some m > n. 

Now if A; coincides with A,,, with m > 3, then A,,_; has to be the vertex A, 
but we already saw that no A,, is vertex of a triangle. Then, A; cannot coincide 
with any A,p. 
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Exercise 3.24 (Hungary, 2000). Find the prime numbers p for which it is impossible 
to find integers a, b and n, with n positive, such that p” = a? + b°. 


Exercise 3.25. The equation x? + y? + 22 = 2xyz has no integer solutions except 
when x=y=z=0. 


Exercise 3.26. Find all the pairs of positive integers (a,b) such that ab+a+b 
divides a? + b? +1. 


Exercise 3.27. Prove that for n 4 4, it does not exist a regular polygon with n 
sides such that the vertices are points with integer coordinates. 


3.4 Erroneous induction proofs 


In this section we present some examples showing the necessity of verifying all 
the steps required in a proof which uses the induction mathematical principle. 
Sometimes, if we miss proving one detail this can lead us to some absurd situations, 
as we will see. 


Example 3.4.1. All non-negative powers of 2 are equal to 1. 


The induction basis is n = 0. The statement is true because 2° = 1. 
Suppose this is true for all k < n, that is, 29 = 2! =-.- = 2” = 1. Let us now 
verify the statement for 2”*'. Follow the identities and see that 


2S DIOR: ea 
Q9n-1l gn-l 


grtt 1. 


Then the proof is complete. 


Error. The inductive step is not valid for n = 0, that is, P(0) = P(1) is a false 
statement. 


Example 3.4.2. All integers greater than or equal to 2 are even. 


The induction base for n = 2 is clearly valid, since 2 is even. 

Suppose that for each integer number k with 2 < k < n, the statement is true, 
that is, such numbers k are even. Let us see now that n+ 1 is also an even number. 
We writen+lasn+1=k, +ko, with kj, ko <n. By the induction hypothesis 
ky, and kg are even numbers, then the sum n + 1 is also even. This completes the 
proof. 


Error. The inductive step is erroneous. Numbers k, and kz have to be greater 
than or equal to 2. But this is not always true, for example, for n = 3. Also, we 
can justify that in the inductive step we require two previous numbers satisfying 
the statement. But it turns out that the statement is not valid for the first two 
numbers, 2 and 3, since 3 is not an even number. 
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Example 3.4.3. Consider the statement 
In: n(n+1) is odd for all positive integers n. 
Where is the mistake in the following proof? 


Suppose that the statement J, is valid for n and we will show that it is true for 
n-+ 1. We start from the identity 


(n+ 1)(n+ 2) =n(n+1)+2(n+1). 


On the right-hand side of the identity we have, by the induction hypothesis, that 
n(n +1) is odd and, if we add to this last number the even number 2(n + 1), we 
have that n(n +1) +2(n+1) is also odd, and therefore the statement J,41 is also 
valid. 


Error. We have not verified the induction basis. 


Example 3.4.4. Consider the following statement: 


Ry : if there are n straight lines, not two of them parallel, 
then all the lines have a common point. 


Where is the error in the following proof? 


The statement R, is true. Also Rg is true, since two non-parallel straight lines 
meet in one point. 

Suppose the statement valid for n — 1 straight lines, and consider now n straight 
lines 11, l2,...,ln, where no two of them are parallel. By the induction hypothesis 
the n — 1 straight lines 1,,...,J,—1 have a common point, call it P. Now, instead 
of taking out the straight line /,,, take out the line J,,_;. Then, by the induction 
hypothesis, the n — 1 straight lines J1,...,l,—2,l, have a common point, call it Q. 
But 1, and lz have just one common point, then P = Q. Then the n straight lines 
l1,.--,l, have P as a common point. 


Error. The induction basis has to be proved for n = 3, but the statement R3 is 
false. Also note that the proof of the inductive step from R»z to R3 does not hold 
since lz is eliminated in the second part. 


Exercise 3.28. Consider the statement: Every function defined on a finite set is 
constant. 

Find the error in the following proof. 

Let f : A— B be a function defined on a finite set A. We will perform the 
proof by induction over n, the number of elements of the set A. Ifn =1, it is clear 
that f is constant. Suppose that the statement is valid for all the functions defined 
on sets with n elements and let f be a function defined on a set A = {a1,...,Qn+1}, 
with n+1 elements. Consider C = AX {an41}, which is a set with n elements, 
by the induction hypothesis, the function f restricted to C is constant. If we now 
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consider D = AX {an}, which also has n elements, the function f restricted to 
D is constant, but these two constants coincide with f(a,). Then the function f 
is constant in all the set A and therefore the proof is complete. 


Exercise 3.29. Consider the statement: For any n > 2, if there are n coins, one of 
which is false and lighter than the other coins, then the false coin can be identified 
in at most 4 weighing of the coins in a balance with two plates. 

Find the error in the following proof. 

Of course, if we just have 2 coins, weighing the coins just once is enough to 
identify the false coin, we just put one in each plate of the balance and the plate 
that raises up has the false coin. 

Suppose that the result is valid for k coins and consider k + 1 coins, where 
just one of them is lighter than the others. Now leave one coin out, if in the rest 
k coins we cannot identify the false coin weighing 4 times we are done; the false 
coin is the one we took out, otherwise weighing 4 times we found the false coin 
among the k coins. 


Exercise 3.30. Consider the statement: Every non-negative integer is equal to 0. 

Find the error in the following proof. 

For n > 0, let P(n) be the statement: “n =0”. 

Of course P(0) is true. Suppose that for k > 0 the statements P(0), P(1),..., 
P(k) are true. The veracity of P(k +1) follows from the fact that (k+1)=k+1, 
because if P(k) and P(1) are true, “k = 0”, “1 = 0”, thenk+1=04+0=0 
and therefore P(k +1) is true. By the strong induction principle “n =0” for all 
n> 0. 


Chapter 4 


Quadratic and Cubic Polynomials 


4.1 Definition and properties 
Consider an expression of the form 
P(x) = agx? + agu? + 4,2 4+ ao, 


where ag, @1, dg and a3 are constant numbers. We say that P(x) is a cubic poly- 
nomial or a polynomial of degree 3 in the variable x if a3 # 0; if ag = 0 and 
a2 # 0 we say that P(x) is a quadratic polynomial or a polynomial of degree 2; 
in case that a3 = a2 = 0 and a; # 0, we say that P(z) is a linear polynomial or a 
polynomial of degree 1; finally, if a3 = ag = a; = 0 and ap 4 0, we say that P(x) 
is a constant polynomial and its degree is 0. The degree of the polynomial P(x) is 
denoted by deg(P). The constants a3, a2, a, and ao are called the coefficients of 
the polynomial. A polynomial with all the coefficients equal to zero is known as 
the zero polynomial!?. If in a polynomial, the coefficient of the highest power of 
x is 1, we say that the polynomial is a monic polynomial. 

We say that a3x° + agx? + a,x + a9 and b3xr° + box? + byx + bo, are two equal 
polynomials if a; = b;, for 1 = 0,1, 2,3. 

We can evaluate the polynomials by replacing the variable x by a number f, the 
value of the polynomial P(x), in x = t, is P(t). 

A zero of a polynomial P(x) is a number r such that P(r) = 0. We also say that 
r is a root of the polynomial or a solution of the equation P(x) = 0. 


If the coefficients of a polynomial P(x) are integers, we say that P(x) is a poly- 
nomial over the integers or a polynomial with integer coefficients; similarly, if the 
coefficients are rational numbers, we say that the polynomial is a polynomial over 
the rationals, etc. 


12Tn this book, the zero polynomial has no degree. 
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In many aspects, the polynomials are like the integers, they can be added, sub- 
tracted, multiplied and divided. To see how this is done consider the polynomials 


P(x) =a9 +aya+ ax? + a3x°, 


Q(x) = bo + biz + box? + b3x?. 
We define the sum of polynomials as 
(P + Q)(x) = P(x) + Q(z) = (ao + bo) + (a1 + b1)a + (a2 + b2)a” + (ag + b3)2°; 
the subtraction as 
(P — Q)(x) = P(z) — Q(2) = (ao — bo) + (a1 — bi) + (a2 — ba)x? + (ag — ba)a®, 


and the product of a polynomial by a constant c as 


(cP) (x) = cP(x) = cag + caix + cagx” + ca3x®. 
The product of two polynomials is defined as 


(PQ)(z) = (P(2))(Q(x)) = agbo + (aoby + aybo)x + (agb2 + a,b1 + azbo)x? 
+ (aobs + a bo + andy + azbo)x? + (a1b3 + agbe + a3b1)a* 
+ (agbs + a3b2)x° + agzb3x°. 
Finally, we define the polynomial division. Given the above two polynomials, with 
the following restrictions 
P(x) = azz? + aga? +a,x+a9 with a3 40, 


Q(x) = bga? + box? + bya +b, with some coefficient different from zero, 
there are always S(a) and R(x) such that 
P(x) = S(x)Q(x) + R(x), with deg(R) < deg(Q) or R(x) =0. 


We call the polynomial S(x) the quotient and R(«) the remainder of the 
division of P(x) by Q(x). 
If R(x) = 0, we say that Q(x) divides (exactly) P(x) and we write Q(x)|P(z). 
In the next section, we will see that a number a is a zero of a polynomial P(z) if 
and only if « — a divides P(x). 
A polynomial H(x) is the greatest common divisor of P(x) and Q(z) if and only if 
1. H(x) divides both P(x) and Q(z), 
2. If K(x) is any other polynomial which divides both P(a) and Q(x) then K(x) 
also divides H (x). 


It can be proved that H(x) is unique up to a multiplication by a constant number. 
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4.1.1 Vieta’s formulas 


(a) If a monic polynomial P(x) = 2? + px + q has roots a and b, then 
x? + px -+q = (2 —a)(z —b) = 2? — (a+ b)z + ab, 
comparing the coefficients, it follows that 
p=—(a+b) and q=ab. (4.1) 


(b) If a monic polynomial P(x) = x? + px? + qx +r has roots a, b and c, then 


a + px? +qe+r = (x—a)(x—b)(a—c) = 2° —(a+b4+c)a? + (ab+be+ca)x— abc 


and comparing the coefficients we have that 
p= —(at+b+c), q=ab+bc+ca, r= -—abc. (4.2) 


Formulas (4.1) and (4.2) are known as Vieta’s formulas. 


Let us see the following examples. 


Example 4.1.1 (USSR, 1986). The roots of the polynomial x? +ax+b+1=0 are 
natural numbers. Prove that a? + b? is not a prime number. 


If r and s are roots of the polynomial, formula (4.1), assures us that r+s = —a 
and rs = b+ 1. Then, a and b are integers and a? + b? = (r+ s)? + (rs — 1)? = 
(r? + 1)(s? +1) is the product of two numbers greater than 1. 


Example 4.1.2 (Germany, 1970). Let p and q be real numbers, with p 4 0, and let 
a, b, ¢ be roots of the polynomial px* — px? + qx + q. 
Prove that (a+b+c)(4+¢+4) =-1. 


Cc 


Since px? — px? + qx + q = p(x? — 27 + dx + 4) = p(x —a)(x — 6)(x — ¢), by 
formula (4.2), we have that 


1 


1 1 b+b 
(at+b+e) (+ +542) = (a+b+c) (ee) 


abc 


The generalization of Vieta’s formulas for polynomials of degree greater than 
3, will be presented in Chapter 8, dedicated to the theory of polynomials. 


Exercise 4.1. Find all solutions of m? — 3m+1=n?+n-—1, where m and n are 
positive integers. 


Exercise 4.2. Let P(x) = ax? + bx +c be a quadratic polynomial with real coef- 
ficients. Suppose that P(—1), P(0) and P(1) are integers. Prove that P(n) is an 
integer number for every integer number n. 
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Exercise 4.3. Ifa, b, c, p and q are integers, with q #0, (p,q) = 1 and a a root 
of the equation ax? + be +e =0, prove that p divides c and q divides a. 


Exercise 4.4. Leta, b, c be real numbers, with a and c non-zero. Let a and 2 be the 
roots of the polynomial ax? +bx+c and let a’ and 6’ be the roots of the polynomial 
cx? +ba+a. Prove that if a, B, a’, 8’ are positive numbers then (a+ 8)(a’ +’) > 4. 


Exercise 4.5. Find all real numbers a such that the sum of the squares of the roots 
of P(x) = x? — (a—2)x—a—1 is a minimum. 


Exercise 4.6. If p, q andr are solutions of the equation x? — 7x? +3a2+1=0, 
find the value of ‘ + ; + i. 


Exercise 4.7. The solutions of the equation x? + bx? + cr +d =0 are p, q andr. 
Find a quadratic equation with roots p? + q? +r? andp+q-+r, in terms of b, c 
and d. 

Exercise 4.8. For which positive real numbers m, the roots x; and x2 of the 


equation 
2m—1 m? —3 
2 as 
x ( 5 ) x+ ear 0, 


satisfy the condition 71 = x2 — 4? 


Exercise 4.9 (Kangaroo, 2003). Let P(x) be a polynomial such that P(a? +1) = 
zt +4a?. Find P(x? —1). 


Exercise 4.10. The natural numbers a, b, ¢ and d satisfy that a? + 68 = c? + da 
anda+b=c+d. Prove that two of these numbers are equal. 


4.2 Roots 


If we divide a degree 3 polynomial P(x) by x — a we get 
P(x) =(a#-a)Q(x) +r, with réE€R and deg(Q) =2. 
Let x =a, then it follows that P(a) =r, therefore 
P(a) = (a — a)Q(x) + P(a). (4.3) 
It follows, from equation (4.3), that 
P(a)=0 ifandonly if P(x) = («—a)Q(za), (4.4) 


for some polynomial Q(a). This result is known as the factor theorem. 
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If a; and ag are two different zeros of P(x), then, by equation (4.4), it follows 
that P(a) = (# — a1)Q(x). Since, P(az2) = (a2 — a1)Q(a2) = 0 and az ¥ ay, then 
Q(a2) = 0, hence Q(x) = (a — az2)Qi(x), for some polynomial Q(x). Then, 


P(x) = (a —a1)(@—a2)Qi(#) with deg(Q,)=1. 


If deg(P) = 3 and P(a;) = 0, for a1, a2, a3, then 


P(x) = c(w — a1)(" — ag)(w— a3) with ceER. 
If there exists m € N and a polynomial Q(x) such that 
P(e) =(%-a)"Q(x) with Q(a) £0, (4.5) 


we say that the multiplicity of the root a is m. 


Example 4.2.1. If P(x) = ax? +bax+c is a quadratic polynomial, then its roots are 


—b+ Vb? — 4ac —b— Vb? — 4ac 
—S and =p (4.6) 
a a 


Since a # 0, we can rewrite the polynomial P(x 


P(x) = az? +ortena(e? +- “242 


) as 
‘) 
7 2 2c 4c 
aie an eae FY att 
2 


b\2 
=a (« + =) — al — 4ac) 
b\? Vb? — 4ac 
=al(r+—] — | —— 
2a 2a 


(« 7 +) 7 = me (- a oy eae an 


Se Ge) | 


2a 2a 
Then, 
—b+ Vb? — 4ac —b— Vb? — 4ac . 
—— wee and =—5,- = are its roots. 


The number A = b? — 4ac is called the discriminant of the quadratic poly- 
nomial P(x) = ax? + br +c. 
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Observation 4.2.2. If the discriminant, b?—4ac of the quadratic polynomial P(x) = 
ax? + bx +c is zero, the polynomial P(x) can be written as a constant multiplied 
by the square of a linear polynomial. In this case the polynomial P(x) has only 
one real root, which is equal to —£. 

In the case where the discriminant is greater than zero, that is, b? — 4ac > 0 


then the polynomial P(x) has two different real roots. 


Finally, when the discriminant is negative, there are two distinct complex 
roots. This case will be analyzed in Chapter 5. 


Summarizing, if r and s are the roots of P(x), then the discriminant is zero 
if and only if r = s. In case the discriminant is different from zero, then r ¥ s, 
and P(x) = a(a —r)(x%— 8). 


Now, we shall see what is the geometric meaning of the discriminant of a 
quadratic polynomial. Remember that P(a) = ax? + br +c can be written as 


bye S i ge Ban 
(«+5) carer -tno)| =0(e+ 3) ee 


To construct the graph of the previous equation, that is, to locate the set 
of pairs of points (2, y) = (x, P(#)) in the Cartesian plane, we let y = P(x) and 
obtain the equation 


P(x) =a 


A b\? 
y+ B=a(e+ 3) j (4.7) 


which represents the parabola with vertex at the point (- Zz, —4), where the sign 


of the coefficient a determines if the parabola opens up (a > 0), or down (a < 0). 


In fact, the equation (4.7) tells us much more about the quadratic polynomial 
P(x). Suppose that a > 0, that is, the parabola opens up. The second coordinate 
of the vertex, -4, is positive if and only if —A > 0, that is, if the discriminant of 
P(x) is negative, which means that the graph of the parabola does not intersect 
the X-axis. Then P(x) has no real roots. 


If —4 is negative, the graph of the parabola intersects the X-axis in two 
points x; and x2, which are the roots of P(x). Observe that in this case, we 
have that A is positive, which agrees with the fact that P(a) has two real roots. 
Moreover, the polynomial P(x) reaches the minimum value at the point x =—£, 
and —4 is the minimum value of P(x). 


Making a similar analysis if a < 0, we can conclude that when the parabola 
opens down it will intersect the X-axis if and only if A > 0. Here, the polynomial 
P(z) reaches its maximum value at the point x = —~ where the maximum value 
of P(x) is —4. 
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A>0O A <0 
a>0O 


When the graph of the parabola is tangent to the X-axis, we are in the case 
in which the discriminant is zero, that is, when both roots are equal. 


As an application for the quadratic polynomial theory we can prove the following 
inequality. 


Example 4.2.3 (Cauchy—Schwarz inequality). Ifa1,..., Gn and b,,..., bn are real 


numbers, it follows that 
% 1/2 7 » 1/2 
[s(t] Qca) 
i=1 i=1 


The expression P(x) = >), (aja +;) is a quadratic polynomial in x. Since 
P(x) > 0, we have that P(x) cannot have two different real roots, therefore the 
discriminant cannot be positive. Now, in order to calculate the discriminant of 
this polynomial, we expand each term of the sum (aja +;)? = a?x? + 2ajbjx + b?, 
from where the polynomial takes the form 


P(x) = (>: «) xv? +2 (> ot a+ (>: #) ; 


therefore, the discriminant is 


«(Eem) -+(Ea) (Le) 


Rewriting the above expression and taking the square root, we obtain the desired 


result, that is, 
“ 1/2 7 » 1/2 
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Note that the equality holds if the discriminant is zero, that is, when the polyno- 
mial has just one real root. Observe that this holds if « = = for alli = 1,2,...,n, 


Qi 
and this means =i 


is constant. 


It is also possible to prove the inequality between the geometric mean and the 
arithmetic mean of two numbers, by analyzing the discriminant of a certain quad- 
ratic polynomial. 


Example 4.2.4. For a, b > 0, it follows that ath > Vab and the equality holds if 
and only if a = 6. 


Consider the quadratic polynomial P(x) = (« — /a)(x — Vb), which has 
two real roots, so its discriminant is positive or zero. But the discriminant of 


P(x) = (w- Ya) (wx - vb) = 2? - (Vat vb) x + Vabis 


(va+vb) —4Vab=a+b—2Vab. 


Since the discriminant is positive or zero, then a + b = 2Vab. Also, the equality 
holds if and only if fa = Vb and then a = b. 


Example 4.2.5. The following construction dates from the Greek period and it is the 
procedure to find geometrically what in modern terms are the roots of a quadratic 
polynomial x? + ba — c?, with b and © positive numbers. 

Construct first an isosceles triangle OPQ with base PQ of length b, and the 
altitude from O of length c. We draw a circumference through the vertices P and 
Q of the triangle and with center O. 


MSA. 


Let AB be the diameter of the circumference parallel to PQ and construct 
the rectangle ABCD. The positive root of x? + ba —c? is equal to the length of the 
segment C'P and the other root (the negative root) is equal to the negative length 
of the segment CQ. 


Let us see how to prove this statement. By Vieta’s formulas (4.1) it follows 


that if a and @ are the roots of the polynomial, a + 8 = —b and a8 = —c?, 


then we necessarily have a negative root. Let us consider the right triangles BCP 
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and QCB. Since ZPBC = ZBQC, these triangles are similar. Then we have that 
CP -CQ = BC? = c’, therefore 

CP(-CQ) =—e. 


On the other hand, since CQ = CP + b, we have that CP — CQ = —b. Then, CP 
and —C’Q fulfill Vieta’s relations, therefore these last numbers are the roots of the 
equation. 


Example 4.2.6. Factorize a? + b° + c3 — 3abce. 


Let us consider the polynomial 


P(x) = (x — a)(x — 6)(x — c) = 2 — (a +b4+ c)x? + (ab4+ be + ca)x — abc, 


with roots a, b and c. That is, 


a” —(a+b+c)a~ + (ab+ be + ca)a — abc = 0, 
b? — (a +b+c)b? + (ab+ be + ca)b — abe = 0, 
( ) 


3 b+ c)c? + (ab + be + ca)c — abc = 0. 


a 


io) 


Adding these three equalities and factoring a + b+ c, we get 


a’? +b? +c? — 3abe = (a+ b+c)(a? +0? +c? — ab— be — ca). (4.8) 


Remember that the expression a? + b? + c? — ab — bc — ca can be written as 


5 [(a— 0)? + (be)? + (e~ a). 


From this we get the following factorization, 
1 
a’? +b® +c? — 3abe = lat b+ c) [(a—b)? + (b—c)* + (c—a)’]. (4.9) 


Example 4.2.7 (Czechoslovakia, 1969). Let a, b and c be real numbers such that 
a+b+c>0,ab+bc+ca>0 and abc > 0. Prove that a, b, c are positive. 


Let us consider the cubic and monic polynomial with roots a, b and c, that is, 
P(x) = (x — a)(a — b)(x@ — c) = 2* — (at+b+c)a? + (abt be + ca)z — abe. 


For « < 0, we have that P(x) < 0, then we can guarantee that the roots are 
positive. 


Exercise 4.11. For what values the polynomial Ax? + 2a + 1 — + does have two 
equal roots? 
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Exercise 4.12. Leta, b and c be positive real numbers. Is it possible, for each of the 
following polynomials P(x) = ax? +ba+c, Q(x) = bx? +cx+a, R(x) = cx? +ax+b, 
to have both real roots? 


Exercise 4.13. For what integer values of k are the solutions of the equation 


ka? — (1—2k)z2 +k -2=0 


rational numbers? 


Exercise 4.14 (Czech-Slovakia, 2006). Find all pairs of integers (a,b) such that 
a+b is a root of the polynomial x? + ax + b. 


Exercise 4.15. Find all integer values of x for which the polynomial x? — 5a —1 
is a perfect square. 


Exercise 4.16. Solve, using geometry, the equation x? + bx — c?, with b and c 
positive numbers, using the following construction due to R. Descartes. Draw a 
circumference with center O and radius g Draw QR, a tangent to the circumfer- 
ence through Q, with QR = c. Let S and T be the points where the straight line 


through R and O cuts the circumference. 


R 


T 


The quadratic polynomial has one positive root and one negative root. In the 
figure, the length of the segment RS is equal to the positive root and the negative 
root is equal to the negative length of the segment RT. 


Exercise 4.17. Let P(x) = ax?+bx+c be a quadratic polynomial such that P(x) = x 
does not have real solutions. Prove that P(P(x)) =x has no real solutions either. 


Exercise 4.18 (Poland, 2007). Let P(x) be a polynomial with integer coefficients. 
Prove that if P(a) and P(P(P(a))) have a common root, then they have a common 
integer root. 
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Exercise 4.19 (Russia, 2009). Let a, b and c be non-zero real numbers such that 
ax? +ba+e> ex, for all real numbers x. Prove that cx? — bx +a > cx —b, for all 
real numbers x. 


Exercise 4.20 (Russia, 2009). Two different real numbers a and b are such that 
the equation (x? + 20ax + 10b)(x? + 20br + 10a) = 0 has no real solutions. Prove 
that 20(b — a) cannot be an integer number. 


Exercise 4.21 (Russia, 2011). Let P(x) be a monic quadratic polynomial such that 
P(x) and P(P(P(«))) have a common root. Prove that P(0)P(1) = 0. 


Exercise 4.22. Leta, b,c, d, e and f be positive integers such that they satisfy the 
relation ab+ac+ be =de+df+ef, and let N=a+b+c+d+e+f. Prove that 
if N divides abc + def then N is a composite number. 


Exercise 4.23. Let P(x) and Q(x) be two quadratic polynomials with integer co- 
efficients. If both polynomials have an irrational number as a common zero, prove 
that one of them is a multiple of the other. 


Exercise 4.24. Determine if there exist polynomials x? — bia + cy = 0 and x? — 
box + cg = 0, with by, c1, be and cp different, such that the four roots are bi, ci, 
ba and co. 


Exercise 4.25. Let a, b and c be real numbers. Prove that at least one of the 
following equations has a real solution: 


x? +(a—b)z+(b—c)= 


Exercise 4.26. Leta, b and c be real numbers such thata+b+c=0. Prove that 


Oe ee, RGAE Oe ce ate ee 
5 7 2 3 . 

Exercise 4.27. Let a, b andc be real numbers such that atb+c = 3, a2+b?+c? =5, 

a§+0+c=7. Find at +b*44+ ct. 


Exercise 4.28 (OMCC, 2001). Leta, b andc be real numbers such that the equation 
ax? +bxr+c = 0 has two different real solutions p,, pz and the equation cx? +br+a = 
0 has two different real solutions q1, q2. Also the numbers pi, q1, D2; G2, in this 
order, form an arithmetic progression. Prove that a+c=0. 
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Exercise 4.29. Leta, b andc be real numbers different from zero, witha+b+c = 0 
and a? +68 +c =a° + b° +>. Prove that a? +0? +c = 8. 


Exercise 4.30 (Russia, 2010). Let P(x) be a cubic polynomial with integer coeffi- 
cients such that there exist different integers a, b, and c such that P(a) = P(b) = 
P(c) = 2. Prove that no integer number d satisfying P(d) = 3 exists. 


Chapter 5 


Complex Numbers 


5.1 Complex numbers and their properties 


The roots of a quadratic equation are not always real numbers. For instance, the 
roots of the equation x? + 2x + 10 = 0, which can be calculated using directly 
equation (4.6) of Section 4.2, are 

—2+ /-36 —2—/-36 


5 and a ae: 


For this reason it is necessary to consider “imaginary” numbers, like /—36. 
y y , 


A complex number z is an expression of the form x + iy, where x and y are real 
numbers, and i? = —1. At this moment we will not worry about the meaning of i, 
for the time being we will be interested only in the fact that its square is —1. The 
real part of z, which will be denoted by Re z, is the number z, and the imaginary 
part of z, denoted by Im z, is the number y. 


The set C of all complex numbers x + iy can be identified with the set of points 
(x,y) in the Cartesian plane, and when this is done, due to this representation it 
is called the complex plane. The X-axis is called the real axis and the Y-axis is 
known as the imaginary axis. 


In order to work with complex numbers, we need the following three definitions: 
the complex conjugate of z, denoted by Z, is the complex number x — iy; the 
module or norm of z, denoted by |z|, is the real number ,/2? + y?, which is the 
distance from the origin to the point (x,y) representing z. Finally, the argument 
of z # 0 is the angle between the positive real axis and the line through 0 and 
z, taken in the counterclockwise direction. The argument of z is denoted by arg z 
and generally it is assigned a value between 0 and 27. 


There is another form to write a complex number z, which is known as the polar 
form of the complex number z. Let r be the norm of z, r = |z|, and 0 = argz, 
then z = r(cos@ + isin 6). 
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Y-axis 


X-axis 


The set of complex numbers is similar to the set of real numbers, in the sense 
that there are two operations that can be applied to its elements, the sum and the 
product of complex numbers. 
Let z= a2+iy and w = u+iv be two complex numbers. Then the sum of these 
complex numbers is given by 


z+ = (a+ iy) +(u+iv) = (ctu) +ily +0), 
and the product by 


z-w= (e+ iy)(ut+iv) = cut aiv + iyut Pyv 
= (xu — yu) + i(au + yu). 


The set of real numbers can be seen as a subset of the complex numbers, if 
we identify each real number x with the complex number (x, 0). 
Observe that to number i corresponds the number (0,1) and that 


(x,y) = (x, 0) a (0, y) = (x, 0) oT (0, 1) : (y,0), 


and this is also represented as x + iy, that is, to (x,y) corresponds the complex 
number x + ty. 

The operations of sum and product of complex numbers satisfy the same 
properties that these operations satisfy in the set of real numbers, as being com- 
mutative, associative and share also the existence of neutral elements for both 
operations, these being 0 = (0,0) and 1 = (1,0), respectively. The sum of com- 
plex numbers is exactly the same operation as the sum of vectors in the Cartesian 
plane; the operation that can be a novelty is the product of complex numbers. Let 
us see how to find the inverse of a complex number. For that purpose we need an 
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important relation that exists between the norm of a complex number z and its 
conjugate, that is 
eo =e \"2 (5.1) 


In order to see that, note that if z = 2+iy, then 22 = (x+iy)(@—iy) =a? +y? = 
|z|*. From identity (5.1), if z 4 0, tells us that its multiplicative inverse, 4, is equal 
to Tar: 
Exercise 5.1. Let z, w be two complex numbers. Prove that: 

(i) Fw =74+0, W=20,7= 


Zz. 
tl= > if z #0. 


) [2] = lel, zu] = lal lel, 
(iii) Re z= gee) < ||. 
(iv) Im z= 3(z-2Z) < |2|. 
) [z+ uw} < lz] + [ul 
) |e +ul? + |2— wl? = 2(\2|? + Jw’). 


Exercise 5.2. Find the complex numbers z such that Im(z + +) =0. 


Exercise 5.3. If z and w are complex numbers with |z + w| =|z—w| and w £0, 


Zz 
then — is a real number. 
w 


Exercise 5.4. If z and w are complex numbers, prove that: 
(i) [1 — Zw|? — |z— wl? = (1 + |zw|)? — ([2| + |wl)’. 
(ii) [1+ Zw|? —|z+ wl? = —|2)’) — |w?). 


Exercise 5.5. If z and w are complex numbers such that (1+|w|?)z = (1+|z|")w, 
prove that z= w or Zw =1. 


Exercise 5.6. Let 21, 22, 23 be complex numbers such that 
zptzgt+23=0 and |x| = |22| = |z3| = 1. 


Prove that 22 + 23 + 22 =0. 


Exercise 5.7. Prove that if 21, z2 are complex numbers with |z1| = |z2| = 1 and 
z129 #—1, then eS is a real number. 


Exercise 5.8. Let a, b, c and d be complex numbers with the same norm, and such 
thata+b+c=d. Prove that d is equal to a, b orc. 


Now, we present the geometric meaning of the complex product. Let us see two 
examples that will help us to understand such meaning. First, let us consider the 
transformation z — iz, that is, « + iy > i(a + iy) = ia — y, which in vectorial 
form means that the vector (x, y) becomes the vector (—y, x), and note that both 
vectors are perpendicular. Then, the transformation z — iz corresponds to the 
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rotation of the complex plane in the counterclockwise direction, around zero, with 
angle >. 


Y 


If we apply the previous transformation twice, we obtain z > iz > i(iz) = i?z = 


—z, which is a rotation with angle 7. 


The previous examples show that complex multiplication implicitly carries a rota- 
tion of the Cartesian plane. If instead of taking the product of a complex number 
z with 2, we take the product with another complex number w, certain rotation 
appears in a natural way. We will see this now. 


Let z = «+ty = r(cos+isin@) and w = ut+iv = t(cos ¢+isin ¢) be two complex 
numbers written in polar form. Taking its product, we obtain 
z:w=r(cos@ +i sin) - t(cos¢ +7 sin @) 
=rt(cosO0cos¢+i cos@ sind +i sin@cos¢ +i” sin@ sin¢) 
=rt(cos@cosd— sin sing + i(cos@ sin ¢ + sin 8 cos ¢)) 
=rt(cos(@+ ¢) +i(sin@ + ¢)), 


(5.2) 


where we used the sine and cosine formula for the sum of two angles. 
Thus, arg(z-w) = arg z + arg w, modulo 27. 


By identity (5.2), we conclude that geometrically the product of two complex 
numbers, z and w, is the complex number whose norm is the product of the norms 
of z and w, and its argument is the sum of the arguments of the same two numbers. 


Y 
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Using formula (5.2) repeatedly, for z = cos@ + isin 0, we obtain the so-called de 
Moivre’s formula, where for every integer n we have 


(cos @ + isin @)” = cosné + isinndé. (5.3) 


Exercise 5.9. Prove that, for complex numbers a, b and c, the following are equiv- 
alent: 


(i) The points a, b and c are collinear. 
(ii) — ER 
(iii) ch- ca—abeER. 


(iv) =0. 


eee 
a oS 
a oma 


Conclude that the equation of the line through b and c is Im(2=;) = 0. 
Exercise 5.10. Find the complex numbers z such that z, 1, iz are collinear. 


Exercise 5.11. Let z, w be two vertices of a square, find the other two vertices in 
terms of z and w. 


Exercise 5.12. Prove by induction de Motvre’s formula (5.3). 


Exercise 5.13. Prove that if z+ + = 2cos6, then 2” + + = 2cosné, for every 
integer n > 1. 


5.2 Quadratic polynomials with complex coefficients 


Now, let us see that it is possible to obtain explicitly the roots of every polynomial 
of degree 2 with complex coefficients. In order to do that, first we need to be able 
to solve the following type of equations 


(a + iy)? =a+ ib, (5.4) 


where a and 0 are real numbers. That is, we need to find the values of x and y, 
which means to find the square root of a + 1b. 
First, observe that since (x + iy)? = 2? — y? + i2zy, equation (5.4) is equivalent to 


a=a2’-y’ and b=2zy, (5.5) 
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the second equation implies that the sign of b determines if the signs of x and y 
are equal or different. Now, taking the norm on both sides of equation (5.4), it 


follows that 
ge? t+y? = Va? +b. (5.6) 


Adding this last equation to the first equality of (5.5), we obtain 2x7 = a+ 


Va? + b?, that is, 


ge = ; (a+ a +0?) or x= 5 (a+ Ve te). 
Similarly, we obtain y = +,/$ (—a+ Va? + 6?). Note that x, y are well defined 


since a+ Va? + b? > a+|a| > 0 and -—a+ Va? +b? > —a+ |a| > 0. 


Once we know how to calculate the square roots of complex numbers, we can cal- 
culate the zeros of every quadratic polynomial. In fact, if we consider the quadratic 
polynomial P(z) = az? + bz +c, with a, b, c € C, then, by using formula (4.6) 
we can always find both zeros of the polynomial. For instance, if the discriminant 
b? — 4ac is a complex number, we can obtain its square root and then calculate 
the two roots, which are now complex numbers too. 

As a consequence, every quadratic polynomial with complex coefficients has at 
least one complex root, and therefore can be written as the product of two linear 
factors with complex coefficients. 

Observe also that if P(z) is a polynomial with real coefficients, then for every com- 
plex number w we have that P(w) = P(w), since the conjugate of each coefficient 
is the same number, just because it is a real number. Thus, if w is a zero of P(z), 
then w is also a zero. Hence, for a polynomial with real coefficients, the complex 
roots, if they exist, appear in conjugate pairs. 


Example 5.2.1. Solve the equation z® + 426 — 10z4+ 422 +1=0. 


Dividing the expression by z*, we obtain that 


i Ak ee 
44 | 24 = —6—-— = 


Making the change of variable u = z + + we get equation u+ = 16, which has 


solutions u, = 2, wg = —2, ug = 22, ug = —21. 
From equation u = z+ + we have that z = $ + \/u?/4— 1. By substituting the 
four values of u we obtain the eight solutions: 21,2 = 1, 23,4 = —1, 25,6 = i(1+ V2), 


27g = —i(1+ V2). 


Example 5.2.2 (Romania, 1999). Let p and q be complex numbers with q # 0. 
Prove that if the roots of the quadratic polynomial x? + px + q? = 0 have the same 
norm, then e is a real number. 
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Let 21, £2 be the roots of the given equation and let r = |x| = |x2|. Then 


U1%Q  LQX, 
2 a 


2 2 

x x x x 
De ONE) OP ag 
sow) v2 Ly 


2 
+ 2 = 2 + 72 Re(x1%2) 
Tr 


2 
is a real number. Moreover, Re(x1%2) > —|x1%2| = —r? and then 2% > 0. 
} q 


Thus, : is a real number. 


Exercise 5.14. Find all the complex numbers z such that |z| = 1 and |z?+2?| =1. 


Exercise 5.15. Let a, b, c be complex numbers with |a| = |b| = |c| 40. 
(i) Prove that if a root of the equation az? + bz +c = 0 has norm 1, then 
b? —ac=0. 
(ii) If each of the equations az? + bz +c =0 and bz? +cz+a=0 have a root of 
norm 1, then |a — b| = |b—c| =|c—al. 


Exercise 5.16 (Romania, 2003). If the complex numbers 21, 22, 23, Z4, 25 all have 
norm 1 and satisfy ye 4= pean 2? = 0, prove that these numbers are the 
vertices of a regular pentagon. 


Exercise 5.17 (Romania, 2007). Leta, b, c be complex numbers of norm 1. Prove 
that there exist numbers a, 8,7 € {—1,1}, such that |aa + Bb+ ye < 1. 


Exercise 5.18 (Romania, 2008). Leta, b, c be compler numbers that satisfy a |bc|+ 
b|ca| + clab| = 0. Prove that |(a — b)(b — c)(c — a)| > 3V3 Jabcl. 


Exercise 5.19 (Romania, 2009). Find the complex numbers a, b, c, all with the 
same norm, such thata+b+c=abc=1. 


5.3 The fundamental theorem of algebra 


One of the goals of polynomial theory is to find the roots or the factors in which 
a polynomial can be decomposed. In this spirit we have the result known as the 
fundamental theorem of algebra. 


Theorem 5.3.1 (The fundamental theorem of algebra). Every polynomial P(z) = 
Anz” + an—1z"- 1 +++» +a,z+ a9, where n > 1, a; € C and ay 4 0, has at least 
one root in C. 


For the proof of this theorem, see Section 5.5. 


Let us first remember the factor theorem. 
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Theorem 5.3.2 (Factor theorem). If a is a zero of a polynomial P(z), then z—a 
is a factor of P(z). 
This theorem has the following interpretation: to know the zeros of the polynomial 


is to know the polynomial. This is made precise in the following result. 


Corollary 5.3.3. Every polynomial P(z) of degree n with coefficients in C, can be 
written in the form 


P(z) =c(z-— 21)(z — 22)-+:(2-2n), 2 €C, CEC. 


That is, the polynomial has exactly n complex roots. The numbers 21, 22, .--,; Zn 
are not necessarily distinct. 


If it is difficult to find the roots of the polynomial, then it is a good idea to find 
another polynomial for which it could be easier to find the roots. Let us see an 
example. 


Example 5.3.4 (USA, 1975). Let P(x) be a polynomial of degree n such that P(k) = 
k/(k+1), fork =0,1,2,...,n. Find P(n +1). 


The condition P(k) = k/(k +1) does not say anything about the roots of P(x). 
Then, we can consider the polynomial of degree n + 1, 


Q(x) = («+ 1)P(a) - a. 
Clearly, the roots of Q(x) are 0, 1, 2,..., , therefore we can write 
(a+ 1)P(x) — a2 = Cau(a —1)(x — 2)--- (a — n), 
where C' is a constant that is going to be determined. Evaluating in « = —1, we 
obtain that 1 = C(—1)(-2)(-3)-+-(—n)(-(n + 1)), from where C = © 
Finally, if 2 =n+1, we get (n+ 2)P(n+1)—n—1 = (-1)"", hence P(n +1) = 


n+1+(-1)"tt 
n+2 < 


5.4 Roots of unity 


Using de Moivre’s formula (5.3) it follows immediately that the polynomial z”—1 = 
0 has roots 1, w, w, ..., w"~1, where w = cos 24 +i sin 2. These roots are known 
as the nth roots of unity and in the complex plane they can be identified as the 
vertices of a regular n-sided polygon inscribed in the unit circle with center at the 
origin!?. By the factor Theorem 5.3.2, we have the decomposition 


2” —1=(z-1)(z-—w)(z— w’)--- (z-—w™"). 


13More generally, the equation z” — a = 0, for any complex number a ¥ 0, has n different 
complex solutions called the nth roots of a. These solutions are ¥/|a|w’, for 7 =0,1,...,n—1 


and w = cos 2 +isin 2. 
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For instance, for the case n = 3, the roots of 23-1 = (z—-1)(2?+2+1) =0are 1, 
w= Lis and ww? =+=H0=>4 sis and they are known as the cubic roots 


of unity. “Note that w satisfies we =landl+w+w?=0. 


We have seen that w = cos on +isin 2% —~ generates all the nth roots of unity, that is, 
Un Ht, we, ong | pe = 1h We say that one element u € U,, is a primitive 
root of unity if vu” 4 1 for all positive integers m < n. Now, we can state the 
following result. 


Theorem 5.4.1. 


(a) If n divides q, then any root of z” —1=0 is a root of z4-1=0. 

(b) The common roots of z™ —1=0 and 2” —1=0 are the roots of z4-1=0, 
where d is the greatest common divisor of m and n, which is denoted by 
d=(m,n). 

(c) The primitive roots of z” —1=0 are w*, where0< k <n and (k,n) =1. 


Proof. (a) If ¢g = pn and w is a root of z” — 1, it follows that w? — 1 = w?? —1= 
(w”)P — 1 = (1)? —1=0, then w is root of 2? — 1. 

(b) If w is a root of z™—1 and z” — 1, and d = (m,n), we Have that 
d= am-+bn for some integers a and b. Hence, w2—1 = w2™t" —1 = weywh—] = 
(w™)2(w)® —1 = 121° —1=0, therefore, w is a root of 27 — 1. 

Conversely, since d divides m and n, by property (a), if w is a root of z4—1 then 
it is root of 2” —1 and z” — 1. 
(c) To prove this part, let us see the following lemma. 


Lemma 5.4.2. Let w = cos 2m +isin on The smallest positive integer m such that 


(w*)™ =lism= Teeny? where (k,n) is the greatest common divisor of k and n. 


As a consequence of this lemma part (c) follows and w* is a primitive root if 
and only if (k,n) = 1. 


Proof of the lemma. First, note that w® = 1 if and only if s = an. Let m be the 
smallest positive integer such that (w*)™ = 1, then km = an. If d= (k,n), then 


k = kid and n = nid, with (ki,n1) = 1, hence a fm oe ae is an 
integer. Thus n|m, and since wena = wkidrs — whi” — 1) it follows that m = nq. 
Finally, we have that n = njd = md, therefore m = 4 = ee 
Example 5.4.3. Prove the identity 
_m . 20 _ (n-1)0 n 
sin — - sin — ---- + sin ————— = : 
n n n grt 


Consider the polynomial P(z) = (1—z)”"—1, which can be written as w” —1, where 
w =1-—z. The roots of w” = 1 are the nth roots of unity, w, = cos 2nk +7 sin oak 
for k = 0,1,...,n—1. Then, the roots of P(z) are z, = 1 — wr. 


84 Chapter 5. Complex Numbers 


Looking at the polynomial P(z), we observe that it can be written as P(z) = 
z(—n+Q(z)), where Q(z) is a polynomial of degree n—1. Hence, if we let P(z) = 0 
we see that he roots should satisfy, by Vieta’s formula (8.4) Section 8.3, that 
(—1)"n = [[Ro) ze, and from this n = [[P2} |zel- 


Now, we need to calculate |z;|. 


27k : 27k : 
\z,| = |1 — wel = (1 cos (=*)) + (sin (=*)) 
n n 
2 2 27k 
1 —2cos (=) + cos? (=) + sin? eA 
n 
(= *) =) =) 
= [2-200 (= ld ) = [4 sin? ( (= 2 sin ( (= 


where we used that cos? x + sin? 2 = 1 and 1 — cos(2x) = 2 sin? x. The identity 
now follows. 


Example 5.4.4 (AMC, 2002). Find the number of ordered pairs of real numbers 
(a,b) such that (a + ib)?°? = a — ib. 


Let z= a+b, Z =a -— ib, and |z| = Va? + 6?. The relation given above is 
equivalent to 270°? = z. Note that |z|?0? = |z200?| = |z| = |z|, thus 
|z|(|z|?°" — 1) =0. 


Hence, |z| = 0 and therefore (a,b) = (0,0) or |z| = 1. In the latter case we have 
that 220? = z, which is equivalent to 22003 = Z- z = |z|? = 1. Since the equation 
72003 — 1 has 2003 different solutions, then there are 1 + 2003 = 2004 ordered 
pairs that satisfy the equation. 


Exercise 5.20. Solve the equation 
gt +e%7+e4+1=0. 
Exercise 5.21. Find the solutions of the equation 


o® + 2Qx° + 2x4 + 22° +207 +27 +1=0. 


Exercise 5.22 (Romania, 2007). Let n be a positive integer. Prove that there exists 
a complex number with norm 1 that is a solution of the equation 2” +z+1=0 af 
and only if n = 3m + 2, for some positive integer m. 


Exercise 5.23. If w 1 is an nth root of unity, prove that: 
G) l+w+w?+---+w0%7 =0. 
(ii) 1+ 2w+3w? +---tnw"! = es 
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Exercise 5.24. [fw #1 is a nth root of unity: 
(i) Prove that (1— w)(1 — w?)...(1—w"!) =n. 
(ii) Find the value of = + > feet 


1 
owt 


Exercise 5.25. 


(i) Prove that if w #1 is a cubic root of unity (that is, w> = 1), then for a, b, 
c€C, tt follows that 


a® +b? +c? — ab— be — ca = (a+ bw + cw") (a + bw” + cw). 


(ii) Use (i) and equation (4.8) to obtain the following identity: 


a? +b? +c? — 38abe = (a +b 4+ €)(a + bw + cw?) (a t+ bw? + cw). (5.8) 


Exercise 5.26. Two regular polygons are inscribed in the same circle. The first 
polygon has 1982 sides and the second one has 2973 sides. If the polygons have 
some vertices in common, how many vertices in common do they have? 


Exercise 5.27. Find the positive integers n for which x? +x2+1 divides x?” +2" +1. 


Exercise 5.28. Let S be the set of integers x that can be written in the form 
x= a+b? +c? — 3abc, for some integers a, b, c. Prove that if x, y € S, then 
cye S. 


Exercise 5.29 (USA, 1976). If P(x), Q(a), R(x), S(x) are polynomials such that 
P(a®) + 2Q(2°) + 27R(a°) = (at +a? +2? +2+41)S(2), 
prove that x —1 is a factor of P(x). 


Exercise 5.30. Find all the polynomials P(z) of degree at most 2 with coefficients 
in C, that satisfy P(z)P(—z) = P(z?). 


5.5 Proof of the fundamental theorem of algebra « 


As we have seen, the fundamental theorem of algebra states that every non- 
constant polynomial with complex coefficients has at least one complex root. This 
theorem includes polynomials with real coefficients. 

The fundamental theorem of algebra can also be stated saying that every poly- 
nomial of degree n, with complex coefficients, has exactly n roots, counting the 
multiple roots as many times as they appear. The equivalence of both theorems 
can be proved using repeatedly the factor theorem. 
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In spite of the name of the theorem, there are no purely algebraic elementary 
proofs, since these proofs use the fact that the real numbers are complete and 
this is not an algebraic concept. This theorem was considered fundamental for 
algebra when the study of this discipline was concentrated in finding the roots of 
the polynomial equations with real or complex coefficients. 

Some proofs of the theorem only show that every non-constant polynomial, with 
real coefficients, has a complex root. This is sufficient to establish the theorem 
in the general case, since given a non-constant polynomial P(z) with complex 
coefficients, the polynomial Q(z) = P(z)P(Z) has real coefficients and if z is a 
root of Q(z), then z or its conjugate Z is also a root of P(z). 

The proof that we present here uses a result known as the growth lemma. 


Lemma 5.5.1 (Growth lemma). Given a polynomial P(z) = anz” + an—12"- 1 + 
+++ +a 12+ a9 of degree n > 1, with complex coefficients, there is a real number 
R> 0 such that if |z| > R then 


i n n 
glenlle" Ss |P@)| S 2lan|l2"1. 


Proof. Let r(z) = ha |ax||z|*. By the triangle inequality, it follows that for 
every complex number z, 


lan||2|" — r(z) < |P(2)| < lanl zl” + r(2). 


Now, if |z| > 1 and m < n, it follows that |z|™ < |z|"~1, therefore r(z) < 
M|z|"~1, where M = S772, |ay|. Taking R =max {1,2M]a,|~1}, for |z| > R, it 
follows that 

|P(2)| < lan|l2l" + 7(2) < lan|lzl" + Mlz["~™ 
= |2/"*(lan|l2| + M) < [al (lanll21 + lanll2l) 
= 2lan|lz|", 


2M M 


|an| |an|* 


where the last inequality follows from the fact that |z| > R > 
Again, for |z| > R, we have that 


\P(z)| > laallzl” — r(z) > lanllel” — Mel"? 
> |aall2 
* all 
= =|a,||z 
2 


where the last inequality holds if and only if $|a,||z|" > M|z|"~1, which is true if 
and only if |z| > x, and the proof is complete. 


The proof of the fundamental theorem of algebra that we present here is 
based only on advanced calculus. Calculus provide a very useful result presented 
as the following lemma, which can be consulted in [17]. 
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Lemma 5.5.2. If f: D— R is a continuous function on D, a closed and bounded 
subset of R?, then f attains its minimum and maximum values in points of D. 


Theorem 5.5.3 (The fundamental theorem of algebra). Every polynomial 
P(2). = Gp2" +aneiz™ b+ +012 + 40, 
wheren >1, a; € C and ayn #0, has at least one root in C. 


The proof is based on the following two lemmas. 


Lemma 5.5.4. Let P(z) be a polynomial with complex coefficients. Then |P(z)| 
attains its minimum value in some point z € C. 


Proof. Let s = |P(0)| = |ao| and Ry = max { R, V2slanl*}, where the number 
R is given by the growth lemma. If |z| > Ri, then it follows that 
He secs 1 gic Te: 2 Oe 
[P)|> 5lanlle"| > SlenllR?l > 5lanl— = 
Thus, for all z such that |z| > R1, it follows that |P(z)| > |P(0)|. In par- 
ticular, if Ro > R1, then for every z such that |z| > Ro, the same inequality 
holds. 
In this way we have found a closed disk D of radius Rz with center at 0 such 
that |P(z)| > |P(0)|, for all |z| > Re. Since |P(z)| is a continuous function with real 
values, it follows by Lemma 5.5.2 that |P(z)| attains its minimum value in D. 


Lemma 5.5.5. Let P(z) be a non-constant polynomial with complex coefficients. If 
P(z) £0, then |P(zo)| is not the minimum value of |P(z)|. 


Proof. Let P(z) be a non-constant polynomial with complex coefficients, and let 
zo be a point such that P(zo) 4 0. Making the change of variable z + zo for z 
moves Zo to the origin, and then we can assume that P(0) 4 0. Now, we multiply 
P(z) by P(0)~! so that we may assume that P(0) = 1. Then, we must show that 
1 is not the minimum value of |P(z)|. 

Let & be the smallest non-zero power of z in P(z). Then we can assume that 
P(z) has the form P(z) = 1+az*+g(z), with g(z) a polynomial of degree greater 
than k. 

Let a be a kth root of —a~!. Then, making one last change of variable, az 
by z, we obtain that P(z) has the form 


P(z) =1—2* + 2**1g(z), for some polynomial g(z). 
For real positive values of z we obtain, using the triangle inequality, that 


|P(z)| < [1 —2*| + 2***|9(z)]. 
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Since z* < 1, for |z| < 1, then 
|P(z)| $1 — 2" + 2***[9(z)| = 1— 2*(1 — 2lg(z))). 


For z small, z|g(z)| is also small, then we can choose z; so that z1|g(z1)| < 1. It 
follows that z/(1— z1|g(z1)|) > 0, and then |P(z1)| < 1=|P(0)|, and this finishes 
the proof. 


Using these two lemmas we obtain the proof of the fundamental theorem of 
algebra. 


Proof. Let P(z) be a non-constant polynomial with complex coefficients. By Lem- 
ma 5.5.4, |P(z)| has a minimum value in some point zo € C. Then, by Lemma 5.5.5, 
it follows that |P(zo)| = 0. Therefore, P(z) has a complex root. 


Chapter 6 


Functions and Functional Equations 


6.1 Functions 


The concept of function is one of the most important in mathematics. A function is 
a relation between elements of two sets X and Y, which we denote by f: X — Y, 
that satisfies: 


(a) Every element « € X is related to some element y € Y, and we write y = 
f (2). 
(b) Every element x € X is related to one and only one element of Y, that is, if 
f(x) =y1 and f(x) = yo, then necessarily y1 = yo. 
The set X is called the domain, the set Y the codomain and the relation 
y = f(x) the correspondence rule. We define the image or the range of a function 
f[:X > Y as 


Img f = {y € Y | there existsxz € X with f(x) = y}. 


We say that f and g are equal functions if they have the same domain X, the 
same correspondence rule (f(x) = g(x), for all  € X) and the same codomain. 
We define the graph of a function f : X > Y as 


If) ={@y) eX xY| y= f@)}, 


where X x Y = {(a,y) | a €X, y © Y} is the Cartesian product of X and Y. 

Two simple but important functions are the constant function and the iden- 
tity function, which are defined as follows: if f : X — Y is such that f(x) = b 
for all x € X, with b € Y fixed, then f is called the constant function equal to b, 
while the image is the set with only one element {b}; the identity function has the 
same domain and codomain, that is, Id: X > X, and it is defined as Id(x) = x 
for alla Ee X. 

For functions f : R — R, the geometric representation of the graph in the 
Cartesian plane is useful. For instance, the geometric representation of the constant 
function b and the identity function [dg are the following: 
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b Idp 


Some of the problems that appear in the mathematical olympiad contests, 
which make reference to functions, ask to find all the functions that satisfy a given 
property, or to find a specific value of some function. Often, these are difficult tasks, 
therefore it is important to understand the general behavior of the function before, 
so as to be able to decide correctly which functions satisfy or not the property. In 
this first section we will offer several examples of the kind of problems that can 
appear, and we will point out a series of facts that we can ask about a function. 


Example 6.1.1. Let f : NN be given by f(n) = n(n +1). Let us find the values 
of m and n such that 4f(n) = f(m), where m and n are natural numbers. 


Suppose that 4f(n) = f(m), then 4n? + 4n = m? + m. If we complete the 
square on the left side of the equation, we obtain 


dn? +4n+1=m?+m+l1 
(2n +1)? =m? +m+4+1 


>) 


9 


but m? +m +1 cannot be the square of an integer because m? <_m?+m+1< 
(m+1)?. Therefore, there are no natural numbers m and n satisfying the condition. 


Example 6.1.2. Let f : N > N be a function such that f(3n) = n+ f(38n— 3), 
for every positive integer n greater than 1 and such that f(3) =1. Find the value 


of f(12). 


It is natural to use the fact that 12 = 3-4 in order to find f(12) = f(3- 4). 
Using the formula or relation of the hypothesis, we have that f(12) = f(3-4) = 
4+ f(3-3). We can repeatedly apply these substitutions to get 


f(12) =44 f(8-3) =4434 f(38- 2) 
=44+3+42+ f(3-1)=4+34+2+4+1=10. 


Observe that we can find f(3n) for all n, in the following way: 


f(8n) — fBm—1))=n 
f8(n—1))— FBM—-2))=n-1 
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(6) — f(3) =2 
Poy Si. 


3 : ‘ = — n(n+1) 
Adding these equations results in f(3n) =1+2+3+---+n= = 5. 


Functions can be combined to form new functions. For instance, if we have 
functions with the same domain and codomain, we can add, subtract or multiply 
them to obtain new functions. For two functions f, g: X — Y, with Y C C, we 
define the sum and the difference of the functions f and g as 


(f+9)(x) = f(x) + g(a), for alla € X. 


We define the product of the functions f and g as 


(f - g)(a) = F(a) - g(@), for alla € X. 


Finally, if g(a) 4 0 for all x, we define the quotient of the functions f and g as 


(4) (pl) gaia e ae 


g g(x) 
Example 6.1.3. Find all the functions f : R—R that satisfy 
fiyt+2)— fliy—2) =4yz, for allz,y ER. (6.1) 


If we let y = x, we get that f(2y)—f(0) = 4y? and taking f(0) = c, we obtain 
f (2y) = 4y? +c. Now, if we let 2y = x, we get that the solution of the functional 
equation is of the form f(x) = x7 +c. It is easy to see that these functions satisfy 
equation (6.1). 


Example 6.1.4. Find all the functions f : Rt > R* satisfying 
x 
f(ay) =f (=) , for allz,y ERT. 


In this case, if we let y = x we have that f(x?) = f(1). This makes sense 
since the function is defined on the positive real numbers. On the other hand, 
if we let y = x7, then f(y) = f(1) for all y € R*. Hence, the functions solving 
the functional equation are the constant functions. It is easy to see that these 
functions satisfy the functional equation. 


In the last two examples we made the substitution y = x, which directly gave 
us the solution of the given functional equations. Next we present an example 
where, after substituting the variables for numerical values, we get information 
about the function. 
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Example 6.1.5. Find all the functions f : RR such that 
f(e+y)+f(e—-y) = f(x) + 6ry? + 2°, for allz,y ER. 


Let y = 0 to see that 2f(x) = f(x) +2. Then f(x) = x? is the function we 
are looking for. We can directly check that f(x) = x? satisfies the equation. 


Example 6.1.6. Find all the functions f : N > R such that f(1) =38, f(2) =2 and 


1 
f(n+2)4+—~ =2, forall neN. (6.2) 
f(n) 
Observe that the original equation gives us 

1 1 5 1 1 3 #6 

Reo ere: Sande RAO ee 

F(3) f() gg ede ge) (2) 2 2 
Hence, we can conjecture that f(n) = “ is true, for all natural numbers n. It is 


true by hypothesis for the cases n = 1 and n = 2, and we already verified the result 
for n = 3 and n = 4. We will finish the proof using induction, that is, assuming the 
result holds for n, and then proving it for n + 2. Suppose that f(n) = nto then 


1 1 n 

i CM aa 
_ ant+4—n _ nt+4 
n+2 n+2° 


Hence, we have the result for all n € N and, in fact, the function satisfies the 
condition. 


Example 6.1.7 (India, 2010). Find all functions f : RR — R satisfying, 


f(a+y)+a2y=f(x)f(y), forall xz,yeER. (6.3) 


Let x = y = O in equation (6.3), then f(0) = f(0)?, hence f(0) = 0 or 
f(0) =1. 
If f(0) = 0, we let y = O in equation (6.3) to get f(a) = 0, for all e € R. But 
the function f(x) = 0, for all x € R, (the constant function zero) does not satisfy 
condition (6.3) when ry 4 0. 
Suppose that f(0) = 1. If we let «x = 1, y = —1, we get that f(1)f(-1) = 
f(1—1)-1= f(0)—1=0, then f(1) =0 or f(-1) =0. 
If f(—1) = 0, letting y = —1 we get f(a — 1) — x = 0, then f(x — 1) = a, and 
using y = x — 1 in this last equality, we get f(y) =y+1. 
If f(1) = 0, letting y = 1 we obtain f(v+1)4+ a = f(x)f(1) = 0 so that 
f(a +1) = —«. Finally, if we take y = 2 + 1 we obtain f(y) =1-—y. 
In this way, the only solutions are f(x) = «+1 and f(x) = 1—~. It is easy to 
check that these functions satisfy the functional equation (6.3). 
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Another way to create a new function given two functions f : X — Y and 
g:Y — Z is the composition of f and g, which is the function go f: X > Z 
defined for all x € X by 


(90 f)(@) = g(f(x)). 


Observe that the composition go f is defined only if the codomain of f is contained 
in the domain of g. 


Example 6.1.8 (IMO, 1977). Consider f : N > N such that f(n+1) > f(f(n)), 
for every positive integer n. Prove that f(n) =n, for everyn EN. 


Let A = {f(1), f(2),...} be the image of f. By hypothesis, note that for 
every n > 2, it follows that f(n) > f(f(n —1)). Hence for n > 2, f(n) cannot be 
the minimum of the image of f. It follows that the minimum of A is f(1) and that 
f(n) > f(1) for n > 2. 

Observe that ifm > p, then f(m) > p. For p = 2, the result follows from 
the discussion above. Suppose the result true for p > 2 and let us show it holds 
for p+ 1. Let m > p+1, then m—1> pand f(m-— 1) > p; now, by hypothesis, 
f(m) > f(f(m—1)) > p, hence f(m) > p+1. 

Now, let A, = {f(p), f(p +1), f(p+2),...}. For every n > p+1, it follows 
that f(n) > f(f(n—1)). Since the observation guarantees that f(f(n—1)) belongs 
to the set A,, then f(n) cannot be the minimum of A,, hence the minimum must 
be f(p). Therefore, f(n) > f(p) for alln > p+1. 

Finally, from the last paragraph, it follows that 


FLY SF 2) SF) <i Lye as as (6.4) 


Now, let us show that f(n) > n. We have that f(1) > 1 and f(2) > f(1), hence 
f(2) > 2. Similarly, from f(2) > 2 and f(3) > f(2), it follows that f(3) > 3, and 
using induction we can prove that f(n) > n. Finally, if for some n we have that 
f(n) >n, then f(n) >n+1 and, by (6.4), f(f(n)) = f(n + 1), contradicting the 
hypothesis. Thus, f(n) =n, for every n EN. 


Exercise 6.1. Find all functions f : R\{0,1} > R satisfying the functional equa- 
tion 


f(a)+f (=) =, forallaz £0,1. 


Exercise 6.2 (Canada, 1969). Let f : N > N be a function with the following 
properties: 


(i) f(2) =2. 
(ii) f(mn) = f(m)f(n), for all m and n. 
(iii) f(m) > f(n), form>n. 

Prove that f(n) =n. 
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Exercise 6.3. Find all functions f : R\{0} > R such that 
xf (a) + 2a f(-—«) =—-1, fora £0. 


Exercise 6.4. Find all functions f : R\{0} > R that satisfy the equation 
1 1 
2i(-2) +1 (2) =a, fore £0. 
x x 


Exercise 6.5 (Ireland, 1995). Find all functions f :R — R for which 


tf(z)—yfty)=(@-y)f(a+y), for alla,y €R. 


Exercise 6.6 (Ukraine, 1997). Find all functions f : Qt U {0} > Qt U {0}, that 
satisfy the following conditions: 

(a) f(a+1)= f(x) +1, for alle € QT U {0}. 

(b) f(x?) = f(z), for all x € Qt U {0}. 


Exercise 6.7. Find all functions f :R— R such that 


af(y) + yf(z) + 2f(@) = yflx) + 2zfy) + ef (2), for x,y,z real numbers. 


6.2 Properties of functions 


In this section, we will study important properties that a function may or may 
not have. A good knowledge of these properties can help us to detect what kind 
of function we have. 


6.2.1 Injective, surjective and bijective functions 


We say that a function f : X — Y is injective (also known as one-to-one) if for 
any ©, t € X, with x; F 4, it follows that f(a) # f(x2). The condition is 
equivalent to saying that if f(a1) = f(x2), then 7 = 22. 

We say that a function f : X — Y is surjective (also known as onto) if Img f= Y, 
that is, if for every y € Y there exists « € X such that f(x) = y. 


Finally, we say that a function is bijective if it is injective and surjective. 

For functions from the real numbers to the real numbers knowing the graph 
of the function can be very useful. The graph can help us to determine if the 
function is injective, surjective or both. 

More precisely, a function is injective if any parallel line to the z-axis inter- 
sects the graph of the function in at most one point. A function is surjective, if 
any horizontal line y = yo, with yo in the codomain of the function, intersects 
the graph in at least one point. The function shown in the following graph is 
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not injective, since any parallel line above the x-axis, intersects the graph in two 
points. Moreover, it is not surjective since a horizontal line below the x-axis never 
intersects the graph of the function. 


Example 6.2.1. A function f : N —N that satisfies f(f(m) + f(n)) = m+n for 
allm, n EN, is injective. 


The function is injective, because if f(m) = f(n), then f(m)+ f(n) = f(n)+f(n), 
and from here it follows that m+n = f(f(m)+ f(n)) = f(f(n) + f(n)) =n+n, 
thus m = n. 


Example 6.2.2. The functions f :R* + Rt that satisfy the condition 


f(xf(y)) + fyf(e)) = 2ay, for all x,y € R* 


are injective. 


Letting x = y, we have that f(af(x)) = x7, in particular f(f(1)) = 1. Letting 
x = f(1) in the last equation, we get that 


FY? = FF FFD) = FF) = 1, 


hence f(1) = 1. If one takes y = 1 in the original equation, we obtain that 


f(x) + F(f(a)) = 22. 
With this last equality we can show that f is injective. If f(x) = f(y), then 
2x = f(x) + F(F(@)) = Fy) + F(F(Y)) = 2y, hence x = y. 
Example 6.2.3. A function f: R-R that satisfies 


f(f(@) + y) = 2a + fF) — @), for alla,y eR 
is surjective. 


— f(a), it follows that f( f(x) — f(a)) = 2e+ f(f(-f(x))— 2), 


If we take y = 
f(x)) — x) = f(0) — 2a. Now, if y € R we need to find 2 such 


that is, f(f(- 
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that f(0) — 2% = y, but rp = LO)» satisfies f(f(—f(#o)) — vo) = y, thus f is 
surjective. 


Example 6.2.4. A function f : Qt > Q? that satisfies 


(ery — for all x,y € Q* 


is bijective. 


If ¢ = 1, then f(f(y)) = i. this will help us to show that f is injective. 


If f(y.) = f(a), then f(f(y1)) = f(F(y2)), that is, 2 = 42. Hence y1 = yo, 
and therefore f is injective. It is left to show that f is ainccnve: Let = € Qt, 


we want to show that there is x € QT such that f(x) = “. If this happens, then 


f(f(x)) = f (*), hence a = f (), and solving for x we get «= Ae. which 


is a rational number. That j is, f is surjective, and therefore f is bijective. 


Observation 6.2.5. In the previous examples of this section, we were faced with a 
situation where 


f(g(x)) = h(a). 
Notice that if h is injective then g is injective. Also, if h is surjective then f is 
surjective. 
6.2.2 Even and odd functions 
The functions that satisfy f(«) = f(—«) are called even functions and the func- 
tions such that f(z) = —f(—2) are called odd functions. A function f :R — R 


is even if its graph is symmetric with respect the y-axis, whereas the graph of an 
odd function is symmetric with respect to the origin. 


y = f(z) y = f(a) 


Graph of an even function. Graph of an odd function. 
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Example 6.2.6. Find all the functions f :Q— Q, that satisfy 


flet+y) + f@—y) =2f(a) +2fy), for allay EQ. 


Letting « = y = 0, we have f(0) = 0. If = y, then f(2%) = 4 f(x), and by 
induction f(nz) = n? f(a) for every positive integer n. With x = 0, we have that 
f(y) + f(—y) = 2f(y), then f(y) = f(—y), hence f is even and f(na) = n? f(a) 


for every integer number n and every rational number z. If r = 8 is a rational 


number, with p > 1, then p?f(1) = f(p) =f (a2) =f (4). and then f (4) = 


2 
(4) f(1). Hence f(r) = er?, for all r € Q with c = f(1). It is easy to check that 
these functions satisfy the given condition. 


6.2.3 Periodic functions 


Periodicity plays an important role in mathematics and for this reason we include 
some examples about this topic. 
We say that a function f : R > R is periodic if there exists a 4 0 € R such 
that 
f(a+a)= f(x), forallaeR. 


The number a is called a period of f. It is clear that for all n 4 0, the number na 
is also a period of f. 


Example 6.2.7. A function f : R > R is periodic, if for some a € R and every 
x ER, it is true that 


1+ f(z) 

ae asEVC) 
From the equation f(x +a) = op. evaluating in x — a, we obtain that 
f(z) = ae. After solving for f(x) from the original equation, we get that 
f(z) = aaetean Equating the last two equations, we get that Pe = 
CeSES and after simplifying f(a+a) = CE Evaluating this last equation in 

x+a, we get that f(x + 2a) = Flay and then 
-1 —1 
Pe aay =a FI): 


that is, f is periodic with period 4a. 
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Example 6.2.8 (Belarus, 2005). 
(a) Consider a function f : N > N that satisfies f(n) = f(n+ f(n)) for all 
n EN. Prove that, if the image of f is finite, then f is periodic. 
(b) Find a non-periodic function f : N > N such that f(n) = f(n+ f(n)), for 
alin EN. 


To prove (a) we do as follows. Since f(n) = f(n+ f(n)), then f(n + f(n) + 


f(n)) = fn + fn) + f(r + fl) = fn + fa) = fn). Therefore, j(n) = 
f(n+2f(n)) and, by induction, f(n) = f(n+kf(n)) for all k EN. 

Let A = f(N) = {ai,...,a,} and T=a,- --- . Let us see that T is a 
period of f. Since f(n) = f(n+kf(n)), for all &, it ‘ilo that 


fn) =F (n+ Zo sln)) = Fu +7), 


where k = Fi * That is, Tis a period of f. 

(b) We would like to find a non-periodic function f that satisfies the equation. 
For n = 2*m with k € NU {0} and m odd, we define f(n) = 2*+?. 
Now, let us see that the function satisfies the equation, f(n + f(n)) = f(2*m + 
2k+1) = f(2*(m + 2)) = 2*+! = f(n) and moreover, f is not periodic, otherwise 
its range would be finite, however, its image is the set of powers of 2. 


6.2.4 Increasing and decreasing functions 


We say that a function is increasing if for x < y it follows that f(x) < f(y). We say 
that a function is non-decreasing if for x < y it follows that f(x) < f(y). Similarly, 
we say that a function is decreasing if for « < y it follows that f(x) > f(y), and 
it is non-increasing if for x < y it happens that f(x) > f(y). 

Another way to guarantee the injectivity of a real function, whose domain is 
the real numbers, is to know if the function is increasing or decreasing. 


Example 6.2.9 (IMO, 1992). Find all functions f : RR that satisfy 
f(a? + fy) =yt f(a)’, for alla,y ER. 


Let a = f(0). With x = 0, we have that f(f(y)) =a? +y. With z=y=0, 
then f(a) = a, hence f(z? + a) +a? = f(x)? + f(a). Applying f to both sides 
of the equation it follows that f(f (x? +a) +a?) = f(f(x)? + f(a)). The left-hand 
side of the equality is 


pura =e a)? 
ie? +4) +0) =a? +04 f(a) ee 
=“ +a+a, 
and the right-hand side of the equality is 
f(f(@)? + f@) =a+ f(F(@))? (6.6) 
=a+ (a? +2)? a+ at +2072 +2”. , 
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Comparing both equations (6.5) and (6.6), we need to have that 2a?x = 0, hence 
a = 0. From here we conclude that f(f(y)) = y, for all y € R and f(x?) = f(a), 
for alla € R. 

The last equation guarantees that if « > 0, then f(x) > 0. Since f(f(y)) =y 
we have that f is injective, hence f(a) = 0 if and only if « = 0. In this way when 
x > 0, then f(x) > 0. 

Since f(f(x)? + f(y)) = f(f(a))? +y = 27? + y, it follows that f(a? + y) = 
F(F(F(@)? + Fy) = Fle)? + FY) = Fe) + FY). 

Ify <2, then x—-y>Oandr=x—y+y. Applying the last equality to /x—y 
and y, it follows that f(z) = f(c-—y+y) = f(«—y)+ fly) > fly), that is, f is 
increasing. But f non-decreasing and f(f(a)) = x, guarantee that f(a) = «. In fact 


if f(a) > a, then « = f(f(x)) > f(x) and if f(a) < 2, Hips GAS MG 


Therefore, the only function that satisfies the functional equation is f(x) = 


6.2.5 Bounded functions 


We say that a function f : A C R > R is bounded above in A, if there exists 
M € Rsuch that f(a) < M, for allae€ A. 

We say that a function f : A C R — R is bounded below in A, if there exists 
N €Rsuch that f(a) > N, for alla e€ A. 

We say that a function f : A C R > R is bounded in A, if there exists M > 0 
such that |f(x)| < M, for all x € A, or equivalently —M < f(x) < M, for all 
ced. 


Example 6.2.10. Let m > 2 be an integer number. Find all the bounded functions 
f: [0,1] — R such that, for x € [0,1], tt follows that 


fea) = {+5 (2) +4 (2) 44 (hh 


If | f(x)| < M for x € [0, 1], then, using the triangle inequality, it follows that 


1a mM M 
oleae | (Es)|sSr-e 
=0 


Hence |f(x)| < “4, for x € (0, a With this new bound, we can repeat the last 
argument to show that |f(x)| < 44, for x € (0, 1]. inductive argument guaran- 
tees us that for all n EN, it follows that |f(x)| < —%, for x € [0,1], and when we 
let n go to infinity, we have that f(x) = 0, for all x ne (0, 1], and this is the only 
function that satisfies the equation. 


6.2.6 Continuity 


When the values of a function f(a) get closer to b as x tends to a, we say that b is 
the limit of f(x) as x tends to a. In mathematical language this is usually written 
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as follows: 


Ve>0, 46>0such that 0<|r-—al<d6 => |f(x)-d] <e 


and we write lim, 4, f(x) = b. 
Also, we can consider limz-4.. f(a) = b, which is defined as: for all « > 0 
there exists M > 0 such that if ¢ > M then |f(x) — | <.e. 


One characterization of the limit concept when dealing with sequences is the 
following theorem. 


Theorem 6.2.11. Let f be a function, then lim,44 f(x) = 6 if and only if for every 
sequence {ay} with limn+oo dn = a, tt follows that limp+oo f (an) = 0. 


The proof of this theorem will be given in Chapter 7. 


Observation 6.2.12. The previous theorem also states that limz-._ f(a) is not b, if 
there exists a sequence {ay} such that limpn-+oo Gn = a and limn-+o f (an) is not b. 


Example 6.2.13 (IMO, 1983). Find all functions f : Rt R* that satisfy: 


(a) f(af(y)) = yf(x), for all positive real numbers x, y. 
(b) limg 40 f(x) = 0. 


If « = 1, then f(f(y)) = yf(), hence the function is bijective. In fact, if 
f(c) = f(y), then xf (1) = f(F(x)) = FF) = yf (1), and since f (1) 4 0 we have 


that x = y, therefore f is injective; let us see now that f is surjective, let c € Rt 


and take y = 7{y, then it follows that f (f (za) ) = F(f(y)) = yf(1) =e, hence 
f is surjective. Thus, f is bijective. 

In particular, there is a yo such that f(yo) = 1. Since f(af(yo)) = yof (x) for 
alla > 0, taking x = 1, we have that f(1) = yof(1), and then yo = 1, hence x = 1 
is a fixed point. 
If x = y, then f(af(x)) = af (x), and xf(x) is also a fixed point of f. If we show 
that the only fixed point of f is 1, we can conclude that f(x) = 4. 
From the equation f (+f(a)) = af (+) and the fact that f is injective, we have 
that f(a) = a if and only if f (4) = 1, If there is a fixed point different from 1, 
hence there is a fixed point a greater than 1. But f(a) = a implies, by induction, 
that f(a”) = a”, (for instance, f(a?) = f(af(a)) = af(a) = a”). Since a” > co 
and f(a”) = a” > ov, this contradicts the fact that lim, f(x) = 0. Therefore, 
the only fixed point is 1. 
The function f(x) = + satisfies the conditions of the problem. 


We say that a function f is continuous at some point a if when we let x tend to a, 
f(a) tends to f(a), that is, limz._ f(z) = f(a). Also, we say that f is continuous 
on a set A if f is continuous at every point a € A. 


One characterization of the continuity property is given by the following 
result. 
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Theorem 6.2.14. A function f is continuous at a if and only if for every sequence 
{an} with limp+o Gn =a, it follows that limp+o f(an) = f(a). 


A set D C R is dense in the set of real numbers if every open interval in R 
has points in D. 


Theorem 6.2.15. The set of rational numbers is dense in the set of real numbers. 


Theorem 6.2.16. If a function f is continuous on R and f is zero in a dense subset 
of the real numbers, then f is identically zero in R. 


As a consequence, if the functions f and g are continuous and coincide on a 
dense subset of R, then they coincide on all R. 


The proofs of these three theorems will be given in Section 7.4. 


Example 6.2.17 (Nordic, 1998). Find all the continuous functions f :R— R that 
satisfy the equation, 


fat+y) + f@—y) =2(F(2) + fy), for alla,y ER. 


We have seen in Example 6.2.6 that f(x) = f(1)x?, for z € Q and, by Theorem 
6.2.16, f(x) = f(1)2? for allz ER. 


Exercise 6.8. Let f, g: RR be two functions that satisfy f(g(x)) = g(f(a)) = 
—x, for any real number x. Prove that f and g are odd functions. 


Exercise 6.9. Find all surjective functions f : R— R that satisfy 


f(F(@— 9) = f(z) — Fy), for alla,y ER. 


Exercise 6.10. Find all continuous functions f :R— R that satisfy 


f(xfy)) = xy, for allx,y €R. 
Exercise 6.11 (Belarus, 2005). Find all functions f : NN that satisfy 
f(m—n-+t f(n)) = f(m) + f(n), for all m,n EN. 


Exercise 6.12 (IMO, 1990). Find a function f : Qt — Q?* that satisfies the 
equation 
f(x) 


f(af(y)) = Fae for allx,y €Q. 
Exercise 6.13. Find all continuous functions f :R— R that satisfy 


tf(y) +yf(e) =(@+y)F(a)fy), for all x,y ER. 
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Exercise 6.14 (IMO, 1968). Let f: RR be a function with the property 


for allx € R anda a fixed number. 
(i) Prove that f is periodic. 
(ii) In case that a = 1, give an example of a function of this type. 


Exercise 6.15. Leta, b > 0, find the values of m such that the equation 
ln —a| + |e —b| +x +a] + |e +0] = m(a 4d), 


has at least one real solution. 


6.3 Functional equations of Cauchy type 


The functional equations of Cauchy type are: 


(Ci) f(e+y) = f(a) + fy). 
(C2) f(xy) = f(a) + fy). 
(C3) f(e+y) = f(a) f(y). 
(Ca) f(xy) = f(a) - f(y). 


In order to establish what functions satisfy certain functional equations we should 
take into account the domain and the codomain where we want to solve the equa- 
tion. For instance, if we take equation (C2), and we want to solve it in all R, 
considering y = 0, we obtain that the solution of the equation is f(a) = 0, for 
all x, which means the equation sought for was very simple. Therefore, it is more 
adequate for this functional equation to consider the set of real positive numbers 
as its domain. 


6.3.1 The Cauchy equation f(a + y) = f(x) + f(y) 


The first of the equations of Cauchy type is the most important. With this equation 
we will illustrate how some functional equations are solved. First, we will see how 
to determine some of the values that the functions take, and this will allow us to 
find, in a natural way, other values until we learn how the functions behave in the 
set of rational numbers. 

Letting « = y = 0, we have that f(0) = 2f(0), then f(0) = 0. If y = —2, 
we have that 0 = f(0) = f(a + (—2)) = f(x) + f(—2z), and then f(—x) = —f(z), 
which tells us that the function f should be odd. 
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With x = y, we have that f(2x) = 2f(x). Now, using induction, we can 
conclude that f(na) = nf(x), for any positive integer n. In fact, f((n+ lx) = 
f(na +x) = f(na) + f(@) = nf(x) + f(a) = (n+ DF). 

Recalling that f(—x) = —f(x), we get f(nx) = nf(x) for all n € Z. Now, 
since f(x) = f(22) = fla) = = mf (+), we have that Ion), = +f(z), therefore 
f(E2) = f(nZ) = nf(S) = Efe). Hence, f(rxz) = rf (x), for all r € Q and all 
xceR. 

Letting c = f(1), we get f(r) =cr forallreQ 
We conclude that a function f : Q > R that satisfies equation (C1) should have the 
form f(r) = cr, for allr € Q, with c = f(1) a fixed constant. And a function of this 
type f(x) = cx satisfies such a type of Cauchy equation, since c(a + y) = ca + cy, 
for any 7, yEQ. 


Additional hypothesis to the Cauchy equation f(x + y) = f(x) + f(y) 


We would like to determine functions f : R > R that satisfy the first of the Cauchy 
type equations, which are also known as additive functions. We will see that with 
an additional hypothesis (we will analyze several of them), the conclusion is that 
f should be linear, that is, of the form f(x) = aa, for all  € R and with a = f(1). 


(H,) The function is continuous in all R. 


We know that f(r) = cr, for all r € Q. Since f(a) and cx are continuous in R and 
coincide in Q, we have, by Theorem 6.2.16, that the functions coincide in all R. 
Hence f(a) = cx for alla ER. 


Example 6.3.1 (Jensen’s equation). Find all continuous functions f :R— R that 
satisfy the equation, 


: (a) _ f(x) +f) 


5 5 , forall z,yER. 


Note that by letting x = y = 0, we do not obtain information about what is the 
value of f(0). Define g(a) = f(x) — f(0), which is also continuous. A straightfor- 
ward calculation shows that 


. (4) _ g{2) a 


but now the function g satisfies g(0) = 0. Taking y = 0 in the new equation, we 
have that 
( z ) _ g(a) 
g iy 


and after substituting in this last equation « = u+ v, we get 


o(“*) _ gute) 


2 2 
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Hence, we can affirm that g(u+v) = g(u) + g(v), for all u, v € R, that is, g 
is a continuous function that satisfies the first equation of Cauchy. Therefore, 
g(x) = ax, with a = g(1), and then f(x) = ax + 8, for all 2 € R and b = f(0). 


(H{) The function is continuous only in x = 0. 
To reduce this to the previous case, it will be enough to show the following result. 


Lemma 6.3.2. If f : RR — R is an additive function, that is, if it satisfies equation 
(C1) and it is continuous at 0, then it is continuous at every real number a. 


Proof. Let {a,} be a sequence with limy+. G, = a, then the sequence {a, — a} 
satisfies limn+oo(@n—a) = 0. Since f is continuous in 0, Theorem 6.2.14 guarantees 
that limp+0 f(an — a) = f(0) = 0. But equation (C)) implies that f(a,) = 
f(an —a)+ f(a), then limn—oo f(an) = limn+oo f(a@n — a) + limn +0 f(a) = f(a), 
which implies f is continuous in a. 


(Hz) The function is monotone. 


If the function f, besides being additive, is monotone (without loss of generality, we 
can assume that it is non-decreasing), then f(a) should have the form f(x) = cx. 
To support this claim consider a real number x. Let {r,,} and {s,,} be sequences 
of rational numbers converging to x, with r, < x < Ss, for all n. 

By the monotonicity of the function f, crn = f(tn) < f(x) < f(sn) = cSn. 
Taking the limit, we obtain cx = limp +0 crn < f(x) < limn+o CS) = cx. Thus, 


f(x) = ca. 


The non-increasing case is similar. Moreover, we can change < to < and reach the 
same conclusion, and similarly in the case >. 


(H3) The function is positive (for positive numbers). 


If f(x) > 0 for « > 0 and if in addition it is additive, then it is increasing. In fact, 
if 2 < y then y— 2x > 0, and f(y— 2x) > 0. Hence, f(x) < f(x) + f(y-—2z) = 
f(a +(y—<«x)) = f(y). Similarly, we can consider the decreasing, non-decreasing 
and non-increasing cases, and in each one of them we can conclude that f is linear. 


(H,) The function is bounded. 


If the additive function f is bounded in an interval of the form [a,b], that is, if 
there exists a constant M > 0 such that |f(x)| < M for all x € [a,6], then the 
function must have the form f(x) = cz. 

First note that x € [0,b— al] if and only if «+a € [a,b] and for x € [0,b— a] 
we have |f(x)| = |f(a +a) — f(a)| < |f(~+a)|+ |f(a)| < 2M. This guarantees 
that f is bounded by 2M in [0,b—a]. Let a = b—a,c= fa) and g(a) = f(x)—cx. 
We then have 


(a) g@+y)=f(ety)—ce@t+y) = f(x) — ex + fly) — cy = g(z) + g(y), that 
is, g is additive. 
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(b) g(a) = f(a) — ca = 0. 
(c) g(a +a) = g(x) + g(a) = g(x), the function g is periodic with period a. 


() For « € [0,a], we have |g(2)| = | f(x) ~ ex| < | f(@)|+lex| < 2M+] £2] jal < 


3M, that is, g is bounded in the interval [0, a] and then, because it is periodic, 
it is bounded in all R. 


If g(ao) 4 0 for some real number 2, then since g(nazo) = ng(xo) for every integer 
number n, we can make |g(nzo)| as large as we wish, then g would not be bounded, 
which would be a contradiction to the part (d). Therefore, g(x) = 0 for any real 
number x and then f(x) = cz, for all x in R. 


(H{,) The function is bounded on a neighborhood of 0. 


By (H}), it will be enough to show that f is continuous in 0. 

Let {a,} be a sequence that converges to 0. We will use Theorem 6.2.14 to show 
that f(an) converges to 0. Let « > 0, we will see that |f(an)| < € for large n. If 
M > 0 is the bound for f in the interval (—a, a), let us choose an integer N such 
that uv <e. 

Since limn.o @n = 0, there exists no such that |a,| < 4, for all n > no. Since 
|Nay| < a, it follows that |f(Nan)| < M for n > no. But since f(Nan) = Nf (an), 
we have that |f(an)| < 44 <e, for n > no, as we wanted. 


There are several conditions that can be added to the equation of Cauchy to make 
sure that the function that satisfies the equation is a linear function. Many of these 
conditions are the source of problems of the kind that appear in the mathematical 
olympiad. Let us see an example. 


Example 6.3.3. Find all the functions that satisfy the following equations: 


(a) f(a@+y) = f(a) + fly), for all x, ye R. 
(b) flay) = f(@) f(y), for all x, ye R. 


First note that if x > 0, then 


f(x) = f(V@- V2) = f (V2) f (V2) = (F(v2))? = 0. 


But then, by (H3), we have that f is linear, that is, it has the form f(#) = cx 
with c = f(1). Taking x = y = 1 in the equation (b), we get that c = c?, hence 
c=0orc=1. Then, f(x) = 0 or f(x) = z, are the only solutions to the problem. 


6.3.2 The other Cauchy functional equations x 


The Cauchy equation f(x-y) = f(x) + f(y) 


We will find continuous solutions to this functional equation. If y = 0 belongs 
to the domain of f, then f(a) = 0. Now, suppose that the function is defined 
for « # 0. If we take = y = 1 in the equation, we have that f(1) = 0. Also, 
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considering « = y = —1, we get that f(—1) = 0. Now, taking y = —1, we obtain 
f(—«) = f(x), that is, the function must be even and it will be determined by its 
behavior when z is positive. But if x, y are positive, there are u, v € R such that 
x =e", y =e”, and with them the equation’ can be expressed as 


fle*-e*) = fle®) + fle*). 


If we let g(u) = f(e”), then g(u+v) = g(u) + g(v), which is the first Cauchy 
equation, and we know that its solution is g(u) = cu, with c = g(1) = f(e), then 
f(x) = g(u) = f(e) loga for x > 0, and f(x) = f(e)log|z| for « £0. 


The Cauchy equation f(x + y) = f(x): f(y) 


First note that if for some y, f(y) = 0, then f is constant. This follows from 
f(x) = f(a-yty) = f(«—y)fly) = 0. If f is never zero, then it is positive 
since f(z) = f($ + $) = (f(§))? > 0. Hence, since f is always positive we can 
take logarithms on both sides of the equation in order to satisfy the functional 
equation, 

log f(x + y) = log f(x) + log f(y), 


which is a functional equation of the first type, then log f(x) = cx, with c = 
log f(1). Applying the exponential function, we have that f(r) = eleefM* = 
f(1)*, for all « € R. Note that here we have found only the continuous solutions. 


The Cauchy equation f(x -y) = f(x) + f(y) 


As in the previous equation, if for some y 4 0, f(y) = 0, then f is constant. This 


follows since f(x) = iG -Yy) = IT) = 0. If f is never zero, then for x positive, 


f(a) is positive, since f(x) = f(./a- Vx) = (f(/x))? > 0. For x = 1, we have that 
f(1) = (f(1))?, therefore f(1) = 0 or f(1) = 1. The first option has been studied 
before, and therefore f(1) = 1. Since f(a?) = (f(a))?, f(—1) = £1 and taking 
y = —1 in the original equation, we have that f(—x) = +f(x). Then it will be 
enough to see what happens with x > 0. After that we will have two options to 
extend to the negative real numbers, that is, whether making the function even 
or odd. Since the function f is positive for x > 0, we can apply the logarithmic 
function on both sides of the equality to get 


log f(x- y) = log f(x) + log f(y). 


Considering g(a) = log f(a), we have that g satisfies the second equation of 
Cauchy, then g(x) = g(e)logx, hence f(r) = 29 = 8 f), Thus the con- 
tinuous solutions are f(x) = 0, f(a) = +a!°? (©), Observe that the point « = 0 


remains outside the analysis we have made (when we take a logarithm), but at the 
end we include 0 and necessarily it has to happen that f(0) = 0, in order to have 


14For the definition of the exponential function, e”, and the function logarithm, log x, see [21]. 
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continuity there. However, there exists an exception, if f(e) = 1 there are two 
solutions. One of them is f(z) = 1, which is continuous, and the other solution is 
f(x) = sign (x), which is not continuous at x = 0. 


Exercise 6.16. Find all functions f :R —-R that satisfy 


f(x’) — f(y’) = («+ y) (F(x) — f(y)), for allay ER. 
Exercise 6.17. Find all functions f : Rt-+ R* that satisfy 
x 
Fat) — fey) = 7 +2, for allay ERY. 
Exercise 6.18. 
(i) Find all functions f :R* + Rt that satisfy the condition 
f(af(y)) + F(yf(x)) = 2ay, for all x,y ER. 
(ii) (Short list IMO, 2002) Find all functions f :R — R such that 
f(f(x) + y) = 2a + f(f(y) — @), for allay € R. 


Exercise 6.19. Let f be a function such that for some number a € R it satisfies 


_ f(@)-3 
e+ a) = soy 5 for allx ER. 


Prove that f is periodic. 


Exercise 6.20. Let f : R > R be a periodic function such that the set { f(n) | n € N} 
has an infinite number of elements. Prove that the period of f is an irrational 
number. 


Exercise 6.21 (Long list IMO, 1977). Determine all the real continuous functions 
f(x) defined on the interval (—1,1), that satisfy the functional equation 


f(x) + f(y) 
1— f(x) f(y)’ 


Exercise 6.22. Find all the continuous functions f :R— R such that 


f(a+tyw= for x+y,2,y € (-1,1). (6.7) 


at , witha,y Al. 
ry 


fe) + IW) =f (= 


Exercise 6.23. Find all the continuous functions f :R — R that satisfy 


fla+y) = fx) +f) + f@)fy), for allz,y ER. 
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6.4 Recommendations to solve functional equations 


Next we will present a series of recommendations of the things we need to do 
in order to find solutions of functional equations. Moreover, we will show some 
examples where we use these observations. 


Substituting the variables for values. One of the first steps that we need 
to follow is to see if it is possible to determine some values of the function we 
are looking for, for instance f(0), f(1), etc. In some cases, the values can be 
found through direct substitution. But sometimes we may need to make a variable 
interchange. For instance, if we found something like f(a + y), it is natural to 
make y = —2, to obtain f(0). 


Mathematical induction. We should have in mind that the principle of math- 
ematical induction can help us. In these cases it is important to remember the 
induction basis. For instance, to know what is f(1) or f(j), and then later to be 
able to conjecture something more specific that could be a relation that allows 
us to go from n to n+ 1. Also, try to find expressions like f (4), and afterwards 
expressions of the form f(r), with r € Q. These situations, in general, can arise 
when dealing with equations with variables in Q or in Z. 


Basic properties of functions. It is important to know if the function is in- 
jective, surjective, bijective, periodic, even, odd, or with some kind of symmetry. 
This can help us to reduce the cases and to concentrate only on the set of numbers 
where the equation is valid. 


Substitutions. Beside substitutions by specific values, we can try other more 
general substitutions, for instance, +,7+1,¢+y,x—y. 


Symmetry in the variables. If the equation has two (or more) variables, for 
instance x, y, we will always try to substitute the y by the 2 (and vice versa), and 
look always for symmetries in the variables. 


Compare with the Cauchy equations. If our equation can be reduced or sim- 
plified to an equation of Cauchy type, then we have made good progress, since we 
already know the solutions to this type of equations. 


Continuity, monotonicity. Investigate if the unknown function is monotone 
or continuous. This is very useful, since the problem could then be reduced to be 
solved on the rational numbers or on some dense subset of the real numbers. 


Other numeral systems. In functional equations where the natural numbers 
are present, it can help us to work in another numeral system different from the 
10-base system, for instance, moving to the binary system or the 3-base system. 


Check. It is important to always check that the function we proposed as 
solving the equation, really does it. We should never forget this part. 


Now, we will exhibit examples where these recommendations are put to use. 
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Example 6.4.1. Find all functions f :Q— R that satisfy the following conditions, 
(ey) =a2f(y)+yf(z) and f(e@t+y)=f(a*)+ fly’), forz,yeQ 


If in the first equation we set « = y = 0, we obtain f(0) = 0, and taking 
x =y=1, we have that f(1) = 2f(1), that is, f(1) =0. 

On the other hand, taking x = 0 in the second equation, we get f(y) = f(y”), 
then the second equation becomes f(z + y) = f(x) + f(y) and we know, by the 
Cauchy equation, that the function should be such that f(x) = f(1)a, for all 
x € Q. Moreover, since f(1) = 0 the only solution is f(x) = 0. 


Example 6.4.2 (Short list IMO, 1988). Let f : NN be a function that satisfies 
f(f(m) + f(n)) = m+n, for allm,n. 
Find all possible values of f (1988). 


In Example 6.2.1, we showed that the function is injective. Moreover, for 
1 <n, we have that 


f(f(mt+) 4+ fin-—)1)=m4+l4+n—-l=m+ne= f(f(m) + f(n)). (6.8) 
The injectivity property tells us that 


f(m+) + f(n-) = f(m) + f(n), forl,m,neNandl <n. (6.9) 


Now, by induction we will see that f(n) =n. First, for n = 1 let us see that 
f(1) =1. If b= f(1), then the following two equalities are true: 


f(2b) = fF) + FQ) =2 and f(b+2) = f(f() + f(2d)) = 14-26. 


Then, b = 2 is not possible, since, on the one hand we would have that f(2-2) = 2 
and on the other hand f(2+2) =1+2-2=5. 

Neither is b > 2 possible, since using f(2b) = 2, f(1) = 6 and equation (6.9), 
it follows that 


b+2=f(1) + f(2b) 
= f(1+b—2)+ f(2b— (6-2) 
= f(b-1) + f+ 2) 
= f(b—1) +1428, 


then f(b -— 1) = 1-6 < 0, which is not possible. Therefore, b = f(1) = 1. Sup- 
pose now that f(n) = n, then from the original equation and from the induction 
hypothesis, it follows that 


n+ 1= f(f(n)+ f()) = f(n+ 1). 
Therefore, the only possible value of f (1988) is 1988. 
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Example 6.4.3. Find all increasing or decreasing functions f : R— R such that 


f@+ fy) =fla)+y, forz,y eR. 


Letting x = y = 0, we get f(f(0)) = f(0). Since f is increasing or decreasing, 
it follows that f is injective, then f(0) = 

Taking x = 0, we get f(f(y)) = 
that f(f(y)) = y = f(a), then 


fle+y) = fla+ fa) = f@) +a= fla) + fy), 


hence, f satisfies the additive Cauchy equation. Moreover, with the condition 
f(f(y)) = y, we have that the only solutions are f(x) = a and f(a) = —x, which 
verify the functional equation. 


y for all y € R. Letting a = f(y), it follows 


Example 6.4.4. Find all continuous functions f :R— R that satisfy the equation 
f(e+y)+ fle—y) = 2f(@), forz,y ER. 


Letting x = y, it follows that f(2x%) = 2f(a#) — f(0). Then, from the original 
equation we obtain f(a+y)+ f(a—y) = f(2x) + f(0); subtracting 2f(0) on both 
sides, we get f(@ + y) — f(0) + f(x — y) — F(0) = (2x) — f(0). 

Hence, f(x) — f(0) is additive, since taking u= a+ y, v =x — y in the last 
equation, leads to f(u) — f(0) + f(v) — f(0) = f(utv) — f(0). 

Since f(x)— f(0) is continuous, it follows that f(x) = f(0)+<az, for allx € R. 


Example 6.4.5. Let f : RR be a continuous function such that f(x) = x has no 
real solutions. Then f"(x) =x has no real solutions, where f” is the composition 
of f with itself, n times, for anyn EN. 


Rees 


Since f(z) = x has no real roots, that is, there is no x € R such that 
f(x) — x = 0, then it is true that either f(x) > 2 or f(x) < a, for alla € R. In 
fact, since f(x) — x is continuous, and if f were positive on a point d and negative 
on another point e, then, by the intermediate value theorem!*, there would be a 
point x9 between d and e such that f(ao)—2o = 0, which is impossible. Therefore, 
f(x) >a for allx € Ror f(x) <a for allz ER. 

If f(x) > & for all  € R, then 


a< f(x) < ff(@)) <9 <fFC FE) <-, 


and therefore f(f(--- f(x)---)) = has no real solutions. 
Similarly, if f(a) < x, we get that f(f(--- f(x)---)) = x has no real solutions. 


Exercise 6.24. Prove that there are no functions f : N—N that satisfy 


f(f(n)) =n+1, for din eN. 


15See [21]. 
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Exercise 6.25 (IMO, 1986). Find functions f : Rt U {0} + R* U {0} such that 
satisfy: 


Y)) Fy) = fa@+y), for x, y 2 0. 


i all x such that0 <a < 2. 


Exercise 6.26. Find all functions f :R—- R such that 


f(z—y)=f(xt+y)fly), for allz,y ER. 


6.5 Difference equations. Iterations 


In this section we will study two kinds of functional equations: those relating the 
values of f(a) and f(a+h) or, more generally, with those of f(z+mnh) for some n € 
N, which are called difference equations, and the functional equations relating f(x) 


with its iterations, that is, with f?(r) = f(f(z)), ..., f"(z) = f(f(... f(a)...)). 
— 


For the difference equations, we will use the difference operator, denoted by 
A, and which is defined, for a function f : R > R, as 


Af (x) = fle+h) — fla), (6.10) 


for « € R, and where h is a fixed real number. Also, we will use the operator E 
defined by E' f(x) = f(a+h), and the identity operator I defined by If (x) = f(x), 
so that A = E — J, that is, Af(x) = Ef(x) —If(x) = f(a +h) — f(a). 

The following properties of the operators are seen to hold trivially. 


Properties 6.5.1. 


(a) A(af(x) + g(a)) = aAf(x) + Ag(x), for a fixed real number a. 
ee g(x) + g(x)Af(2). 


(b) 
g(a)Af(x) — f(a)Ag(2) 
(c) A (a) = e)Egay £90) #0. 
(d) A” f(z) = A"-(AS(@)), and also AV AY = ATA = AT™, 


Lemma 6.5.2. For each integer number n > 1, it follows that A°x” = h”n! and 
A™z” =0 form>n. 


Proof. The proof is by induction on n. 
If n = 1, we have that Ax = (2 +h) — x = h and A?z = Ah = 0, then 
A™x =0 form > 1. 
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Suppose that the result is true for all 7 <n, then 
A" gy” 5 A” (Ag) _ pa mea ( he hy 3 x”) 


= (E (orn) (warner 
= & hA"2(g?-1) = (") hh”*(n — 1)! = h" nl, 


and since A applied to a constant is zero, we have that A™x” = 0 for m > n, so 
the induction step is true and the result holds. 


Example 6.5.3. If P(x) = a9 + aia +--+: + a,x” is a polynomial of degree n, it 
follows that A" P(x) = annth” and A" P(x) =0 form>n. 


In fact, by the previous lemma 
A” P(x) = A" (a9 + a1% + +++ + Gn”) 
= A"(ao) + A”(ayxz) +--+» +A” (an2”) 
= a,A"(2") 
=annh”. 
It is clear that if m > n, 
A™ P(x) = A™” "(A"P(a)) 
=A™™"(a"nth") = 0. 
In general, we have the following theorem. 
Theorem 6.5.4. For any function f, it follows that 
n n j (7 m 
anp(a) = (ED H(2) = (1) (") Fle (n= Hm), 
j=0 


Proof. The proof is by induction. The case n = 1 has been already validated. 
Suppose now the result holds true for n and let us see what happens for n + 1. 


Ant" f(a) = A'(f(@ +h) — f(a) 


Sew (s+ m5 +99 - Lew (") p+ (nm 


j=0 j=0 


we 1(") f@+ 740m 


j= 


0 
+e rl: f(a+(nt1—-(G+1))h) 


j=0 


I 


I 
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“ e-(F) re + (n +1 —f)h) 4 x ("fe + (41 — an) 


= (s)setoanme rion) +67) 
flat (n+1—aya)+ (-ayr'(") FG) 
= Sy (" E ') se + (mn +1—9)h). 


When difference equations are applied to functions with variables among the 
non-negative integers and with h = 1, we get expressions of the form 


Af(0) = FQ) — F(0), AF) = F(2)— FL), AF(2) = FB) — FQ),---, 


which are known as sequences in finite differences or recurrent sequences, notions 
that will be studied more carefully in Chapter 7. 


Let us see an example dealing with iterations in the functional equation. 


Example 6.5.5. Find functions f:N— N that satisfy 
f(f(n)) 4+ f(n)? =n? + 3n4+3, forn EN. 


It is easy to verify that f(n) = +1 satisfies the equation. Let us see that 
this function is the only one that satisfies the equation. 

If f(n) > n+1, then f(n)? > (n+2)?, hence f(f(n)) =n?+3n+3-— f(n)? < 
n? +3n+3—(n+2)? =—n-—1 <0 which is absurd. Therefore f(n) <n +1. 

If f(n) <n+1, we have that f(n)? < (n+1)?, and then f(f(n)) =n?+3n+ 
3—f(n)? >n?+3n+3—-(n+1)? =n+2> f(n) +1. Hence, f(f(n)) > f(n) +1, 
which is impossible as follows from the previous case. Therefore f(n) < n+ 1 
cannot hold and f(n) =n + 1 is the only solution. 


Example 6.5.6. Find continuous functions f :R— R that satisfy the following: 
For each « € R, there exists an integer n > 1 such that f"(x) =a. (6.11) 


First, let us see that the function is bijective. Suppose that for x, y € R, we 
have that f(x) = f(y), by property (6.11), there exist n,m € N with f"(x) =z 
and f™(y) = y. It is clear that f" (a) = x and f(y) = y. But if f(x) = f(y), 
then f”" (x) = f”™(y), hence « = y. Therefore, f is injective. 

Next, we will prove that the function is surjective. For each x, there exists 
néN with « = f"(x) = f(f"~'(x)), remember that f°(x) = x. 

Now, we will show that f is increasing or decreasing, which is highlighted in 
the following more general lemma, not just for the function in the example. 
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Lemma 6.5.7. If f : R — R ts continuous and bijective, then f is increasing in all 
R or f is decreasing in all R. 


Proof. Let us see that in every open interval the function is increasing or decreasing. 
Let a, b€ R with a < b. Since f is injective, then f(a) < f(b) or f(a) > f(b). 

If f(a) < f(b), we will prove that f is increasing in (a,b), consider x, y with 
a<a<y<ob. 

(a) It must happen that f(a) < f(x) < f(b), otherwise f(x) < f(a) or 
f(b) < f(x). In the first case, since f(x) < f(a) < f(b), by the intermediate value 
theorem there exists 71 € (x,b) with f(x) = f(a), which is a contradiction to the 
fact that f is injective. Similarly, if f(a) < f(b) < f(x), by the intermediate value 
theorem there exists x2 € (a,x) with f(xv2) = f(b) which is impossible, since f is 
injective. Thus, f(a) < f(x) < f(b). 


(b) Similarly, we have that for y with x < y < }, it follows that f(x) < 
f(y) < f(b). Therefore, f is increasing in (a,b). 


The case when f(a) > f(b) is similar, except that in this situation f will be 
decreasing. 


Let us come back to the example. We will show that if f is increasing, then 
f(x) = 2x for all x. In fact, if for some xo, we have that f (ao) 4 xo, then f (xo) > xo 
or f(a) < xo. But, since f is increasing we have that 


ato < f(xo) < f?(to) < +++ < f"(ao) <... 
or 
ty Si a) Pit Go), St eT aay as 


in any case, f” (x9) # Xo for every n > 1, which contradicts (6.11). 

But if f is decreasing, then f?(x) = x for all x, in fact, if f is decreasing, we 
have that f? is increasing and then f?(x) = x. 

Finally, we point out some properties that the function has: f?(a) = a, for 
all x € R, and it can be proved that the number n in (6.11) is 1 or 2. 


Exercise 6.27. Find the sum 
“ _1)\kpn n 
So (-1)*k ( i) 
k=0 
Exercise 6.28. Find all functions f : NU{0}—> NU {0} that satisfy 
F(F(F(m))) + FF (m)) + fl) = 3n, for alln €NU {0}. 
Exercise 6.29. Find all the continuous functions f : [0,1] > [0,1] that satisfy 
f(0) =0, f(1) =1 and f"(x) =2, for all x € (0,1) withn EN fired. 


Exercise 6.30. Find all the continuous functions f : RR — R such that there is a 
natural number n > 1 with f"(x) =—«, for alla ER. 


Chapter 7 


Sequences and Series 


7.1 Definition of sequence 


A sequence of numbers {a,,} can be thought of as a function f defined on the set 
of positive integers and whose images are a set of numbers A. This set can be: 
natural, integer, rational, real or complex numbers, that is, 


f: N ~A 


n +> f(n)=an. 


Sometimes it is useful to start the sequence with ap. We call every element a, of 
the sequence a term of the sequence. We can also think of a sequence as an infinite 
collection of ordered numbers. 


In the mathematical olympiad, the problems related to sequences are of dif- 
ferent kinds. In some of them it is asked to find specific terms of the sequence, 
in others to prove that the terms are related in some particular way or that they 
satisfy certain identities. Also, there are some problems that require one to find 
a closed formula of the nth term or to prove that the nth term satisfies some 
property. In the following examples, we present a variety of these situations, and 
in the next section we will give some properties and characteristics that will help 
us to achieve the goal we have just described. 


The set of points a,, with n = 1,2,..., is called the range of the sequence. The 
range of the sequence can be finite or infinite. 
Example 7.1.1. 
(a) For the sequence {an = i}, the range is infinite; 
(b) If {an = n?}, then this sequence has infinite range; 
(c) If {an =1+ cu" its range is infinite. 
) 


(d) The sequence {ay = (—1)"} has finite range. 
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In this first example, the sequences exhibit certain orders or patterns, but not 
all sequences are like these. In Chapter 2 we studied the arithmetic and geometric 
progressions, which are examples of sequences that have a pattern or a rule that 
can be given in an explicit way, but a sequence {a,,} such that a, is the nth digit 
in the decimal expression of 7 has no explicit rule. 


Let us analyze several examples to get more familiar with sequences. 


Example 7.1.2. The sequence ao, a1, a2, ..., 1s defined as ag = 0,a, = 1 and, for 
m>n>0, Amin +t@m—n = Som FO Find the value of ayooo- 


If n = 0, we have that 2a,, = Gomta0 then dam = 4am. If m = 1 and n= 0, 
a2 = 4a, = 4 = 27. If m= 2 and n = 1, then a3 +a, = “4b” = Aut — 19, 
hence a3 = 9 = 37. 

This suggests that a, = n?. We will use induction to prove this claim. In 
fact, it is only left to check the inductive step, 


dan +a, — 4an + a2 
2 7 2 
An41 = 2n? +2—(n—1)? =(n+1)?. 


An+1 + @Qn-1 = 


Thus, 41000 = 10007. 


Example 7.1.3. Define the sequence {a,} as a, = dg = 1 and, for n > 1, 
An+2 = An4+1Gn +1. Which elements of the sequence are even and which ones 
are multiples of 4? 


By induction we can prove that a, is a positive integer. If a,_; and an_2 are 
positive integers, then a, = Gn—1Gn-2 + 1 is also a positive integer. Let us see 
which terms are even. We have that a3 = aga; + 1 = 2 is even, but a4 and as are 
not even; since by definition each of them is the sum of an even number and 1, 
then a4 and as are odd. However, ag is even and the formula for a7 and ag, tell us 
both are odd. Then, the sequence modulo 2 is 1, 1, 0, 1, 1, 0, .... The recursive 
relation Gn42 = Gn41@, +1 generates an odd number if one of the factors is even, 
and an even number if both factors are odd. Then, the terms of the form a3, are 
even. 

If now we consider the sequence modulo 4, we see that it is given by 1, 1, 
2, 3, 3, 2, 3, 3, ...; after the third term in the sequence, the numbers 2, 3, 3 are 
repeated, which shows that there are no multiples of 4. 


Example 7.1.4. The sequence {a,} is defined by ay = ag = a3 = 1 and, for n> 3, 


1+anan— : ; 
by Gn41 = aa Then every element of the sequence is an integer. 


Observe that for n > 3, the elements of the sequence satisfy a@n41@n-2 = 
1+4@nan_-1, therefore an42dn—-1 = 14+ Gn41dn. 
Subtracting the first equation from the second, we get 


An+2An—1 — An4+14n—2 = Gn4+14An — Anan—-1- 
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After factoring and rearranging the terms, we obtain 


(An+2 + Gn )An—1 = (an + An—2)On+41 
An+2 + an _ an + An-—2 


An+1 An-1 


If we define 6, = “t=. it follows that by42 = bn. That is, it happens that the 
Gn—1 ate 


even terms of {b,,} are all equal and the odd terms are also equal to each other. 
Then, since 


1+a3a2 141 
aoe + ag +41 
ge SE oe are Ge ees ee 
ag ay, at 1 
we have that 
3dn-1—An_-2, if n is even 
a. = 
. 2an-1—Qn—2, if n is odd. 
By induction, we can conclude that a, is an integer number. 
Example 7.1.5. The sequence {an} defined by ay = 1 and any1 = a? + Qn, for 


n> 1, satisfies that for any n aia os <1. 


— 
? I+ayz 


Since dn41 = ae + an, it follows that —— 1 which is 


pe oa al 2 ee al 
Gn+1  @n(G@n+l1) ~ an an+1? 


equivalent to aT = > = a Adding, we obtain 
ea tt 1 1 1 1 
yy ea et a7 a 
1+a; ay a2 Qn Anti An41 


j=l 
Exercise 7.1 (Croatia, 2009). The sequence {a,,} is defined by 
a,=1, a2=3, Gn =Gn-1+4n-2, forn> 3. 
Prove that an < (Z)", for all n. 
Exercise 7.2 (Croatia, 2009). The sequence {a,,} is defined by 
a, =1, Gn =3en-1+2" 1, forn>2. 
Find a formula for the general term a, in terms of n. 
Exercise 7.3. The sequence {a,} is defined by 
a, =1 and any, =1+ajag...an, forn>1. 


Prove that for alin >1,++---+4 <2. 
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Exercise 7.4. The sequence {ay} is defined by 


2 
atl 
a,=a2=1 and anyi=— , for n>2. 
a 


Prove that every term of the sequence is a positive integer. 


Exercise 7.5 (MEMO, 2008). Let {an} be a sequence of positive integers such that 
Gn < Qn41 forn > 1. Suppose that for all 4-tuples (i,j,k,1) of indices, such that 
1l<i<jg<k<landi+l=j+k, it follows that a; +a, > aj + az. Find the 
smallest possible value of a2oos.- 


Exercise 7.6 (China, 2008). A sequence of real numbers {a,} is defined by aj # 


0,1, a, =1—ao and any, =1-—an(1—ay), forn =1,2,.... Prove that for each 
positive integer n, 
1 1 1 
(doa1... Qn) —+—4..-4—]J= 
ao ay An 


Exercise 7.7. Let {x} and {yn} be sequences defined by the equations 
In4+1 = x — 3%, and Yn41= y> — 3Yn. 
If x2 = yo + 2, prove that x2 = yn +2, for all n. 
Exercise 7.8. The sequence {ay} is defined by 
ay =1, a2 = 12, ag = 20 and anz3 = 2an42+ 2an41—Gn, for n> 1. 


Prove that 1+ 4ay,an+41 is a perfect square, forn > 1. 


7.2 Properties of sequences 


In this section we study some properties of the sequences that are useful to find 
specific relations among terms of the sequences, find closed formulas, etc. 


7.2.1 Bounded sequences 


We say that a sequence {a,,} is bounded if there exist K > 0 such that |a,| < K, 
for alln € N. That is, we say that a sequence is bounded if its range is bounded. 

For instance, it is clear that the sequences {a, = +} and {an = (—1)”} are 
bounded by 1. However, there are sequences for which the bound has to be found. 


The most important example of a sequence that is not bounded is the fol- 
lowing. 
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Example 7.2.1. The sequence {a, = n} is not bounded, since the set of natural 
numbers is not bounded. 


Suppose that N is bounded above. Then, there exists M > Osuchthatn< M, 
for all n € N. Take | M| the greatest integer less than or equal than M, then the 
integer | M|-+ 1 satisfies that it is a positive integer with M < |M]|+1, hence MW 
is not an upper bound for N, which is a contradiction. 

Example 7.2.2. The sequence {an} given by 0 < ap < a9 +a) < 1 and 


an —1 


An+1 + =0, forn>1, 
n—1 


is a bounded sequence. 
Let us find a few terms of the sequence: 
_l-a _ agta,—1 _ 1l-apo 


ag = » a= >» a4= >» 45 =a0, 46 = a4). 
ao aga, ay 


Therefore, we see that the terms of the sequence are repeated every five terms, 
then it is bounded. 


In the last example, we can observe that the term as is equal to the term 
do, and in general we have that an45 = dn, for all n € N. The sequences with this 
property have a special name, which will be studied next. 


7.2.2 Periodic sequences 


A sequence {a} is periodic, with period p > 1, if it satisfies that an4) = an, for 
alln EN. 

If a sequence is periodic with period p, then we can find all the values of the 
sequence if we know the values of the first p terms of the sequence. Actually, if 
{a,,} is a sequence with period p and n is a positive integer, by Euclid’s algorithm, 
we can express n asn = pqg+r, with 0 < r < p. Then a, = a, if r £ 0, and 
Gn = Mp if r = 0. Also, observe that every periodic sequence is bounded, moreover, 
the sequences with finite rank are clearly bounded. 


Example 7.2.3. The sequence {a,} is defined by an42 = te Find the value of 
@2013- 


We analyze the first terms of the sequence 


1+ 
1l+a2 1+a3 1+ _ lt+a,+a2 
a3 = » a= = ——_ = — 
ay a2 a2 a1a2 
lt+a,;+a 
l+a,g 14+7R5" (l+a)+a) lta 
6 SS SSS = OSS Le SSS 
a3 Lhae a 1a2(1+a2) ag iy 
1 al 
1 1l+a,z 
1l+as + a2 _ l+dag¢ l+a, 
06 = Tita 8 OT = = a = 2 
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Then, the sequence is periodic with period 5, that is, dn45 = Gy for all n. Therefore, 


= — ita 
42013 = 43 = — 


In some of the examples we have seen so far, we can notice that in order to 
define the general term of a sequence it is necessary to know some of the previous 
terms. We will come to this in the following section. 


7.2.3 Recursive or recurrent sequences 


Some of the sequences we have thus far studied satisfy the condition that the term 
Gn+41 is a function of some of the previous terms, that is, Qn4i1 = f(ai,.--,@n). 
Sequences of this sort are known as recurrent sequences or recursive sequences. 
More precisely, we will say that {a,,} satisfies the recursive equation 


Aan+1 = f(ai,...,@n), (7.1) 
if for every n, the terms of {a,,} satisfy the last identity. Note that the function f 
is not the same for each n, for instance, if f(a1,...,@n) = a1 + dg +++: + an we 


have that ag = f(a1) = a1, a3 = f(a1,a2) =a1 +a, .... 

The simplest examples of recursive sequences are the arithmetic progressions 
Gn = a, + (n—1)d that satisfy the recurrent equation a,41 = a, + d and the 
geometric progressions a, = r”~'ay1, that solve the recurrent equation an41 = ran. 


Example 7.2.4. A sequence that generalizes the arithmetic and geometric progres- 
sions is the sequence that solves the recursive equation, Gn4+1 = TnAn + dn, where 
{rn} and {d,} are sequences independent of the terms ay. Let us find a closed 
formula for an. 


It is evident that if for every integer n the equality a, = Tn—1dn—1 + dn-1 
holds, then 


An = Tn-1An-1 + dn—1 


Tn-14n—-1 = Tn-1Tn—2An-2 + Tn 1dn 2 


Tn—-1%n-24n—-2 = Tn-11 n—-2Tn—3An—-3 + Tn-1T n 2dn 3 


Ty—109 + T242 =Tn—1°° T2711 + Tn-1 ++ T2dh. 
After adding and canceling terms, we get that 


n—2 


Qn = (Tr-1°+ +71) a1 + a 75410; + dn-1. 
j=l 


In particular, for a@n41 = ran +d, it follows that a, = r”~!ay+(1+r+:--+r"~?)d. 


In Example (3.1.4) of the Hanoi’s towers, we notice that the number of nec- 
essary movements h, to move n disks from one stick to another, satisfies the 
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recursive formula hy+, = 2h, +1. This formula confirms the value that we found 
for hy, because it implies that, 


hin = 2°") hy +L $2 42+. +2" 74)-1 227-7 427-1 - 150" -1, 


We say that {a,,} is a recurrent linear sequence of order k > 1, if it satisfies 
the recursive equation 


Antk = C1An+k-1 + C2An+k—2 eee Chan, 
where c1,...,Cz are constant numbers. 


For instance, the Fibonacci sequence {f,,}, defined as the sequence that sat- 
isfies the Fibonacci recursion formula fn41 = fri + fn, with fi = fe = 1, is 
a recurrent linear sequence of order 2. A geometric progression is a recurrent 
linear sequence of order 1, since a@n41 = ran, and these sequences are the only 
ones of order 1, where r can be any number. An arithmetic progression satisfies 
Qn+1 = Gn +d, which is not a linear recursion because of the constant term d. 
However, since an42 = Gn4i1 +d, it follows that an42 —- @n41 = Gn+1 — An, SO 
that Qn42 = 2an41 — Gy. Thus the arithmetic progressions are recurrent linear 
sequences of order 2. 


Our next objective is to solve the linear recursions of second order, that is, 
we want to recognize the sequences that satisfy the recursive equation 


An42 = ban41 + Can, (7.2) 
where b and ¢ are fixed constants. 


For instance, the recursive equation an41; = 5a; — 6an—1 is solved by the 
sequences {2”} and {3"}, which shows that there is not always only one sequence 
that solves the equation. Moreover, if {a,} and {bp} are sequences that solve 
a recursive linear equation, then also {Aa,, + Bb,} solves the equation, for any 
numbers A and B. Hence there could be several sequences solving equation (7.2). 

However, if we have that the first two terms of each of two sequences that 
solve a linear recursion of order 2 are equal, then the two solutions coincide. This 
follows because, if the first two terms of each solution coincide, then the third 
terms coincide too and, by induction, all the terms of the two sequences coincide. 
An application of this remark can be found in the following example. 


Example 7.2.5. If {f,} is the Fibonacci sequence, then fnin = fmfn—-1tfm+ifn; 
form => 0 andn > 1, where fo = 0. 


Define the sequences @m = fm+tn and bm = fmfn—1+ fm+ifn, for m > 0 and 
with n > 1 fixed. It is easy to show that a,, and b,,, satisfy the Fibonacci recursion 
formula. For instance, @m+42 = fm+2in = fmtitn + fmtn = @m4+1 + Am and 

bm+2 = fmt2fn—-1 + fmt3dn ca (fm+i1 ale Fim) fn-1 + (fm+2 oe Fm+i) Fn 
= (fm+ifn—1 + Tinandn) + (fmfn—1 + Tieden) = bin-+1 + by: 
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On the other hand, ap = fn, a1 = frti, bo = fo fn-1 + fifn = fn and b) = 
fifn—1 + fofn = fa-1 + fn = fn41-. Since both sequences satisfy the same linear 
recurrence of order 2 and coincide in the first two terms, we have that the sequences 
are equal. Therefore the identity holds. 


Let us go back to see how to solve the linear recursions of order 2. Following 
the idea that the linear recursions of order 1 are solved by sequences of the form 
Gn = AX", let us see what a sequence of the form {a, = AX"} should satisfy in 
order to be a solution of (7.2). Substituting in equation (7.2), we get 


AN"+2 = BAH 4 CAN”. 


If A = 0, it is clear that the constant sequence a, = 0 satisfies (7.2). If A 4 0, we 
can cancel A and after factoring we get \” (2 —br\- c) = 0. 


Now, if for some integer n we have that A” = 0, that is, AX = 0 and, therefore 
Gn = 0, which we know solves the equation. Now, suppose A 4 0, hence 


dM —brA-—c = 0, (7.3) 


so that \ = pie are the only possible values if the solution is of the form 
An = AX”. 

Equation (7.3) is known as the characteristic equation of the recursion for- 
mula (7.2) and the polynomial on the left is known as the characteristic polyno- 
mial. To conclude we analyze two cases. The first corresponding to the roots of 
the characteristic equation being different and then the case when they are equal. 


Case A. \; and 2 are the solutions of equation (7.3), with \1 4 Ae. 


In this case, we notice that a, = AX} + BAY solves equation (7.2). Now, let 
us see that, if {b, } is a sequence that satisfies the equation, then b, = AAT + BAY 
for some numbers A and B. 


For this, we know that it is enough to see that a9 = bo and a, = b;. Then 
we have to solve 


a =A+B 
a, = A\, + Boo. 


But this system of two equations with two unknowns can be solved in a unique 
way for A and B. In fact, 


agrAg — ay, aud B- ay — A1a09 


A= 
A2—- At A2— Ar’ 


and this is the only solution of the system when Az — A; # 0. 
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Case B. The roots of the characteristic polynomial A; and A> coincide. 

In this case a, = AA} + BAF is not a general solution anymore, since a, = 
(A+ B)Az, and it is not always possible to choose A and B such that A+ B = ag 
and (A+ B)\; = ay. 

However, there is another solution of the recursion formula different from A7; 
this happens to be sequence b, = (n + 1)A}. In order to see that this sequence 
satisfies the recursion, first note that if 4; = Az are the roots of A* — bA—c = 0, 
by Vieta, b = 2A, and c = —A?. Then, the recursion is 


an+2 = 2A1An41 am Aron 
and we can verify that 
(n+ 3)APT? = 2 (n + 2)ARtT — (n+ DAT, 
which proves that b,, = (n+ 1)A? solves the recursion formula. 


Now, the two known solutions b,, = A? and cy = (n+1)AP generate the gen- 
eral solution a, = AX} + (n+1)BAY. In this case the initial conditions determine 
A and B, that is, there is only one pair of numbers A and B with 


ao =A+B 
ay= (A+ 2B)A1. 


Actually, A = a ae and B = co Cae Then, in this case, the solution with 
initial conditions is unique. 
We can summarize both cases in the following result. 


Theorem 7.2.6. 


(a) If the roots of the equation \7 —b’\—c = 0 are different (b? +4c 4 0), then all 
the solutions Qn+2 = ban41 + Cn, of the recursion formula are of the form 


Gn = AX” + BX, 


where A and B are any real numbers. 
(b) If the equation \7 — b\—c=0 has only one double real root equal to X = g 
then all solutions of the recursion are of the form 


Qn = (A+ (n+1)B)X", 


where A and B are any real numbers. 

(c) If ag and ay are given numbers, then A and B are determined by aj = A+B 
and a, = Ad, + Bz in case (a), and by ag = A+ B and ay = (A+2B)X in 
case (b). 


For instance, the recursion %pj42 = 2%n+1 — Xn, has characteristic polynomial 
\? — 2 +1, with \ = 1 as the only root. Then, the solutions are of the form 
Ln = (c+ dn)1” = c+dn, something we already know as arithmetic progressions. 
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Example 7.2.7. Find the solutions of the Fibonacci recursion, fo = 0, fi = 1 and 
fn+2 = fntit fn, forn > 0. 


The characteristic equation is given by \? — \ — 1 = 0 and its roots are 


Ay, AQ = 1tvE which are different. Then, the solutions of the recursion are of the 
form f, = AAP + BAS = A (454) +B (454) . Because the first terms are 


fo =0 and f; = 1, then A= F = —B. Hence the Fibonacci numbers f,, are 


als) -(54)] 


Example 7.2.8. Find the solutions of the recursion defined by ag = 0, a, = sina 
and Gn42 = 2COSQ-An41 — Qn, forn>0 anda nn. 


The characteristic polynomial of the given recursion is A? — 2cosa\+1=0, 
which has solutions 


2cosa + V4cos2 a — 4 _ 
Ay, A2 = = ee aS =cosatisina. 


Hence, the solutions of the recursion are of the form a, = AA} + BAZ. From the 
initial conditions we obtain that ag = A+B = 0 and a, = A\,+BaAg = sina. From 
the first equation we have that B = —A, so that A(\; — A2) = A(2i sina) = sina, 
and then, using the fact that sina 4 0, A = x Therefore, 


Gn = — {(cosa+isina)” — (cosa —isina)”} 


24 
1 ar bof 

= —(cosna +isinna — cosna + isinna) 

=sinna. 


Example 7.2.9. Analyze the non-linear recurrent equation an41 = a2, — 2. 


It is clear that if ag = a+ 4, then an = a” +a? solves the recurrence, 
. n ee) 
since a2 — 2 = (a? +a-?")" -2 =a 


= ao +1/az—4 
2 


n+1 n+1 
ee tp an" = anys. If |ao| > 2, then 


satisfies ag = a+ 1, if |a9| < 2, so that we can take ap = 2cos0, 
 — cos +isind. 


and therefore a = e 


7.2.4 Monotone sequences 


A sequence {a,,} of real numbers is monotone increasing if 
Qn <Gn41, forall nEN. 


The sequence is increasing if a, < an+41, for alln EN. 


7.2 Properties of sequences 125 


Similarly, we say that a sequence {a,,} of real numbers is monotone decreasing if 
Qn >Gn41, forall nEN. 


The sequence is decreasing if a, > dn+41, for alln EN. 
Example 7.2.10. 


(a) Any arithmetic progression with difference d > 0 is an increasing sequence. 
(b) Any geometric sequence with a; > 0 is monotone increasing if r > 1. 


In (a), if {a,,} is the arithmetic progression with difference d, then an41—a@n = 
d > 0, where clearly an < an41. 

In (b), if {a,,} is a geometric progression with ratio r > 1, then is clear that 
An+1 =TAn = An. 


Example 7.2.11. The sequence defined by 0 < a, < s and Gn41 = 2a,(1 — an) is 
increasing. 


In order to see that it is increasing, we will need to show that 0 < a, and 
1< &* = 2(1-a,), that is, 0 < an < § for all n. 

Let us proceed by induction. First note that if 0 < an < 3, then a@n41 = 
2an(1—an) > 0. Now using the geometric mean and the arithmetic mean inequal- 
ity, we have that 


1 
5° 


Qn +1— ay a 
2 


Gn41 = 2a,(1 — an) < 2 ( 


The inequality is strict since the equality holds when a, = 1— an = s, which is 
not the case in the previous expression. 


7.2.5 Totally complete sequences 


A sequence {a,,} of positive integers is called totally complete if every positive 
integer can be expressed as a sum of one or more different terms of the sequence. 

Clearly the sequence of positive integers {1,2,3,...,n,...} is totally com- 
plete. 


Example 7.2.12. The sequence of powers of 2, {2°,2',27,...,2",...} is totally 
complete. 


We will give a proof using strong induction. The basis cases are evident, since 
1 = 2° and 2 = 2!. Suppose that any integer less than n can be written as a sum 
of different powers of 2. Let 2” be the greatest power of 2 that is less than or equal 
to n, then 2” <n < 2+! Set d=n—2™, which is clearly less than or equal to 
n, and also less than 2™ (n < 2’"t! implies that n — 2” < 2™). By the induction 
hypothesis, d can be expressed as the sum of different powers of 2 and, since d is 
less than 2”, this power is not included in the representation of d. Adding 2” to 
the representation of d we get the representation of n. 
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Proposition 7.2.13. A sequence of positive integers {a,} that satisfies aj = 1 and 
Qngi1 <Lt+ajt+agt+-:++@n, for alln =1,2,..., 


is totally complete. 


Proof. We will show, using induction on n, that every integer k less than or equal 
to ay + a2 +--+ an, is the sum of different terms of {a1, ao, .., an}. 

If n = 1, the only k < ay = 1 isk =1 and clearly k =a, = 1. 

If n = 2, the numbers & to consider are the ones that satisfy k < ag < 1+a},. Since 
ag <1+ a, = 2, it follows that aj = 1 or 2. Ifag =1,k =1 or 2, then k =1= a4 
and k = 2 =a; + a». If ag = 2, k = 1, 2 or 3, then k= 1 = a1, k = 2 = ag and 
k=3=a, +4. 

For the inductive step, suppose the statement true for n and let us prove it for 
n+ 1. Consider a positive integer k that satisfies k < ay +---+an+4n41. If kh < 
a, +---+4@n, by the induction hypothesis, such k is the sum of different elements of 
{a1, @2,...,@n}. Suppose then that 1+-a,+---+a, <k < ay+-+:+a@,+4@n41. Then, 
since Gn41 < 1+a,+ag+--+-:+4n, it follows that any, < k < ay+---+an+4n41, 
hence 0 < kK—an41 < ay +---+an. Now, if k—ayn+41 = 0 the proof is finished, and 
if0 < kK—adna1 < a1 +--+++4n, then, by the induction hypothesis, k — a,4+1 is the 
sum of different elements of the set {a1,@2,...,@n}. Adding a,+1, we have that k 
is the sum of different elements of {a1,...,@n,@n+1}, aS we wanted to prove. 


Example 7.2.14. The Fibonacci sequence 1, 1, 2, 3,5, ..., fn, ... is totally com- 
plete. 


By the last proposition, it is enough to see that fn41 <1+ fi + fot---+ fn, for 
every n > 1. For n = 1, it is clear since 1 = fo < 14+ f, = 2. For n = 2, the result 
follows because 2 = f3 < 1+ fi + fo = 3. For n > 3, it is enough to show that 
14 fit fot---+fn- fnti > 0. But since fr4i = fn—1+ fn, it follows for n > 3 
that 


14 fit fot -tfn- fn4r =1t fi + fote-+ t+ fn -— fn-1 + fr) 
Sch fi fark ete fnne 20: 


7.2.6 Convergent sequences 


A sequence {a,,} converges to or has limit a if for all « > 0 there exists a natural 
number N such that, for all n > N, it follows that |a, — a| < ¢. This can be 
written as, 


YVe>0, IN EN such that, Vn > N, |an —al <e. 


We say that a is the limit of the sequence and write limn_.. an = a. 
A sequence diverges if it does not converge to any point a. 
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Example 7.2.15. The sequence {a, = +} converges to 0. 


Given € > 0 we would ahs to show the existence of N € N such that, for 
all n > N, it implies that 0 < = < «. But ifn > N, then i< < x, therefore it is 
enough to show the existence of N with x <e. If such N does not exist, that is 
if a >e, then N < 4 for all N € N. This is a contradiction, because the natural 
numbers are not bounded. 

Example 7.2.16. The sequence {a, = a"} converges to 0 if |a| < 1. 

If ja] < 1, then ta > 1, hence Tal - ce ee > 0. Thus, (1 + p)” = 

l+np+ nin=1) Yn? +... > np, and ey = Choose N € N such that if 


7 cm S = ap 


n>N, fear = < pe, so that jal” = ai <= or <. Thus {a"} converges to 0. 


7.2.7 Subsequences 


Given a sequence {a,,}, consider a sequence {n,} of positive integers, such that 
ny < ng <3 < +--+. The sequence {a,,} is called a subsequence of {a,,}. Note 
that given a sequence, we can obtain an infinite number of subsequences from it. 


Example 7.2.17. The sequence {ay} defined by 


i, if nis even, 
an = 2 > ' 
n°, if nis odd, 


has subsequences that are convergent, not convergent, bounded, not bounded, in- 
creasing and decreasing. 


First note that the sequence is not convergent, and neither bounded nor monotone, 
but we can find the following subsequences: 


(a) If we take {a2}, the sequence is convergent, decreasing and bounded, since 
the terms are given by > for alln EN. 

(b) If we take {a2,_1}, the sequence is not convergent, increasing and not bound- 
ed, since the terms are given by (2n — 1)”, for alln EN. 


Exercise 7.9. Prove that the sequence {an} defined by ag = 0 and for n > 0, 
An+1 = V44 3an, is a bounded sequence. 


Exercise 7.10. A sequence {a,} is defined by 


1 
a=1, Gn4i =On+ 7, forn>1. 
an 


Determine if the sequence is bounded or not and prove that agooo > 30. 


Exercise 7.11. The terms of the sequence {an} are positive and a2,, = an +1, 
for all n. Prove that the sequence contains at least one irrational number. 
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Exercise 7.12. Find, in each case, the solutions of the recursive equation of degree 
3, On43 = 3dn42 — 3dn41 + Gn, Uf: 

(i) a, =a. =a3 = 1. 

(ii) ay 1, a2 2, a3 3. 

(iii) ay, 1, a2 4, a3 9. 


Exercise 7.13. The positive integers a1, a2, ..., are bounded and form a sequence 
that satisfies the following condition: ifm and n are positive integers, then amt+an 
is divisible by dm+n. Prove that the sequence is periodic after some terms. 


Exercise 7.14. Prove that a, = n!, the number of permutations of n elements, 
and d,, the number of permutations of n elements without fixed points, satisfy the 
recursive equation n41 = (Ln +2n-1). Why is an # dy for all n? 

Note: a permutation without fixed points is called a derangement. 


Exercise 7.15. 


(i) Use the recursive formula for the number of derangements of a set of n ele- 
ments, given by d, = (n—1)(dn—-1+dn_2), to prove that d, = nd,—1+(—1)”. 
(ii) Use Example 7.2.4 to justify the formula 


aa (: 3 ar | 3 pas oo. 


Exercise 7.16. Lucas’ numbers are defined by the recurrence L1 = 1, Lz =3 and 
Dng1 = In + En-1, for n> 2. Prove that 


Se) 


Exercise 7.17. Solve the recursive equation bn4, = te. forn =0,1,2,..., where 
bo is a fired positive number. 


at 


l-a,’ 


Exercise 7.18. Prove that the sequence defined by ag =a #1 and any, = 
is periodic. 


Exercise 7.19. Solve the recursive equation an4+1 = 4— +. Prove that ap, converges 
to 2. 


Exercise 7.20. Prove that a sequence {a,,} that satisfies ay = 1 and an4i < 2an, 
for n = 1, is totally complete. 


Exercise 7.21. Prove that the sequence {1,2,3,5,7,11,13,...} of all prime num- 
bers and the number 1, is totally complete. 
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Exercise 7.22. Two brothers inherit n golden pieces with total weight 2n. Each 
piece has an integer weight and the heaviest of all the pieces does not weigh more 
than all the others together. Prove that if n is even, then the brothers can divide 
the golden pieces into two parts with equal weight. 


Exercise 7.23 (Romania, 2009). A sequence {ay} is defined by 


1 
a, =2, Gn41=1/Qnt+—-, forn>1. 
n 


Prove that the limit of the sequence exists and is 1. 


7.3 Series 


Given a sequence {a,,}, to denote the sum ap + dp41 +--+: + aq with p < q, we use 
the notation 
q 
a 
n=p 


To a sequence {a,,} we associate the sequence {s,,}, called the sequence of partial 


sums, given by 
n 
Sn = ) Qk. 
k=1 


The infinite sum a, + a2 + a3 +--- can be written in short form as 
fore) N 
) Qn = lim Qn = lim sn. 
" N-+00 o N-oo 
n=1 n=1 


This last expression is called infinite series or, more simply, series. If {s,,} converges 
to s, we say that the series converges to s and we write 


co 
sees 
n=1 
The number s is called the sum of the series. 
We say that the series diverges if {s,,} diverges. 
Example 7.3.1. Find the sum 


— 1 
Day: 


n=1 
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The partial sum is 


Bit ee a Ge ee) ae ee er 
- 2 2 3) ° "\n ntl) nel 
Since {7} — 0, when n — ov, then {s,} — 1. Thus 


ies 1 
—— = 1. 
>>) n(n + 1) 


Exercise 7.24. If {a,} is an arithmetic progression with difference d # 0, prove 
that: 


@ Y= (4-—). 


i=0 Gi * Qi4+1 d 


CS eee (—_-__). 


i=0 Gi * Gi41 * Ai+2 2d \ao- ay Gn+1 ° n+2 


i (iv) 


i=0 Gi * Gi+1 dag i=0 Gi * Gi41 * Ai+2 2d-ao- a1 


Exercise 7.25. Let f, be the Fibonacci sequence (f1 = 1, fo=1, fn4i = fnt+fn-1)- 
Find the sum of the following series: 


) n=2 fa—-1fin41 ( ) py fein. 


Exercise 7.26. The Koch snowflake is obtained by means of the following process: 


(i) In step 0, the curve is an equilateral triangle of side 1. 

(ii) In step n+1, the curve is obtained from the curve in step n, dividing each 
one of the sides in 3 equal parts, and constructing externally in the middle 
part of the divided side, an equilateral triangle erasing the side in which it 
was constructed. In the following diagram steps 0 and 1 are shown. 


If Py, and Ay, are the perimeter and the area, respectively, of the curve of step n, 


find: 
(i) Pr (ii) An (iii) lim P, (iv) lim Ap. 
noo 


n—->co 
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Co 
Exercise 7.27. Consider the harmonic progression {i}. The series )~ + is known 
n=1 


as the harmonic series. 


; 1 
(i) Prove that forn > 1, at  omere toe > 5: 
1 1 1 
(ii) Prove that forn > 2, —+ ee ea 
n nti n? 
1 1 1 3 
(iii) Prove that for n > 2, ——+—+4+ See 
n-l n n+l n 


(iv) Use any of the previous inequalities to conclude that the harmonic series is 
divergent. 


7.3.1 Power series 


The following expression is known as formal power series in the variable x with 
center at zero, 


f(z) = a9 + ae +agn7? +--+ ana +---, (7.4) 


where ag, @1,@2,... is an arbitrary sequence of numbers. The power series can be 
written as 


f(x) = a Anx”. 
n=0 


Let us see some examples of how to calculate these series. 


Example 7.3.2. The sum of the geometric series is given by 


=e a 
n=0 " 


Consider the partial sum 


Sn =~at+ax+anr?+---+ ax" 
=a(lt+a+---+2") 
he grtt 
= ca _ ) | 
n+1 
Then, limn_soo 8p = limy soo Lites Y 7+, since’® |a| < 1. Therefore 


co ni _a 
Din=o OF ~ =a" 


16See Example 7.2.16. 
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Example 7.3.3. The following series, known as the derivative series of the geomet- 
ric series, converges to the given value 


1 
n-1 _ 
ae = G—zy’ for |z| a I 


Consider the partial sum 37/9 ka® = +22? +323 +---+nzx”. This partial 
sum is the sum of the following partial sums: 


1-2" 
Botta +. +a"=2/ =) 


tate +a" =x 


(i 
froenee (SEP) 


Adding these sums, we get 


+20? +303 4---+na" == 


& a(l—-a") nex (7.5) 


The value of the infinite sum is 


x(1 — 2”) nett) x ne 


co 
ne” = lim {( ——+ —- ——_ ———_ 
s noo \ (1-2)? 1-2 (1— 2)?’ 
n=1 
since z"*! and nx"! go to zero as n — 00, because |x| < 1. Therefore, canceling 
one x on both sides, we have the desired equality. 


Example 7.3.4. The sum of the following series is given by 


S > n(n- la” = aa for |x| <1. 


n=0 
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Consider the partial sum 
k(k — 1)a* = 20743-2909 4+4-3¢4+---+n(n—-1)2" 


Sn = 
k=0 
= 20 (0432? 42-809 +--+ 5 


We can write the factor in parentheses as 


-1 
e+ 30? + 62% 4... + A DS seo Bia ak a ae 
Oe? 943 fence Der! 
+302 +---4+ 3a"! 


[x + Qe7 +--+» +(n—1)2"—1] — [a + 227 +--+ + (n—-1)2”| 
l-«2 : 


7 


By equation (7.5) and the Gauss sum!”, we have that this sum is equal to 


a(1—#"71) (n—1)a2” n { n(n—1) 
[Stee Seer] | (“")] 


ie (7.7) 
Therefore the value of the series is 
6 x(1—a”"~1) (n—1)x” n { n(n—1) 
Son(n = 1)2" = lim 2 [Acca esr] - (A) at 
n(n — 1L)e” = lim 2a | =A = ] = —_., 
a= n—+00 l-« (1-2) 


7.3.2 Abel’s summation formula 


The sums calculated in some of the previous examples in this section can be 
simplified using what is known as the Abel’s summation formula. 


Let a1, a2, ..-, Gn and by, bg, ..., by be two finite sequences of numbers. 
Then 
n n—-1 
So asbi = So (ai = ai41)(b1 a a b;) + An (b1 + bg Se bn); 
i=l i=l 


which can be proved simplifying the right-hand side of the identity. 


17See Section 2.1. 
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Example 7.3.5. Using the Abel’s summation formula, find the value of the sum 
Dee kg", forg #1. 
Using the Abel’s summation formula, we obtain that 


n—-1 


Sr kght = ST k- (+I +t tah) tL tate te) 
k=1 


k= 
7 ng” q” a 
g= 1 - (ge 
Example 7.3.6 (Rearrangement inequality). If a; < ag <--: <a, and bi < by < 
- < by are two collections of real numbers in increasing order and (bi, b5,...,5;,) 
is a permutation of (b1, b2,...,bn), then it follows that 


ayby + abe fee Hp Anvn > a,b + ab), feeet Anbi,. 


Apply the Abel’s summation formula to the difference of the sums 


w=1 j=l g=l j=l j=l 
n—-1 a a 
. » / 
= (a; = Qi+1) b; = by > 0, 
i=1 j=l j=l 
since for every i=1,...,n —1, a; < aj41 and ei b; < ya bi 


Exercise 7.28. Find, using Abel’s summation formula, the value of the sum 
n 
NS kq*-1, with q# 1. 
k=1 
Exercise 7.29. Prove that the following series converges to the given value: 


a2 


x 
Yo nten = Gop t Gop for || <1. 
Exercise 7.30. Find the sum of the following series: 


OB) Ws |e Ge eS 


n=0 n=1 


SIs 
= 
M8 
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7.4 Convergence of sequences and series x 


In this section, we shall present the proofs of the convergence theorems and their 
properties. However, you can continue reading the book without studying this 
section. 


Remember that a sequence {a,,} converges to or has a limit a if 


YVe>0, IN e€Nsuch that Vn>N => |an,—-al <e. 


If a is the limit of the sequence, we write lim, dy, = a or briefly an — a. 
If for any a € R the sequence {a,} does not converge to a, we will say that the 
sequence diverges. 


Theorem 7.4.1. If a sequence {a,} converges to ay and to ag, then a, = ag. That 
is, the limit is unique. 


Proof. If a; # az, take € = 4|a, — ag| > 0. Since {a,} converges to a; and to ag, 
there exist N, and No € N such that 


lan —ai|<e, ifn > MN, and la, —ag|<e, ifn > No. 
For n > N = max(Nj, No), it follows that 


|ay — dg| < lay — ay| + |a2 — a,| < 2€ = Jar — agl, 


which is a contradiction. Hence, a, = a2. 


Next we present some properties of limits of sequences. 


Theorem 7.4.2. If limp oo An = @, liMp+o bn = b and a is any real number, then: 


(a) lim (an + bn) =at+b. 
(b) lim aan = aa. 
noo 
(c) lim a,b, = ab 
noo 
(d) Ifb 40, then for b, £0 and n large enough it happens that 
i 1 _ 1 : An a 
msg. 1. eee bee 


Proof. We will prove only parts (a) and (d); the rest is left as an exercise for the 
reader. 
(a) Since limp+o @n = a and limy-o bn = b, then there exist Ni, No € N such 
that 

la, —al < = forn > N, and |b, —b| < =) for n > No. 


If N = max(N, No), then for n > N it follows that 


lan + bn — (4+ 8)| < lan — a + [dn — 8] < 
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(d) Since b 4 0, it follows that IL > 0. Since b,, — 6, there exists N, € N such 
that, for all n > Nj, |bn — b| < YI, then |b] — |bn| < [bn — | < # and |b,| > 


Hence Tal < a for alln > Nj. 


2 
Let € > 0, since b, — b, considering us = there exists N > Nj, such that, for 
[b|? 


all n > N, |bn — b| < 4;e. Hence, for alln > N, 


1 1 bn — b| — 2|b, — 6 
--7- genet Ls 
bn] |B [n| |0| 
Observations 7.4.3. 
(a) If {an} converges to a, then any open interval that contains the number a has 
an infinite number of terms of the sequence. Moreover, outside this interval 


there are only a finite number of terms of the sequence. 
(b) If an converges to a, then the sequence is bounded. 


Part (a) follows since there exists « > 0, with I = (a—e,a+e), contained in 
the open interval, but in J there are an infinite number of terms of {a, }. 

In order to prove (b), observe that the interval (a — €,a +) contains all the 
terms a, with n > N for some N, then |a,| < |a| +. Therefore, if we define 
K = max{|a| + €,/ai|,...,|a@n|}, it is clear that AK is a bound for the sequence, 
that is, |a,| < K for alln EN. 


Theorem 7.4.4. Let {an}, {bn} and {cy} be three sequences of real numbers. Sup- 
pose that there is N € N such that, for alln EN withn > N, an < bn < Cy holds. 
If {an} and {cn} converge to the same limit a, then {by} converges to a. 


Proof. Let € > 0, by hypothesis there exist Ni, No € N such that: 
la, —a|<e, forn>N, and |c,—a|<e, foralln> No. 
If No = max(N, Ni, No), then for all n > No, it follows that 


€< Gn —-A<bn-A<G-—AaK<e, 


which implies that |b, — a] < €, that is, {b,} converges to a. 


Theorem 7.4.5. A sequence {a,} converges to a if and only if any subsequence of 
{an} converges to a. 


Proof. If the sequence converges to a, then limz_,.. ax = a, that is, for all « > 0 
there exists N € N such that if k > N, then ja, — a| < ¢. Let nz be an increasing 
sequence of positive integers and consider the subsequence {ay,}. Since nz > k 
and if k > N, then |an, — a] < €, hence the subsequence converges. 

Suppose now that the sequence does not converge to a, then there exists 
€ > 0 such that, for all N € N, there exists n > N such that |a, — a| > €. For 
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N =1, there is n; > 1 such that |a,, — a| > €. For 1, there is ng > m1 such that 
lan, — a| > €. For ng, there is nz > ng such that |a,, — a| > €. Proceeding in the 
same way, we construct a subsequence {ay} that does not converge to a, which 
is a contradiction. 


Theorem 7.4.6. If {a,} is bounded, then there exists a subsequence of {an} that 
converges. 


Proof. In order to prove this theorem, we need to construct a convergent subse- 
quence. Since the sequence is bounded, we know that there is M > 0 such that 
|an| <M, for all n, that is, —M <a, < M. Divide the closed interval!® [—-M, M] 
into two intervals [—,0] and [0, M]. Consider the interval where there are a in- 
finite number of terms of the sequence; suppose that this interval is [0, M]. To 
construct the subsequence choose one of the terms in the interval [0, M], say an,. 
Again, divide the interval [0, M] into two intervals [0, 4], [44, 1/] and choose the 
interval that contains an infinite number of terms of the sequence. Without loss of 
generality, we can assume that the interval is [¥, M]. Choose as a second element 
of the subsequence one term a, such that nz > n1 in the interval [¥, M]. Con- 
tinuing this process, we will get a subsequence {a,,,} and a collection of nested 


closed intervals of lengths 44. The infinite intersection of these closed intervals is 


Qn 
not empty, in fact, it is a unique point!®, say a. This point a is the limit of the 
subsequence, since |a — @n,| < 4¢, moreover |a — dn,| < 44, for 1 > k. 


Theorem 7.4.7. Every upper bounded, increasing sequence of real numbers (mono- 
tonically increasing) is convergent. Similarly, every lower bounded decreasing se- 
quence of real numbers (monotonically decreasing) is convergent. 


Proof. Let {a,} be an upper bounded increasing sequence. Since the sequence 
is bounded, Theorem 7.4.6 implies that there exists a subsequence {an,} that 
converges to a point a, that is, given e > 0 there exists K € N such that for all 
k > K, it follows that |a,, — a] < «. Let N = nx, we would like to show that 
for all n > N it follows that ja, — al < €. Since ng <n there is 7 > k such that 
NK <-++ <n; <n < nj41. Using that the sequence {a,} is increasing, we have 
that an, —@ < dn —a@ < Gn,,, — a, SO that |a, — al < €. The other cases are 
similar. 


Theorem 7.4.8. Let f be a function, then limg+a f(x) = 6 if and only if for every 
sequence {ay} such that limp+o Gn = a, it follows that limn+oo f(an) = b. 


Proof. Suppose that limp. Gn, = a. Since limz.a f(x) = 6, it follows that given 
€ > 0 there exists 6 > 0 such that if |z —a| < 6, then |f(xr) — b| < «. By 
the convergence of {a,} to a, for 6 > 0, there is N € N, such that ifn > N, 


18See Section 1.2, for the definition of interval. 
19See [17]. 
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|a@n — al < 6. Then, since ja, — al < 6 if n > N, hence |f(an) — b| < e€, that is, 
f(an) > b. 

Conversely, suppose that lim,, f(x) is not b, that is, there exists « > 0, 
such that for every 6 > 0, there exists x with |x — a] < 6 and |f (x) — b| >. 

In this way, for all 6 = 4 with n € N, there exists a, with |a, — a| < + and 
| f (an) — b| > e. Hence, {a,,} is a sequence that converges to a and it suffices that 
{f(an)} does not converge to b, which is a contradiction. 


Theorem 7.4.9. A function f is continuous at a if and only if for every sequence 
{an} such that limp+o Gn = a, then limp+oo f(an) = f(a). 


The proof follows directly from the previous theorem, setting b = f(a). 
Theorem 7.4.10. The set of rational numbers is dense in the set of real numbers. 


Proof. Let (a,b) be an open interval and let « = b—a > 0. As we proved in Example 
7.2.15, there exists a positive integer n with 


1 
0<-<e. (7.8) 
nm 


For some m € Z, it follows that a < @ < 6, otherwise a and 6 are between two 
consecutive numbers of the form “ and mt that is,  <a<b< mth Hence, 


e=b—-a< SH “4 =1 which contradicts inequality (7.8). 


Lemma 7.4.11. If D C R is dense, then for every x € R there exists a sequence 
{an} in D with limy+.0 Gn = 2. 


Proof. Let « € R, for every n € N it follows, since D is dense, that there exists 
An € (a - 1x + +) AD. It is clear that if |a, —2| < + for all n, then limy_..5 dn = 
x. 


Theorem 7.4.12. If f : R > R is continuous and f(x) = 0 for all x € D, where D 
is dense in R, then f(x) =0 for alla ER. 


Proof. By the previous lemma, for x € R there exists a sequence {a,,} in D with 
limn+oo Gn = x. Since f is continuous in x, by Theorem 7.4.8, it follows that 
f(x) = limn+oo f(Gn) = 0. 


Corollary 7.4.13. If the functions f and g are continuous and coincide in a dense 
set, then they coincide in all points. 


The proof of the corollary follows from the last theorem, using f — g. 


Chapter 8 


Polynomials 


8.1 Polynomials in one variable 
A polynomial P(x) in one variable x is an expression of the form 
P(x) = a,x" + Gat eee Gi rch oy 


where do, @1, -.-, @m are constants and n € N. Every term of the polynomial is 
called a monomial or simply a term. The constants a; are known as the coefficients 
of the polynomial. We will denote by A[z] the set of polynomials with coefficients 
in A and variable x. Usually, the set A is Z, Q, R or C. In this chapter we will 
study polynomials with complex coefficients, unless otherwise stated. 


If a, 4 0, we say that the polynomial has degree n. In this sense, a,x” is 
the most important term of the polynomial, because it defines the degree and it 
is called the main term . The number apo is the constant term. We write deg(P) 
to denote the degree of P(x). A polynomial is constant if it has a unique term ao. 
If the constant ag is different from 0 we say that the polynomial has degree zero. 
If an = 1, we say that the polynomial is monic. 

There are some special names for polynomials whose degree is small. A polynomial 
is linear if it has degree 1. We have already studied the quadratic and cubic 
polynomials, which have degrees 2 and 3, respectively. If the polynomial has degree 
4, it is called quartic. 

In the same way we did for quadratic and cubic polynomials, we say that two 
polynomials are equal if its coefficients are equal term by term, that is, if the 
coefficients of the monomials of the same degree are equal. 

A zero of the polynomial P(x) is a number r such that P(r) = 0. When P(r) = 0, 
we also say that r is a root or a solution of the equation P(x) = 0. 

As we did with the quadratic and cubic polynomials, we can add, subtract, mul- 
tiply and divide polynomials. 
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Let 


P(x) = a9 +412 + aga? +--+ + Gn2”, 
Q(x) = bo + bie t+ box? + +++ + bma™, 


be any two polynomials with n > m. 

We define the sum as (P+Q)(x) = (ao +bo)+ (a1 +b1)@ + (a2 +b2)u? +++ ++ (Am + 
bm) x” + Omit! +++-+anx”. The difference as (P — Q)(x) = (ao — bo) + (a1 — 
bi)x + (aq — be)a? +--+ + (Gm — bm) 2™ + Omyi2™t! +--+» +anx”. The product of 
a polynomial P(z) and a constant c is cP(x) = cag + cayx + Cagu? + +++ + Canx”. 
The product of the two polynomials is 


(PQ)(z) = aobo + (aoby + aybo)x + (agb2 + a,b, i azbo) x? is bao 
+(apb + arbpy +++ + agbp_g +++ +apbo) a” +e + (Gnd) er. 


Example 8.1.1. In order to multiply two polynomials”® we can use the previous 
definition or it is enough to multiply the coefficients. For instance, if we have the 
polynomials x* + 32° + 2? —22+5 and 3x? + 2x? +6, its product can be obtained 
as follows: 
1 3 1 -2 5 
dar 22 6 


6 18 6 —12 30 
2 6 2 —4 10 
3 9 3 -6 15 


3 11 9 2 29 16 -12 30 
The product polynomial is 3x7 + 112° + 92° + 2x4 + 29x° + 16x? — 12x + 30. 


Exercise 8.1. Multiply the polynomials P(x) = 4a + 2x? + 7z +1 and Q(x) = 
27 +248. Evaluate the two polynomials and their product at x = 2. 


Exercise 8.2. Let P(x) = (l—x+a?—---+21)(14+a+a?+---+21). Prove that 
after simplifying the product, the only terms left are those that have even powers 


of x. 


8.2 The division algorithm 


Let 


P(x) = ant" + Qn—12"' +--+ +412 +a, with an #0, 
Q(x) = bma™ + bmia™ 1 4---+ ba + bo, with bm 40 


20See [4], p. 4 


8.2 The division algorithm 141 


be polynomials of degree n and m, respectively, with m < n and complex or real 
coefficients. 

The division algorithm says that given polynomials P(x) and Q(z) there exist 
unique polynomials H(x) and R(x) with real or complex coefficients, according to 
the case, such that 


P(x) = Q(2)H(x)+ R(x), deg(R) < deg(Q) or R(x) = 0. 


In order to show how to find H(a) and R(x), let us see an example. These poly- 
nomials are known as the quotient and the remainder, respectively. 

Example 8.2.1. Let P(x) = 2° + 2° + 22 and Q(x) =x? —a +1, divide! P(x) by 
Q(«) and find H(x), R(x). 

Dividing P(x) by Q(x) we get 


x? + x? + 2x 
e?—ar+1 © +23 +2x 
-¢ +at —23 
at +2x 


ge —g*% +22 
Lb | de ee 
x 


In this case, H(x) = 23 +22 +2 and R(x) =z. 

If R(x) = 0, we say that Q(x) divides P(x) and we write Q(x)|P(x). Note 
that the variable x must be the same in all polynomials; thus we can omit it 
sometimes. 

The division of a polynomial P(x) of degree n by a polynomial of the form x — a, 
gives 
P(x) =(a-a)Q(x)+r, with re€R and deg(Q)=n-1. 


Letting x = a, we get r = P(a), and therefore 


P(2) = (x — a)Q(z) + Pla) or P(x) — Pla) =(e-a)Q(a). (8.1) 
It follows from equation (8.1) that 
P(a) =0 is equivalent to P(x) = (a — a)Q(x), (8.2) 


for some polynomial Q(a). Thus, we have proved the following theorem. 


Theorem 8.2.2 (Factor theorem). The number a is a root of a polynomial P(x) if 
and only if the polynomial P(x) is divisible by x — a. 


21See [4] p. 58 
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A polynomial H(x) is the greatest common divisor of P(x) and Q(z) if it satisfies: 
(a) H(ax) divides P(x) and Q(x). 
(b) If K(x) is any other polynomial that divides P(x) and Q(x), then K(x) 
divides H (x). 
It can be proved that H(z) is unique, up to multiplication by a constant. 
There is a method called Euclid’s algorithm, that is used to find the greatest 
common divisor of two polynomials and which follows the same ideas of Euclid’s 


algorithm to find the greatest common divisor of two integers. Let us see an ex- 
ample. 


Example 8.2.3. Find the greatest common divisor of the polynomials «+ — 2x3 — 
z?+2—1andx3? +1. 


We perform the following divisions of polynomials 


xr—2 
etl | vt — I — 2? +a—-1 
ape —2 
—2x3 — x? —-1 
+223 +2 
a ae 
—2x —-r+1 
—2?+1 | 2 +1 x+1 |—27? +1 
—x +x e+e 
x +l r+ 1 
=¢:= 1 
0 


Then, as when dealing with integers, the greatest common divisor is 7 + 1, 
which is the remainder before reaching 0 as a remainder. 

We can express the greatest common divisor above as a combination of the 
polynomials 24 — 2x3 — x? + a —1 and 2? + 1, following the inverse steps of the 
divisions as shown: 


ge? +1) — (—a? + 1)(—2) = (2? +1) + 2(—2? +1) 

a |(2* — 20° — 2? +x +1)— (22 4+1)(x — 2)] 
gt — 2a? — 2? +941) + (1 —a(e — 2))(a* + 1) 
= a(e* — Qe — 2? +9+1) + (—2? + 22+ 1)(2* +1). 
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If a, and ag are two different zeros of P(x), then by the factor theorem, P(x) = 
(x — a1)Qi(x), with Qi(x) a polynomial. Since 0 = P(az) = (a2 — a1)Q1 (a2) and 
a, # a2, then Q:(a2) = 0. Again, by the factor theorem Q(x) = (x — a2)Qo(x), 
with Qo(z) a polynomial. Then, 


P(x) = (a — a1) (a — a2)Qo(x) with deg(Q2) =n- 2. 
In general, if a1, a2, ..., @m are different zeros of P(«) we can write 
P(x) = (a — a1)(a — ag)... (@ — Am) Q(z), 


for some polynomial Q(a), with deg(Q) =deg(P) — m. 

If a is a zero of P(x), then the factor theorem guarantees that there exists 
a polynomial Qi(x2) with P(x) = (# — a)Qi (ax). If Qi(a) 4 0, we say that a is a 
zero of order 1, but if Q:1(a) = 0 we say that a is a zero of order greater than 1. 
If there is m € N and a polynomial Q(x) such that, 


P(x) = (« — a)"Q(z), with Q(a) #0, (8.3) 
then a is a root or a zero of P(x) of multiplicity m. 
One of the important consequences of the factor theorem is the following result: 


Theorem 8.2.4. If the polynomial P(x) = anx” + an—12"~! +--+» + a,x + a9 has 
n-+1 distinct roots, then the polynomial is identically zero. 


Proof. We proceed by induction on n. For n = 1, the result is clear, since a poly- 
nomial of degree 1, has only one root. Suppose that the result is true for n — 1; 
let us show that it is true for n. Suppose that ro9,71,...,7%m are roots of the poly- 
nomial P(x). By the factor theorem, P(x) = (4 — rn)Q(x), where the polynomial 
Q(x) = anx”—! + bn_ga™-? +--+ + bo has n distinct roots r9,71,...,Tn—1- By 
induction, Q(x) is identically zero, hence P(x) also is identically zero. 


Observation 8.2.5. The previous theorem guarantees that a polynomial of degree n 
must have at most n distinct roots. 


A polynomial P(x) = anv” + an_-12""! ++--+ a1 +49, with a, 4 0 is called 
reciprocal if a; = an_;, for alli =0,1,..., n. 

Example 8.2.6. The polynomials x” +1, 2° +3a°+3a? +1 and 6x7 — 2x6 + 4a4 + 
4x? — 24 +6 are reciprocal polynomials. 

Theorem 8.2.7. A reciprocal polynomial P(x) of degree 2n, can be written as 
P(x) = 2"Q(z), where z= a+ +4 and Q(z) is a polynomial in z of degree n. 


Proof. Let P(x) = agx?” + ayx?"-1 +--+ + a,x + a9, then 


P(a) = 2" (aox” tax" tee + 


1 1 
P(x) =a" (« («" a =) +a, (- - ==) + “+ an) . 
x x 
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Using the recursive formula (3.3), 


1 1 1 1 
k4+1 k k-1 
1 ar =(¢ +) (e+2) - (« + =): 


it is clear that we can express each term x* + + as a polynomial in z = +4. 


Exercise 8.3. Divide P(x) = «8 —5a°+1 by Q(x) = 23 +a7+1. Using the division 
algorithm, find the polynomials H(x) and R(x). 


Exercise 8.4. Prove that, forn > 1, (a —1)? divides nx™*! — (n+ 1)a" +1. 


Exercise 8.5. Let n be a positive integer. Find the roots of the polynomial 


1 i are -—1 
Py(o) 1+ 54 SEHD et en 


Exercise 8.6. Determine the polynomials with real coefficients P(x) that satisfy 
P(0) =0 and P(a?+24+1)=P?(x) + P(x) +1 for allzeR. 
Exercise 8.7. Prove that any polynomial P(x) of degree n, with ag 4 0, is reciprocal 
if and only if 
1 
x”P (+) = P(x), for everyx #0. 
x 


Exercise 8.8. Prove that every reciprocal polynomial P(x) of odd degree is divisible 
by x + 1 and its quotient is a reciprocal polynomial of even degree. 


Exercise 8.9. If a is a root of a reciprocal polynomial P(x), prove that 4 is also a 
root of the polynomial. 


Exercise 8.10. Determine for which integers n, the polynomial 1+ a? +a4+-+-+ 
x2"? is divisible by the polynomial 1+ a+ a”2+---+a""1. 


Exercise 8.11. Prove that the greatest common divisor of x” — 1 and x™ — 1 is 
a(™™) 1, where (n,m) denotes the greatest common divisor of m and n. 


Exercise 8.12 (USA, 1977). Find all the pairs of positive integers (m,n) such that 
ltatar+---+a™ divides 1 +a % +2?" +-.-+a"™., 


Exercise 8.13 (Canada, 1971). Let P(x) be a polynomial with integer coefficients. 
Prove that if P(0) and P(1) are odd, then P(x) = 0 has no integer solutions. 


8.3 Roots of a polynomial 145 


8.3 Roots of a polynomial 


8.3.1 Vieta’s formulas 


Vieta’s formulas (4.1) and (4.2) can be generalized for polynomials of higher de- 
gree. 

If a monic polynomial 2” + Qn—10" 1} +--+» + a,2% + a9 has n roots x1, £2, 
..+; En, then 


o” + ane) bes bape + ap = (x — 21) (a —22)*+*(@ — Zp) 


=o — (ay +e + ay )ar! + (aie ++ + 218y + eets Hes + ep_10,) 2” 
feet (-1)"@1--- an, 


Qn—1 = —(21 +--+ + Zn) 


Ono = (wee f+? 018 _ + Bons +: + By-1 8p) 


. 8.4 
an—j = (—1)? S- Li, Lig sere Xi, ( ) 
1<i1<-<ij<n 
ag = (—1)" 212 «+. Dn. 
The formulas (8.4) are known as Vieta’s formulas. 


Example 8.3.1. Consider the polynomial P(x) = x” — (a—1)", where n is an odd 
positive integer. Calculate the sum and the product of its roots. 


The polynomial P(x) can be written as 


P(a)= 2" — (ge? —ne™ 1 + Mase? —--+++4+(-1)") 
= 2" —(2" — nae”! + maa 2 —++--1) 
= ng) — mn = Y) m2 tet] 
Then, the sum of its roots is nin 1) = not and the product of its roots is i, 


8.3.2 Polynomials with integer coefficients 


Consider the polynomial P(x) = ana" +---+a,2 + a9 with integer coefficients. 
The difference P(x) — P(y), can be written as 


66 =a ans a(x? y’) tai(x—y), 


146 Chapter 8. Polynomials 


where every term of the sum is a multiple of « — y. This leads us to the following 
arithmetic property of the polynomials in Z[z]. 


Theorem 8.3.2. If P(x) is a polynomial with integer coefficients, then P(a) — P(b) 
is divisible by a — b, for any pair of different integers a and b. 

In particular, all integer roots of P(x) divide P(0). 

There is a similar statement for the rational roots of polynomials P(x) with 
integer coefficients. 
Theorem 8.3.3 (Theorem of the rational root). Any rational root e with (p,q) = 1, 
of a polynomial P(x) = ant” +an—12"~!+-+-+a09 with integer coefficients, satisfies 
that p divides ag and q divides ay. 


Proof. Let : be a root of P(«), then 


cr (;) = dnp” + nip" "q+ ++» + ag” = 0. 


All the terms of the sum, except possibly the first, are multiples of q, and all 
the terms of the sum, except possibly the last, are multiples of p. Since p and q 
divide 0, it follows that gla,p” and p|aoq”, and then the assertion follows, since 
(p,q) = 1. 


Corollary 8.3.4. If P(x) is a polynomial with integer coefficients that takes values 
{+1} in three different integers, then P(x) has no integer roots. 


Proof. Suppose that there are integers a, b, c and d such that P(a), P(b), P(c) € 
{—1,1} and P(d) = 0. Then, since the integers a, b and c are different, a — d, 
b—d and c—d are also different and, by Theorem 8.3.2, all divide 1, which is 
impossible. 


8.3.3 Irreducible polynomials 


A polynomial P(«) with integer coefficients is called irreducible in Z[z], if it cannot 
be written as a product of two non-constant polynomials with coefficients in Z. 


Example 8.3.5. Any quadratic polynomial with at least one non-rational root is 
irreducible in Z[a]. For instance, x? —x—1 is irreducible in Z[x], since it has roots 


given by 14V5 : 


Similarly, we define irreducibility over the set of polynomials with coefficients 
in Q, R. The next theorem claims that for polynomials with integer coefficients, 
the fact that the polynomial could be factored in Q[z] is equivalent to the fact 
that the polynomial could be factored in Z[z]. Moreover, a polynomial with real 
coefficients always can be expressed as a product of linear polynomials and irre- 
ducible quadratic polynomials in R[x]. In the case of a polynomial with complex 
coefficients, it can always be factored into linear factors over C[a]. 
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Lemma 8.3.6 (Gauss’ lemma). If P(x) has integer coefficients and P(x) can be 
factored over the rational numbers, then P(x) can be factored over the integers as 
well. 


Proof. Suppose that P(x) = anx” +---++ao has integer coefficients and that P(x) = 
Q(x) R(x), where Q(a) and R(x) are non-constant polynomials with rational coeffi- 
cients. Let g and r be the smallest natural numbers such that gQ(a) and rR(a) have 
integer coefficients. Then, if d = qr it follows that P,(x) = dP(x) = qQ(«)-rR(x) = 
Qi(xz)R1(2x) is a factorization of the polynomial P;(2) into two polynomials with 
integer coefficients Q1 (x) = qpx* +--+ qo and Ry(x) =rmaz™ +--+ +179. Let as, 
with 0 < j <n, be the coefficients of P;(x). Based on this, we will construct the 
required factorization of P(x). 

Let p be a prime divisor of d. Then all coefficients of P; (a) are divisible by p. 
Now let us show that p divides all coefficients of Q1(x) or divides all coefficients 
of Ry, (x) F 

If p divides all coefficients of Qi(x), we are done. Otherwise, let i be such 
that plgo, Gi;--- Gi-1, but p+ q. We have that pla) and ai = gori +---+ G70 = 
qo mod p, which implies that p|ro. Moreover, plaj,, and aj, = qori¢1 + +++ + 
Gti + G+1To = Gri mod p, and then plr;. Proceeding in the same way, we can 


Ri(z) 
P 


deduce that p|r;, for all 7. Then has integer coefficients. Then we have a 


factorization of 4 P(x) into two polynomials with integer coefficients. Taking all the 
prime divisors of d, we will eventually finish with a factorization of the polynomial 
P(x) into two polynomials with integer coefficients. 


Example 8.3.7. Ifa, a2, ..., Gn are different integers, then the polynomial P(x) = 
(a — ay)(a — a2)--+ (@ — ay) — 1 ts irreducible over Z[a]. 


Suppose that P(x) = Q(x)R(x), for some non-constant polynomials R(x) 
and Q(x) with integer coefficients. Since Q(a;)R(a;) = —1 for 1 = 1,...,n, then 
Q(a;) = 1 and R(a;) = —1 or Q(a;) = —1 and R(a;) = 1; in both cases, we have 
that Q(a;) + R(a;) = 0. Also, the polynomial Q(x) + R(x) is not zero (because 
otherwise P(x) = —Q(x)? < 0 for every real number 2, but if x is very large, P(x) 
is positive, a contradiction). Moreover, Q(a) + R(x) has n zeros a1, ..., @n, which 
is impossible given that its degree is less than n. 


A polynomial with integer coefficients is primitive, if its principal coefficient 


is positive and there is no integer number that divides all coefficients of the poly- 
nomial. 


Theorem 8.3.8 (Eisenstein’s irreducibility criterion). Consider a polynomial 
P(z) =a,2" + apn” * +++ ag, 


with integer coefficients. Let p be a prime number such that 
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(a) p does not divide ay, 

(b) p divides every coefficient ao,a1,.-.,@n—1, 

(c) p* does not divide ag. 

Then P(x) is irreducible over Q|a]. Moreover, if P(x) is primitive, then it is 
irreducible over Z[a]. 


Proof. Suppose that P(a) is reducible over Q[a]. By Gauss’ lemma, P(2) = 
Q(x)R(x), where Q(x) = qux® +--+ + qo and R(x) = rmx™ +--+ + 79 are poly- 
nomials with integer coefficients. Since ag = goro is divisible by p but not by p?, 
exactly one of go or ro is a multiple of p. Suppose that p|go and pf 19. Moreover, 
since p|a1 = gor1 + qi’o it follows that p|qiro; then, p|q; and so on. We conclude 
that all coefficients go, q1, .--, dk are divisible by p, but then pla, since an = germ, 
which is a contradiction. 


One of the most important applications of the Eisenstein criterion, is to show the 
irreducibility of the cyclotomic polynomials, x?~! + #?-?2 +---+a+1, with pa 
prime number. Note that the roots of this polynomial are the pth roots of unity, 


Qri 


that is, the powers of e ? . 


Example 8.3.9. The polynomial P(x) = x?~!+ax?-2+4---+a+1, with p a prime 
number, is irreducible over Q[a]. 


Note that (c—1)P(x) = «?—1. With the substitution z = y+1 in the last product 
we get 


sivoraiearraae(res(erone(t 


Since (2) = ppt) rh) | if i < p then, since the prime p is not a factor of %!, 
i! divides the product (p — 1)---(p—i+ 1). This implies that (#) is divisible by 
p. Dividing yP(y + 1) by y, it follows that P(y +1) satisfies the conditions of the 
Eisenstein criterion and therefore it is an irreducible polynomial, hence P(x) is 


also irreducible. 


Let us see some applications in number theory of the previous example. Let 
p be an odd prime number and consider the polynomial P(«) = 2?~' — 1 with 
coefficients?” in Z,. By Fermat’s little theorem?*, each of the numbers 1, 2, ..., 
p—1isa root of the polynomial, then 


oP 42 — 1 = (= 1)(e@— 2): (2-—p+1). (8.5) 


(a) Comparing the constant coefficients in the last identity we get Wilson’s the- 
orem: 
(p — 1)! = —1(mod p). 


227.) = {0,1,...,p — 1} with the sum and product operations module p. 
3See [8]. 
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(b) If we expand the right-hand side of (8.5), the coefficient 0; of z?~'~J is the 
sum of all products of 7 elements of the set {1,2,...,p — 1}. Comparing 
coefficients, we get that p divides o; for 7 = 1,2,...,p—2. Now assume that 
p= 3. 

(c) (Wolstenholme) The numerator of the (reduced) fraction 

m 1 1 


ee ay Sh 
fo ped 


is divisible by p. In fact, @ = Gol and, since p|op—2 and p is relatively 
prime to (p— 1)!, it follows that p|m. 

(d) Let m be as in the previous part. If p > 5, it follows that p?|m. 
Since (w—1)...(a—p+1) = a?7! — oj, 2? ~? + o22?-3 +--+ +0-1, it follows, 
after evaluating in x = p, that 


(p — 1)! = pP7* — oypP-? + oop? +--+ — op_ap + op-1. 
Since op-1 = (p—1)!, we can reduce the last identity to 
Op-2 =p? * — orp? 9 +--+ op_sp. 


This shows that o,—2 is divisible by p*, since every 0; is divisible by p and 
since p* and (p— 1)! are relatively prime, it follows that p?|m. 


Exercise 8.14. Find the solutions of the system 


Try+tz=w 
deh allie, al 


1 
ab SSS SS) 
GT sy zZ Ww 


Exercise 8.15. Prove that the polynomial «4 — x«° — 3x7 + 5a +1 is irreducible 


over Q|a]. 


Exercise 8.16. Let P(x) be a polynomial with integer coefficients. Prove that if 
P¥(n) =n, for some integer number k > 1, and for some integer number n, then 
for such integer n it follows that P(P(n)) =n. 


Exercise 8.17. Find all polynomials of the form anx” +an—12"~!+--+-+a,x%+a9 
with a; € {—1,1}, such that all its roots are real numbers. 


Exercise 8.18 (USA, 1974). Let a, b, c be different integers and let P(x) be a 


polynomial with integer coefficients. Prove that it is impossible that P(a) = }, 
P(b) =c and P(c) =a. 


Exercise 8.19. Prove that the polynomial with real coefficients P(a) = x” + 
Qna”—! 4 QWn2a"—-? + an_3x" 3 +--+ + a,x +9, cannot have all its roots real. 
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8.4 The derivative and multiple roots «x 


For a polynomial of degree n, 


n 
P(x) = a9 +012 + aga? +-*>+@n-1e™ 1 + age" = ) a,u™, 
k=0 


we define the derivative of P(x) as the polynomial of degree n—1 given by P’(x) = 
ay + 2agx +++» +(n—1)an_12"-? + nanax™1 = PAE kapa’—}, 


It can be shown that if P(x) = (a — a)Q(a), for some polynomial Q(z), then 


P'(x) = Q(a) + (@ — a)Q'(c). (8.6) 


There is an important relationship between the roots of a polynomial P(x) and 
the roots of its derivative P’(x), given by the following theorem. 


Theorem 8.4.1. If for some positive integer m the polynomial P(x) is divisible by 
(2 —a)™*1, then the polynomial P'(x) is divisible by (x — a)™. That is, if a is a 
zero of multiplicity m+ 1 of P(x), then a is a zero of multiplicity m for P'(x). 


Proof. For the proof we will use induction over m. For m = 1, if P(«) is divisible 
by (x — a)?, then P(x) = (x — a)Q(x), where Q(x) is a polynomial divisible by 
x —a, and P’(x) = Q(x) + (x — a)Q’(x). Therefore, P’(x) is divisible by x — a. 

Suppose the result is true for m — 1. Let P(a) be divisible by (a — a)'*!. Then 
P(x) = (x — a)Q(ax), where Q(x) is divisible by (a — a)™, and from P’(x) = 
Q(x) +(a—a)Q’(a), it follows that P’(«) is divisible by (x—a)"™, where it has been 
used that Q’(x) is divisible by (x—a)™~', this being the induction hypothesis. 


Observe that if a is a zero of P(x) with multiplicity one, then P’(a) 4 0. 


Example 8.4.2. [fm and n are integers, such that0 <m<_n, then 


skeen @) =0. 


k=1 


The problem is equivalent to showing that the polynomial 


P(x) = 3 Km (1) ak, 


k=0 
has x = —1 as a root. Let us prove the following stronger result: P,,(x) has a zero 
of multiplicity at least n — m in x = —1. For this we will see that (a + 1)"~™ 


divides P,,(x), for 0 <m <n. 


8.5 The interpolation formula 151 


We proceed by induction on m. For m = 0, it follows that 


k=0 


then the statement is true. 
Suppose that for m, with 0 < m <n, Py-1(#) has —1 as a root of multiplicity 
n—(m-—1). By the previous theorem, P’,_,(x) has one root of multiplicity n —m 


in —1. Then P’,_j (a) = (a+ 1)""™ Q(z), for some polynomial Q(x). But 


P!_s(x) = ( mm (n)er) = ye oe = “Pn (2) 


Hence, Pn(x) = tP,_j(x) = x(x +1)""™Q(az), therefore (2 + 1)”~™ divides 
Py (2). 


Proposition 8.4.3. If P(x) is a polynomial such that P(a) = P’(a) =--- = 
P(™-1)(q) = 0 and PO) (a) # 0, then a is a zero of P(x) of multiplicity m. 
That is, P(x) = (cw —a)™Q(a) for some polynomial Q(x), with Q(a) 4 0. Here 
PG+) (x) is the derivative of PD (x) and P(x) = P'(x). 


Proof. Since P(a) = 0, then P(x) = (a — a)Qi(x) for some polynomial Q(x). 
Since P’(x) = Qi(x) + (a — a)Q4 (x), it follows that P’(a) = Qi(a) = 0. Then 
Qi(x) = (x — a)Q2(zx) for some polynomial Q2(x), hence P(x) = (x — a)?Qo(z). 
Proceeding in the same way we get that P(x) = (a — a)"Qm(x), where Q(x) is 
the polynomial Q(x) we are looking for. 


Exercise 8.20. Determine if the polynomial P(x) = x? — 2? — 8x +12 has multiple 
roots. 


Exercise 8.21. Find all the triplets of real numbers (a, b,c) such that the polynomial 
P(x) = 23 + ax? + br +c is divisible by (x + 1)?. 


8.5 The interpolation formula 


Given two points in the Cartesian plane, there is a unique straight line that joins 
these two points. Then, for two pairs of real numbers (a9, 80), (a1, 61), with ao 
a1, there is a unique polynomial P(x) of degree at most 1, such that P(ao) = 8o 
and P(a,) = 61. This can be generalized as follows. 


Theorem 8.5.1 (Lagrange interpolation formula). Let ao,a1,...,Qn be different 
real numbers and let Bo, 1,..-,;Pn be another n+ 1 set of real numbers. Then 
there exists a unique polynomial P(x) of degree at most n such that P(a;) = Bi, 
forO0<icn. 
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Proof. First, let us find a polynomial that satisfies the conditions. Consider the 


polynomials 
_ __ (@— a0) (@ — a4) + + (@ — ag_1)(@ — Oe 41) ++ (@ — On) 
Ss eae ET PEE Th UC TERY | NT STC 


with 0 < k < n, where the numerator and the denominator have n factors. It is 
clear that D(a) has degree n, that D,(a,) = 1 and that D;(a;) = 0, if i 4 k. 
Then, the polynomial that satisfies the conditions is 


P(x) = S/ BeDx(a). 
k=0 
To show the uniqueness of the polynomial, suppose that there are two poly- 
nomials P;(a2) and P2(x) of degree at most n, such that 
P;(ai) = Bi, forO <i<n,j =1,2. 


Then the polynomial P(x) = Pi(x) — P2(x) has degree at most n and has n+ 1 
distinct roots ao,@1,...,Q@,. By Theorem 8.2.4, it follows that P(x) is the zero 
polynomial, then P; (x) = P2(x). 


Example 8.5.2. For 1<m<_n, the following identity holds: 


n 


S_(-D FR (;) =0. 


k=1 


Construct a polynomial of degree at most nm which takes the values 6, = 
k™ in the points a, = k, with k = 0,1,2,...,n, respectively. By the Lagrange 
interpolation formula it follows that the polynomial we are looking for is given by 


P(x) = 5° k™ Dy (x), 
k=0 


where 


xu(a—1)(~@—2)---(@-k+1)(a—-k 1)---(e@=n) 


D,(x) = e=D. Cea 


The coefficient of x”, in the polynomial D;(), is equal to 


RI aa SG) 


and therefore the coefficient of 2”, in the polynomial P(x), turns out to be 


=a y(-1ye" Gr 
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On the other hand, the polynomial Q(x) = «™ satisfies that Q(k) = k™ for every 
0<k<n. Then, by Theorem 8.5.1, P(a) and Q(a) are equal. Since m < n, the 
coefficient of x” in the polynomial P(x) is equal to 0. 


Example 8.5.3. Find a polynomial P(x) such that xP(x — 1) = (a + 1)P(a), for 
alla ER. 


For « = 0, the condition is equivalent to P(0) = 0. If P(n) = 0, then 
P(n+1) =0 since (n+1)P(n) = (n+ 2)P(n +1). Therefore P(x) has an infinite 
number of zeros. Then, P(x) = 0 is the only polynomial that satisfies the equation. 


Exercise 8.22. Let P(x) be a polynomial of degree n such that P(k) = 2", for 
k=0,1,...,n. Find P(n +1). 


8.6 Other tools to find roots 


8.6.1 Parameters 


In order to study the roots of a polynomial of degree greater than two, sometimes 
it is useful to consider the independent terms as variables. These independent 
terms are called parameters. To illustrate this let us see the next example. 


Example 8.6.1. Find the solutions of the equation 
z3(a +1) = 2(x + a)(x 4+ 2a), 

where a is a real parameter. 

Solving the equation is equivalent to solving the quartic equation 
x* + «° — 22? — 6ax — 4a? = 0. 


This equation is difficult to solve. In some cases it is possible to factorize without 
any trouble the left-hand side, but in many cases it is not easy. However we can use 
some algebraic tricks; for instance, we can consider the number a as the variable 
and x as the parameter or constant. Then, we get the quadratic equation in a, 


4a? + bax — x* — x? + 22? = 0. 


Using the formula to solve second-degree equations, the discriminant is given by 
36a? + 16(2* +a? — 227) = 4o? (Qe +1)’, 


which is a square number. Solving the equation for a, we obtain the two roots 


of the equation: a, = ta? —a«x and ag = $u° - $a. Then, we can factorize the 
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equation as 


1 1 1 
ct + 2° — 22? — bar — 4a? = (a+ 50? +2) (a $0? + 50) 


= (a? + 2x + 2a) (x? — x — 2a). 


Finally, solving these second-degree equations we obtain the solutions x;,2 = —14 
V1— 2a, 34 = s ao sv1 + 8a, which are real if a € [-=: 5]. 
Exercise 8.23. 


(i) Solve the equation /5 — a =5—2?. 
(ii) Solve the equation /a—ax =a-—2?, witha>0. 


Exercise 8.24. Solve the equation x = \/a— /a+2, where a > 0 is a parameter. 


8.6.2 Conjugate 


The idea we are about to consider is very simple: when in some algebraic expression 
there is a square root in the denominator of a fraction, sometimes it is useful to 
multiply the expression by some factor that cancels out the square root. Let us 
show this procedure with some simple examples. 


Example 8.6.2. If we want to eliminate the square root in the denominator of the 
expression 


1 
atvb 
we should multiply it by vb in order to obtain aa — av 


The number a — Vb is known as the conjugate of a+ Vb. 
Example 8.6.3. Solve the equation 


Vl+mez=2+vV1—-—ma2, 
where m is a real parameter. 


The equation is equivalent to /1+max—-— /1—ma=z. 
Multiplying and dividing by /1+ ma+</1— mz, which is the conjugate of 
Vl+mz-— J/1—- ma, it follows that 


2mx 


Vlt+mxr+VJ/1-—mex = 


x. 
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A solution is x = 0 and, if x 4 0, then 2m = V1+mza+/1— mz, hence m is 
positive. Squaring and simplifying, it follows that 


Im? —1 = V1 —m?2?, 


hence 2m? — 1 > 0. Squaring again and solving for x we get 
v= t2V1-—m? 


and, since 1 — m? > 0, it follows that m € Ea i]. 


Exercise 8.25. Solve the equation 


ye+ve- yr—vE=my =a 


where m is a real parameter. 


Exercise 8.26 (Short list OIM, 2009). Find all triplets (x,y,z) of positive real 
numbers that satisfy the system of equations: 


r+ V/y+tll=/y+ 76 
yt+vVz+11=V2z4+76 
zet+tvVet+ll=Vr4 76. 


Exercise 8.27. Leta, b, c>0, solve the system: 


1 
ax — by+—=c 
ry 
1 
bz -cr+ — =a 
2x 
1 
cy-—az+—= 
yz 


8.6.3 Descartes’ rule of signs x 


The estimation of the number of positive roots of a polynomial P(x), with real 
coefficients, can be achieved counting the number of changes of sign C(P), in the 
sequence of non-zero coefficients of P(x). 


Example 8.6.4. The polynomial 


P(x) = 3x}? + 4a! — 229 — 4g — 2° + 82° — 224 — 62? + 112, 


has 4 changes of sign, that is, C(P) = 4. 


Note that zero coefficients are neglected. 
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Theorem 8.6.5 (Descartes’ rule of signs). The number of positive real roots of 
a polynomial P(x), with real coefficients, is less than or equal to the number of 
changes of sign, C(P), that are produced among its coefficients (neglecting the 
zero coefficients and counting multiplicities of the roots). Similarly, the number of 
negative real roots of the polynomial is less than or equal to the changes of sign 
that appear among the coefficients of P(—2). 

Moreover, if the number of positive roots is less than the number of changes of 
sign, then the number of positive roots differs from the number of changes of sign 
by an even number. 


Proof. Suppose that the polynomial P(x) has degree n, is monic and that the 
constant term is not zero, that is, P(0) 4 0. Otherwise, we can factor one term 
of the form x*, which does not contribute to the positive roots. Let us show first 
that the number of changes of sign and the number of positive roots have the same 
parity. The proof is by induction on n. 

For n = 1, the polynomial has degree 1 and the result is clear, since P(x) = x—a, 
with a > 0, has one change of sign and the only positive root is x = a. If P(a) = 
x-+a, there is no change of sign and the only solution is 7 = —a, which is negative. 
Now suppose that P(x) is a monic polynomial of degree n > 1, with P(0) 4 0. 
There are two cases: 


Case 1. If P(0) < 0, then the number of changes of sign must be odd since it 
starts with a positive number because the polynomial is monic, and it finishes 
with a negative number P(0). Let us see that the number of positive roots of the 
polynomial is also odd. 

Since the degree of P(x) is n, the term x” dominates for large values of «. Then 
for some large and positive value of x, say x, it follows that P(ao) is positive, 
then P(x) must have a root? in the interval (0,29), which is clearly positive. 
Let k be such a root. Then P(x) = (a—k)Q(x), with Q(x) a polynomial of degree 
n—1and Q(0) = PO) positive. Hence, applying the induction hypothesis to Q(a), 
we obtain that this polynomial has an even number of positive roots, therefore 
P(«) has an odd number of positive zeros, the zeros of Q(x) and k. 


Case 2. If P(O) > 0 and the equation has no positive solutions, we are done, 
since zero is an even number. When the equation has some positive solution, we 
consider one of them, say k. As before, we have that P(x) = (a — k)Q(x), with 
Q(x) a polynomial of degree n — 1 and Q(0) = POO) negative. Then Q(a) has an 
odd number of changes of sign. Applying the induction hypothesis to Q(x), we 
obtain that Q(x) has an odd number of positive roots. Therefore, P(x) has an 


even number of positive roots. 


Until now we have shown that the number of changes of sign and the number of 
positive roots of a polynomial have the same parity. It is only left to prove that the 
number of sign changes is greater than or equal to the number of positive roots, 


24This claim is guaranteed by the Intermediate Value Theorem, see [21]. 
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that is, the number of sign changes is an upper bound for the number of positive 
roots. If there were more positive roots than sign changes in the coefficients of 
P(«), then there must be at least two more positive roots than the number of sign 
changes, that is, there must be at least C(P) + 2 positive roots. 

On the other hand, P’(x) has at least one change of sign?® between every 
two roots of P(x), hence there would be at least C(P) + 1 roots of P’(x). 
But P’(a) has at least as many sign changes as P(), that is, C(P), and moreover 
its degree is n — 1. Under these conditions, the induction hypothesis tells us that 
such polynomial satisfies the rule of signs, that is, it has more sign changes than 
positive roots, which is a contradiction. Therefore, there are more changes of sign 
than positive roots. 


Example 8.6.6 (Poland, 2001). Let n > 3 be an integer. Prove that a polynomial 
of the form ana” + an—12" "1 +-+--+a,2+ a9, with an—1 = Gn—2 = 0 and at least 
one ap #0, cannot have all its roots real. 


Suppose that the polynomial satisfies that a9 4 0 in order to assure that if 
it has a real root, it will be positive or negative. Applying Descartes’ rule of signs, 
it follows that the number of real roots of the polynomial is at most n — 1, hence 
at least one of them is a complex root. 


If ag = 0, we can factorize the highest power of x that divides the polynomial 
and, in this case, work with the quotient polynomial as in the previous case. 


8.7 Polynomials that commute 


Two monic polynomials P(x) and Q(x), with real coefficients in one variable, 
commute if, for every real number 2, it follows that 


This means that they commute as polynomial functions. In this section we try to 
characterize all monic polynomials Q(x) that commute with a given polynomial 
P(«). Let us see a first example. 


Example 8.7.1. Find all monic polynomials of degree 3 that commute with the 
polynomial P(x) = x? — a, for some a. 


Let Q(x) = 2° + ax? + br + c. The equality P(Q(x)) = Q(P(zx)) can be 
written as 


(a? + ax? + ba +c)? — a = (x” — a)? + a(x? — a)? + (2? — a) +. 


Expanding these last expressions, we get that the right-hand side of the equality 
has only even powers of x, whereas on the left-hand side there is z° with coefficient 


?5See Rolle’s theorem [21]. 
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2a, forcing a to be zero. Hence the coefficient of x? in the left-hand side is 2c, so 
that c is also zero. Therefore, Q(x) = x? + ba. 


Canceling the parenthesis and equating coefficients of the corresponding powers 
of x, we get 


2b=-3a, B =307+b, a=a? + ba. 


Letting a = 27, it follows that b = —3y. The second equation implies that 977 = 
127? — 34, that is, y? — y = 0, then y = 0 or y = 1. It is easy to verify that each 
of these values represents a solution of the system. 


Summarizing, a polynomial Q(x) of degree 3 that commutes with P(x) = x? — a 


exists only when a = 0 or a = 2. Ifa = 0, Q(x) = # and if a = 2, Q(z) = 23-32. 


Similarly, it can be shown that the only polynomial of degree 2 that commutes 
with P(x) = 2? — a is P(2) itself and that the only polynomial Q(a) of degree 1 
that commutes with P(x) is Q(x”) =a. 


An important example of polynomials that commute are the so-called 
Tchebyshev polynomials, defined in the following way. 


Let k be a non-negative integer, the Tchebyshev polynomial T;(x) is defined, for 
—1<a <1, ina recursive way as follows: To(a) = 1, Ti(#) = x and, for k > 2, 


Ty, (a) = 2aT,_1 (x) — Th-2(x). (8.7) 


The first Tchebyshev polynomials are Tp(x) = 2x? — 1, T3(x) = 4a? — 32, Ti (x) = 
8a — 8x +1. The identity (8.7) and the induction principle guarantee us that Ty, 
is a polynomial of degree k. 


Lemma 8.7.2. The Tchebyshev polynomials satisfy T;,(cost) = cos (kt). 


Proof. We proceed by induction. We have that To(cost) = 1 = cos0 = cos (0-1), 
moreover, T;(”) = x implies that T, (cost) = cost = cos (1 -t). 


Suppose that T,,_1(cost) = cos [(k — 1)t] and T,_2(cost) = cos [(k — 2)t]. 
Let us show the result for k. Since the equation (8.7) holds, then 


T(cost) = 2 cost Th-1(cost) — Ty_2(cos t) 


= 2costcos|(k — 1)t] — cos[(k — 2)t], (8.8) 


where we have used the induction hypothesis. 


Now, cos(kt) = cos[(k—1)t+t] = cos[(k—1)t]-cost—sin[(k—1)t]-sint. On the 
other hand, since sin[(k—1)t] = sin[(kK—2)t+t] = sin[(k—2)t] cos t+sin t cos[(k—2)t], 
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it follows that, 


sin|(A — 1)#] sint = sin[(& — 2)t] cost sint + cos[(k& — 2)t] sin“ t 
= sin[(k — 2)t] cost sin t + cos[(k — 2)¢](1 — cos? t) 
= sin[(k — 2)t] cost sint + cos[(k — 2)t] — cos[(k — 2)t] cos? t 
= cost 


= cost 


(sin[(& — 2)¢] sint — cos[(k& — 2)t] cost) + cos[(k — 2)¢] 
(— cos|[(k — 1)t]) + cos[(k — 2)é]. 


Therefore, 


cos kt = cos|(k — 1)t] cost — cos[(k — 2)t] + cos[(k — 1)t] cost 
= 2cost cos|(k — 1)t] — cos[(k — 2)t], 


as desired. 


Also, it follows that the Tchebyshev polynomials commute, 
Th (Im(£)) = Tem (2) = Tm(Te(x)). 


This follows from the simple fact that cos [k(mt)] = cos [kmt] = cos [m(kt)]. How- 
ever, Tj, is not a monic polynomial, its principal coefficient is 2*—!, which is an 
inconvenience. But this can be easily fixed if we define Py(#) = 27;,($). This 
procedure keeps the commuting property. 


Example 8.7.3 (IMO, 1976). Let Pi(x) = x? — 2 and let P;(x) = P,(P;-1(2)), 
for j = 2,3,.... Prove that for every positive integer n, the roots of the equation 
P,(x) = x are real and distinct. 


Let us write x(t) = 2cost. This function sends the interval [0,7] to the interval 
[—2, 2]. Now, observe that 


P,(x) = P,(2cost) = 4(cost)? — 2 = 2cos2t, 
P2(x) = P,(P,(z)) = 4(cos 2t)? — 2 = 2cos4t, 


P,(x) = 2.cos 2”. 


Equation P,,(a) = «x is equivalent to 2cos2"t = 2cost, with solutions 2"t = 
+t + 27k, with k =0,1,.... That is, the following 2” values of t, 


2k 2k 
1 nd T 


— O————— 
it * m1? 


give 2” real distinct values of a(t) = 2 cost that satisfy P, (a) = x. 


Let us see another example. 
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Example 8.7.4. There exists an infinite sequence of polynomials P,(x), P2(x), ..., 
P(x), ..., such that any two of them commute, the degree of Py(x) is k, and 
P(x) =x and Po(x) = x? — 2. 


One solution is immediate, considering the Tchebyshev polynomials that, as 
we already saw, commute. However, we will give a constructive proof. There is 
only one polynomial P,(x), of degree k, that commutes with P(x) = x? — 2 (see 
Exercise 8.28). 


Let us write the first terms of the sequence we are looking for: 


Pi(x) = 2, 

P2(z) = 2? — 2, 

P3(z) = 2° — 32, 

Py(x) = a* — 4x? + 2, 

Ps(2z) = 2° — 5a? + 52, 
Ps(x) = 2° — 624 + 9x? — 2. 


Here, P(x) = P2(P2(x)), P(x) = Po(P3(x)). Observing the previous polynomi- 
als, we note they satisfy the relation Pr41(x) = «Py (x) — Py_1(x). This makes it 
natural to define the polynomials using this last recursion, for k > 1, and with 
Pi(x) = x, Po(x) = x? — 2. We can prove, using induction, that these polynomi- 
als commute with P2(x) and, by Exercise 8.30, we obtain that any two of them 
commute. 


Exercise 8.28. Prove that there exists at most one polynomial of a given degree 
that commutes with a given polynomial of degree 2. 


Exercise 8.29. Find all polynomials of degrees 4 and 8 that commute with a given 
polynomial of degree 2. 


Exercise 8.30. Prove that if the polynomials Q(x) and R(x) both commute with 
the polynomial P(x) of degree 2, then they commute with each other. 


Exercise 8.31. Prove that two polynomials P(x) and Q(x), of degree 1, commute 
if and only if either both are monic or both have a common fixed point. 


Exercise 8.32. Given a polynomial R(x), define the polynomial Ra(x) = R(x — 
a) +a. Prove that if two polynomials P(x) and Q(x) commute, then P,(x) and 
Qa(x) commute as well. 
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8.8 Polynomials of several variables 


If x and y are the solutions of the quadratic equation at? + bt +c = 0, then 
= =x+yand ¢ = zy. The expressions x+y and xy are examples of polynomials 
in two variables x and y. In general, a polynomial in two variables x and y, is a 
sum of terms of the form cx*y™, where c is a constant, k and m are non-negative 
integers and we denote it by P(x, y). The number k +m is called the degree of the 
term, and the degree of the polynomial P(x, y) is equal to the degree of the term 
with the largest degree. We can add, subtract and multiply polynomials of several 
variables in the same way as the polynomials in one variable. To simplify the 
polynomials, the terms of the same degree are grouped together. We will consider 
two types of polynomials with two variables: symmetric polynomials, that is, the 
ones that satisfy P(x,y) = P(y,x), and homogeneous polynomials where all the 
terms have the same degree. 


Similar definitions can be given for polynomials in three variables x, y and z. A 
polynomial, in three variables, is any finite sum of terms of the form ca*y"z™, 
where k, n and m are non-negative integers. The degree of the polynomial is 
given by the maximum sum of the powers k + m+n. If all the terms have the 
same degree, we say that the polynomial is homogeneous and if it satisfies that 
P(a,y,z) = P(z,2,y) = Ply,z,x) = P(a,z,y) = Ply, 2, z) = P(z,y,«), then we 
say that P(x, y, z) is symmetric. 
Example 8.8.1. 
(a) The elementary symmetric polynomials o, = «+ y and o2 = xy are also 
homogeneous, the first one of degree 1 and the second one of degree 2. 
(b) The polynomial x2 +x + y+ y? is symmetric but it is not homogeneous, 
meanwhile xy + 2y? is homogeneous but not symmetric. 
(c) The sum of powers s; = x+y", with i =0,1,2,..., are symmetric. 
Theorem 8.8.2. Any symmetric polynomial in x and y can be represented as a 
polynomial ino, =x+y and og = xy. 


Proof. In fact, 
Sn =a" +y" = (at y)(aP* + y"*) — aya"? $y") = 018n-1 — 9280-2, 
where s; = x + y’. Then, we have the recursion 
$9 =2, $1=01, Sn =018n—1 — 028n_2, forn > 2. 


Now, the proof for any symmetric polynomial is simple. The terms of the form 
aaz*y* do not cause any problem, since ax*y* = ack. If the term bx'y”, with i < k, 
appears in the polynomial, then, by symmetry, the term bay’ also has to be part 
of the polynomial. Grouping terms, it follows that 


baty® + bay? = bat y'(2*-* + y*—*) = bo}s,_j. 


But s,—; can be expressed as a polynomial in terms of 0; and a2. 
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The non-linear systems of symmetric equations in two variables 7 and y can be 
simplified using the substitution oj = x+y and op = ay. The degree of these 
equations will be reduced, since 02 = zy is a second-degree term in x and y. As 
soon as we find a; and a2, we can find the solutions x, y of the system of symmetric 
equations, either solving the quadratic equation z? — 0,z +02 = 0 or solving the 
system x+y = 01, TY = 02. 


Example 8.8.3. Solve the system 
e+y=3l, ¢+y=1. 


Take oj = 2+ y, 02 = ry. Then 
ag +y° = 0184 — 0283 = (4 + y)(a* + y*) — zy(z? + y?) = 31. (8.9) 


Since v* + y! = 0183 — 0282, making the substitutions recursively, we obtain that 
equation (8.9) is transformed into 0? — 5of02 + 50103 = 31. Then, the system we 
need to solve is 


oF _ 5o%ae + 5o10%5 =31, oj =1. 


Substituting the value of c; in the first equation, we get 03 — 72 —6 = 0. This last 
equation has as solutions og = 3, —2. Hence, we need to solve x+y =1, zy = 3, 
—2. Therefore, the solutions are: 


(He), (= te) en, esis), 


The symmetric polynomials in three variables can be expressed in terms of 
the symmetric polynomials 


op=et+yt2z, og =xyt+yzt+2ze and o3 = xyz. 


The sum of the powers s; = x? + y’ + z’, with i = 0,1,2,..., can be expressed 
with o1, 02 and o3, in the following way: 


so = ao ty? 4+ 2° =3, 
§sp=r+y+z=01, 
sg= 2° +y? +27 = 07? —2oo, 
= 8 3 32223 
83 =a? ty + 2° =o; — 380102 + 303, 
and, for n > 3, we have the recursive equation 


Sn = 018n—-1 — 928n—2 + 035n-3.- 


The non-linear systems of symmetric equations in three variables x, y and z 
can be simplified using 01, 02 and 03. Once we have the equations in 01, a2 and 
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03, we write the cubic equation u? — oyu? + cou — 03 = 0, where oj, o2 and a3 


are its coefficients. Then, the solutions (21, 22,23) of this cubic equation are the 
solutions of the system. The other solutions can be obtained by permutation of 
the variables. 


Example 8.8.4. Solve the system 
etyte=4, t+y+7=14, ctyit+2? 34. 


Note that x, y, z are roots of the polynomial P(u) = u? — (w@ + y+ z)u? + 
(cy + yz+2x)u— xyz. This becomes 


P(u) =u? — ou? + oot — 03, 
where 0) =X+Y+2, 02 =xy+yz+ 2a and o3 = ryz. Then 
4=s,=01, 14 = sy = 0? — 202 = 16 — 200, then og = 1. 


The numbers z, y and z are roots of P(u), then 


x? — 4e? + ¢ — 03 =0, 
y> — 4y’ + y — 03 =0, 


23 —4z*+4+ 2-03 =0. 


Adding the equations, we get that 73 = —6, and so the roots we need to find are 
the roots of the polynomial P(u) = u?—4u?+u+6. Observe that uj = —1 is a root, 
then we can factorize P(u) as P(u) = (u+1)(u? —5u+6). Solving u?—5u+6 = 0, 
we obtain the other roots, which in this case are ug = 2 and u3 = 3. Hence, the 
solution of the system is (x,y,z) = (—1, 2,3) and all its permutations. 


A technique used to generate integer roots for a family of quadratic polyno- 
mials or for a polynomial of several variables, is known as Vieta’s jumping. This 
tool is used to find the roots of a quadratic polynomial in a recursive way. In gen- 
eral, when this technique is applied to polynomials of several variables only one 
variable is taken into account while the other variables are considered as constants. 
Let us see the following example. 


xrty?41 


is an integer, then 
vy 


Example 8.8.5. If x, y are positive integers such that 
such integer is equal to 3. 


Suppose that (20, yo) is a pair of positive integers such that 


zotyot1 _ 


ToYo 


k 


>) 


with k an integer. Using this solution, we will find another solution (x1, y1) of 
positive integers such that 21 + y; < 2 + yo. Suppose that xp > yo and let 
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P(x) = x? —kyox+ye +1, then zo is a root of P(x) and if x is the other root, by 
Vieta’s formulas, it follows that x9 + x, = kyo and xox, = Ya + 1. From the first 
equality, it follows that x, is an integer, and from the second equality, x1 is positive 
since x and y? + 1 are positive. Then x] = vat and, since xo, yo are integers 
with xo > yo, it follows that ro > yo +1, so that x2 > (yo +1)? > y@4+1, and 
therefore x1 < xo. In this way, we have found another solution (x1, yi) = (21, yo) 
such that 21 + y1 < 20 + yo. 

This process can be continued and we can find another solution of positive 
integers (21, y1) such that the sum 21 + y; is less than the sum of the elements of 
the previous solution. Since this process cannot be done infinitely, we must get a 
solution (29, yo) such that xo = yo. Then 


2 2 1 1 
jp Oo ee 

Yo YO 
hence 2 < k <3, from where we deduce k = 3. 
Exercise 8.33. Solve the system 

ge +y* = 33, et+y=3. 
Exercise 8.34. Find the solutions of the equation Y97 —x2 + Wx =5. 
Exercise 8.35. What is the relation between a, b and c if 
tty=a, v+y=b, Pt+y=c? 


Exercise 8.36 (IMO, 1961). What conditions must satisfy a and b in order that a, 
y, z are different positive real numbers and such that 


etytz=a, 24+y7+27=0?, ay=z27? 
Exercise 8.37. Solve the system 
gtytzgoa, 2 ty4+27=0, tytzaa’. 
Exercise 8.38. Find the integer solutions of the equation 
(e+y*)(2? +y) =(e+y)°. 


Exercise 8.39 (China, 2010). Find all integers k for which there are positive inte- 
gers a, 6, such that 


a+1 6+1 
+ — 
b a 
Exercise 8.40. Let x, y, z be non-zero integers, and such that 


k. 


ety +2 
LYZ 


is an integer. Prove that this integer is either 1 or 3. 
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Problems 


Problem 9.1. Find the irrational numbers a such that a? + 2a and a® — 6a are 
rational numbers. 


Problem 9.2 (OMCC, 2010). Let p,q,r be rational numbers different from zero, 


such that 
Voi + V+ VP 


is a rational number different from zero. Prove that 


is also a rational number. 


Problem 9.3 (APMO, 2005). Prove that for every irrational number a there exist 
irrational numbers b and b’ such that a+b and ab’ are rational numbers and such 
that a+! and ab are irrational numbers. 


Problem 9.4. Let 71, r2, ..., Ln be positive integers less or equal than an integer 
number m. Prove that if the least common multiple of each pair of integers 1s 


greater than m, then the sum of the reciprocals of the n numbers is less than 3. 


Problem 9.5 (APMO, 2013). Find all positive integers n such that iets is an 
integer number. 


Problem 9.6 (IMO shortlist, 1998). Determine all the pairs (a,b) of real numbers 
such that a|nb| = b|na], for every positive integer n. 


Problem 9.7. [fn and m are positive integers without common factors, prove that 
n 2n 3n (m—1)n (m — 1) 
{=\+ a ee ee ee 
m m m m 2 
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Problem 9.8. Find the real solutions of the system 


ao 
ab 


(Fer RO) (+) 


Problem 9.9. The different real numbers a, b, c satisfy the identities a + i = 
b+ + =c+ 1. Find the values that abc can get. 


Problem 9.10. The positive real numbers a, b, c satisfy the identity abc(a+b+c) = 
1. Find the minimum value of (a+ 6)(a+c). 


Problem 9.11. The real numbers a, b, c different from zero, satisfy the identity 
a b c hres : 
i =) iene (1 ~)-= oetepene eee ae 
Ot (1+) ae (G+5+2 ) 
Find the value ofa+b+c. 


Problem 9.12. Let a, b, c be real numbers different from zero and such that a + 
b+c=0. Find the value of 


BSG eee ee! Seer a ar es 
a b c J\b-c c-—a a-—b/)’ 


Problem 9.13. Leta, b, c be non-zero and distinct real numbers, such that 


Find the value of 
a b c 


(b—c)? (c-a)?_ (a—b)? 


Problem 9.14. Let a, b, c be integers that satisfy the equality ab + bc + ca = 1. 
Prove that the number (a? + 1)(b? + 1)(c? +1) is a perfect square. 


Problem 9.15. Let a, b, c be integers that satisfy the equality a4 ; ++ = 0. Prove 
that the number a? + b? + c? is a perfect square. 


Problem 9.16. The real numbers a, b, c satisfy the identity (a+b+c)? = a?+b?+c?. 
Prove that: 


' a? b? Ce 
(Gi) +—— + => + = = 1 
a2+2be b2+2ca = c?+2ab 
(ii) be = ca es ab a 
a2+2be b?+2ca 24+ 2ab 
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Problem 9.17 (Slovenia, 2005). The real numbers a, b, c satisfy the identity abc = 
1. Find the value of the expression 


atl b+1 cet+1 
ab+at+1 be+b+1 cat+c+1 
Problem 9.18. Let a, b, c be distinct, non-zero integers, such that |* + bre =2. 


What is the value of a — b? 


Problem 9.19 (Czech-Slovak-Polish, 2005). Let n be a positive integer. Find the 
real non-negative numbers 11, ..., Um that solve the following system of equations: 


aptaptaz+e-+aman 
n(n +1) 


ty, +249 +343 +--+ tnt, = 2 


Problem 9.20 (Canada, 1971). Let x, y be positive real numbers with x+y = 1. 
Prove that (1 + +) (1 + 1) > 9. 


Problem 9.21 (Romania, 2007). For real non-negative numbers x, y, z, prove that 


ebay pe? 
3 


Problem 9.22 (Great Britain, 2010). Let a, b, c be the lengths of the sides of a 
triangle, that satisfy ab + be+ca = 1. Prove that (a+ 1)(b+1)(c+1) <4. 


> aye + File wy 2)le-2)) 


Problem 9.23 (OMCC, 2012). Let a, b, c be real numbers such that oa + = + 


+ = 1 andab+bce+ca> 0. Prove that 


abc 
——_—_ > 4 
ab+be+ca — 


Problem 9.24 (IMO, 1964). Let a, b, c be the lengths of the sides of a triangle. 
Prove that 


a+b+ec-— 


a’ (b+c—a) +b? (a+e—b) +c? (a+b—c) < Babe. 


Problem 9.25 (IMO, 1975). Consider two collections of numbers 11 <4 <--+< 
In, Yr < yo < +++ < Yn and a permutation (21, 22,..-,2n) of (Yi, Y2,-+-5Yn)- 
Prove that 


(a1 — yr)? +--+ + (en — Yn)? < (er — a1)? +++ + (tn — Zn)”. 


Problem 9.26 (IMO, 1978). Let a1, 12, ..., Un be distinct positive integers. Prove 
that ie. i 

it v2 qn 

SE hie teats EAS a ee lk in ae 

pratt Tere Vie ba 


168 Chapter 9. Problems 


Problem 9.27 (IMO shortlist, 2010). Let a1, ..., 109 be non-negative real numbers 
such that x; + vj41 + Vigo <1, for every i =1,...,100 (where x191 = 1, Lio2 = 
x2). Find the maximum possible value of the sum 


100 


S= ) Uji Lji+2- 
i=1 


Problem 9.28 (Czech-Slovak-Polish, 2010). Let a, b, x, y be positive real numbers, 
with a > b and ab > ax + by. Prove that: 


(i) e+ty<a, 


(ii) Jat+b> We+ Vy. 
Problem 9.29 (Thailand, 2005). Let a, b, c be real numbers, prove that 
2a—b a 2b—c = 2c-—a ee 
a—b b—c ca 


Problem 9.30. Find all triplets of positive real numbers a, b, c such that they 
satisfy the following inequalities 


ab+1 < 2c, be +1 < 2a, ca+1< 2b. 


Problem 9.31 (Czech-Slovak-Polish, 2010). Determine all triplets of positive inte- 
gers (a,b,c), that satisfy the identities: 


avb—c=a 
b/e-—a=b 


cVa—b=c. 


Problem 9.32 (IMO, 1968). Let a, b, c be real numbers. Prove that the system of 
equations 
2 ~— 
axy + ba, + c= 22 


2 
ary + bag +c= 43 


Gi. 5 + ban-1 +c¢=4y 


ax? + brn +e= 21, 


has a unique real solution if and only if (b — 1)? — 4ac = 0. 
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Problem 9.33 (IMO shorlist, 1967). Solve the following system: 


z+a-l=y 


Problem 9.34 (OMM, 2011). Solve the system, 


ge +a, —-1= 22 


2 
%+t2-1l=23 


2 


Ce 4g Heyes SL Sey 


rv? +a, —-1=24. 


Problem 9.35. For n> 3, find all the positive solutions of the system 


= By, FeLi 


=%+ 2%. 


Problem 9.36. Let x, y, z be real numbers such that x+y+z = a7!+y7!+2z7!=0. 
Prove that 
x + y6 + 76 


et Ee = tyz. 


Problem 9.37 (Peru, 2009). Let a, b, c, d be integers such thata+b+c+d=0. 
Prove that (be — ad)(ac — bd)(ab — cd) is a perfect square. 


Problem 9.38. Leta, b andc be real numbers different from zero, witha+b+c= 0. 
Prove that 
a+ P+ e+e @& BB CB 


a+b bte cta be | ca ab’ 


Problem 9.39. Find all triplets of positive integers (a,b,c), such that a3 + 68 + 
@ — 3abe = p, where p > 3 is a prime number. 


Problem 9.40. Find all positive integers that are solutions of the equation x3—y? = 
cy + 61. 
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Problem 9.41 (Great Britain, 2008). Find the minimum of x? + y? + 27, where x, 
y, z are real numbers that satisfy x3 + y? + 23 — 3xyz =1. 


Problem 9.42 (Shortlist OMCC, 2011). The positive real numbers x, y, z, satisfy 


that 


z x 
ee yt—-=724+-=2. 
z £ y 


Find the value of «+ y+ z. 


Problem 9.43. If {a,} Cc R* is an arithmetic progression, prove that 
1 sf 1 int ds 1 7 n 
Vao+ Va Var t+ fan fan1+Jfan Saat fan 
Problem 9.44. The lengths of the sides of a right triangle are a < b < c and they 


are in arithmetic progression. Prove that their difference d is equal to the radius 
of the incircle of the triangle. 


Problem 9.45. Prove that in any partition of the set {1,2,...,9} into two subsets, 
it is possible to find, in one of them, an arithmetic progression with three terms. 


Problem 9.46. Leta, b, c be real numbers in arithmetic progression; prove that 


2 
9 (2 +b64+cP% =a@7(b+c)+b(e+a)+c7?(a+d). 


Problem 9.47. Prove that in the arithmetic progression {3,7,11,...,4k—1,...}, 
there are an infinite number of primes. 


Problem 9.48. Is it possible to divide the set of natural numbers in two subsets, 
such that none of them contains a non-constant arithmetic progression? 


Problem 9.49. Js there a non-constant arithmetic progression where the terms of 
the progression are all prime numbers? 


Problem 9.50. Prove that if an arithmetic progression of positive integers contains 
a perfect square then it has an infinite number of perfect squares. 


Problem 9.51 (OMM, 1999). Prove that there do not exist 1999 prime numbers 
in arithmetic progression, all of them smaller than 12345. 


Problem 9.52 (OMM, 2005). Let us say that a list of numbers a1, d2,...,Qm 
contains an arithmetic triplet aj,aj,ax, ft <j < k and 2a; = a; + ag. For 
example, 8, 1,5, 2, 7 has the following arithmetic triplet (8,5,2), but 8, 1, 2, 5, 
7 does not. Let n be a positive integer. Prove that the numbers 1,2,...,n can be 
rearranged in a list, such that this list does not contain an arithmetic triplet. 
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Problem 9.53 (Czech-Slovak, 2010). The four real solutions of the equation ax* + 
bx? + a = 1, form an increasing arithmetic progression. One of the solutions is 


also a solution of the equation bx? + ax +a = 1. Find all possible real values of a 
and b. 


Problem 9.54 (APMO, 2013). For 2k real numbers a1, a2, ..., Gp, b1, bo, ..., bx, 
define the sequence of numbers Xp, by 


If the sequence X, forms an arithmetic progression, prove that the sum 
pe a; has to be an integer number. 


Problem 9.55. Prove that in any partition of {i DOP a rocn t 256} into two subsets, 
it is possible to find in one of them three terms that are in geometric progression. 


Problem 9.56. Let n > 1 and consider the collection of numbers ao, a1, .--, Gn 
defined by 
al ak F 
ado= = and apyr=ar+— >, with k=0,1,...,n—-1. 
2 n? 
Prove that ay < 1. 
Problem 9.57. Let a, < az <--:<Gn<--: be an increasing sequence of positive 


integers such that: 


(i) For every n> 1, dan = Gn +n. 
(ii) If ap is a prime number, then p is prime. 


Prove that a, =n, for alln > 1. 


Problem 9.58. An arbitraty set of m+n numbers is divided into two arbitrary sets 
Q1,02,---,4m, b1,b2,...,bn. Order the numbers, in each set, in increasing form 


ay < dg <+++< dm, 01 < bg < +++ < dy. 


Then, the numbers in each set are divided again into two subsets cy, C2, ..-, Cm 
and dy, dz, ..., dn and let us arrange them in increasing order 


Cy <2 <3? < em, dy <dg<-++< dp. 


Prove the equality 


lay — ci] + Jag — co] +--+ + lam — Cm| = |b1 — di| + [bo — do] +--+ + |bn — dnl. 
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Problem 9.59 (Poland, 1986). Prove that, for every integer n > 3, the number n! 
can be represented as the sum of n different divisors of nl. 


Problem 9.60. For each prime number p > 3, prove that the number (5) —1lis 


divisible by p°. 

Problem 9.61 (UK, 2004). Let S be a set of rational numbers that satisfy: 
(i) eS. 
(ii) Ifa eS, then aT ES and €S. 

Prove that S contains all rational numbers in the interval 0 < «<1. 


Problem 9.62 (IMO, 1988). Prove that, if a, b are positive integers such that ab+1 


“yi 24 72 a+b? 
divides a“ + b”, then “7 is a perfect square. 


Problem 9.63 (Ireland, 2007). If a, b, c are roots of the polynomial P(x) = x3 — 
2007x + 2002, determine the value of 


a-—1 b-1 c-1 

a+ b+1 ce+1)° 
Problem 9.64. Determine all positive rational numbers a, b, c such thata+b+c, 
abc and 4 + ; + 4 are integers. 


Problem 9.65. Let a, b, c be real numbers, not all zero. Prove that one of the 
equations ax? + 2b2 +c =0, ba? + 2cx +a = 0, ca? + 2ax+b =0 has a real root. 


Problem 9.66 (Estonia, 2005). Find all pairs of real numbers (a,b) such that the 
roots of the polynomials 


6x7 —24r—4a and x? +axr?+br—-8 


are all non-negative real numbers. 


Problem 9.67. Let P(x) be a polynomial such that |P(x)| <1, for |a| < 1. 


(i) (Short list IMO, 1986) If P(x) = ax? + br +c, find the maximum value of 
la] + || + |e]. 

(ii) (Short list IMO, 1996) If P(x) = ax? + br? + ca +d, find the maximum value 
of |a| + |b] + |e] + Id]. 


Problem 9.68. Let a, b, c, d be real numbers, with a and d distinct from zero. 
Prove that if the roots of the polynomials ax? + ba? + cx +d and dx® + cx? + br +a 
are positive, then oe >9. 
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Problem 9.69 (IMO, 1963). Find all real solutions of the equation \/x? —p+ 
2/x2 —1=2, where p is a real number. 


Problem 9.70 (China, 2008). Let P(x) = ax? + bx? + cx +d be a polynomial with 
real coefficients. If P(a) has three positive real roots and P(0) < 0, prove that 
2b? + 9a?d — Tabc < 0. 


Problem 9.71 (India, 2010). Let a, b, c be integers with b even and c odd. Suppose 
that the equation x? + ax? + br +c=0 has roots a, 8, y, with a? = B+-+. Prove 
that a is an integer and that B #4 ¥y. 


Problem 9.72. Consider all quadratic equations x* + px + q = 0, where the coef- 
ficients p, q belong to the interval [—1, 1]. Find all possible values of the solutions 
of those equations. 


Problem 9.73 (Hermite’s identity). Given a positive integer n and a real number 
x, prove that 


1 2 n-1 
[nz] = |x| 4 je+e| je+>| fess je - | 
Problem 9.74 (IMO, 1968). For every positive integer n, prove that 
n+1 n+2 n+ 2" _ 
2 =f 32 abitiet ah “Ok+1 feo -=SnNn. 


Problem 9.75 (USA, 1981). Prove that if x is a positive real number and n is a 
positive integer, then 


Lz] | 22] [ne] 


Problem 9.76. The function f assigns to each non-negative integer n, the non- 
negative integer f(n), such that: 


(i) flem) = f(n) + flim), for n, m > 0. 
(ii) f(n) = 0 af the units digit of n is 3. 
(iii) (10) =0. 

Find the value of f (1985). 


Problem 9.77 (Czech-Slovak, 2010). Find all functions f : Rt > R* that satisfy 


f@)F(y) = F@)F (ef) + = with w,y € RY. 
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Problem 9.78 (Thailand, 2004). Let f : [0,1] > R be a function such that: 
(i) f() = Ff) =0. 
(ii) |f(@) — Fw) <|a— yl, for x, y € [0,1] with x F y. 

Prove that |f(x) — f(y)| < 4, for all x, y € [0,1]. 


Problem 9.79 (IMO, 1978). The set of all positive integers is the union of two 
disjoint subsets {f(1), f(2),...,f(n),.--}, {g(1), 9(2),.--, g(n),...}, where 
FUR FR) S32 SFO) Rens 
g(1) < g(2) <-+-<g(n) <..., 
and 
g(n) = f(f(m)) +1, forall n>1. 
Determine f (240). 


Problem 9.80 (IMO, 1981). The function f(x,y) satisfies 


fO,y)=y+1 
f(a@+1,0) = f(az,1) 
fie) = f(a, f(z+1,y)), 


for all non-negative integers x, y. Determine the value of f(4,1981). 


Problem 9.81 (IMO, 1982). The function f(n) is defined for all positive integers 
n and takes non-negative values. Also, for allm and n, 


f(n+m)— f(m)—f(n)=0 or 1, 
f(2) =0, f(3)>0 and f(9999) = 3333. 


Find f (1982). 


Problem 9.82 (IMO, 1983). Find all functions f defined in the set of positive real 
numbers that satisfy the conditions: 


(i) f(af(y)) = yf (2), for all positive numbers x, y. 
(ii) f(a) > 0, when x > ov. 


Problem 9.83 (IMO, 2010). Find all functions f : R — R such that, for all a, 
y € R, the equality 
f(lely) = F(@) LFW) 


holds, where |x| denotes the greatest integer less than or equal to x. 
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Problem 9.84 (APMO, 2011). Find all upper bounded functions f : RR > R that 
satisfy 
f(xfy)) + yf(@) = f(y) + (zy), forz,y ER. (9.4) 


Problem 9.85 (OIM, 2009). Let {an} be a sequence defined by 


a=1, Aan=an4+1, dangi=—, for n>1. 
mM 


Prove that, for every rational number r, there is a unique positive integer n with 
nr: 


Problem 9.86. Find the term ajooo of the sequence defined by 


an 
ado=1 and ani = Tonae for n=O. 
Problem 9.87 (Short list IMO, 2010). A sequence x1, x2,..., is defined by x1 = 1 


and top = —Xp, Lo~-1 = (—1)*t1 2g, for allk > 1. Prove that x1+22+-+:+2n > 0, 
for alln > 1. 


Problem 9.88 (IMO, 2010). Let aj, ao, ..., Gn, ... be a sequence of positive real 
numbers. Suppose that for some positive integer s, we have that 


Qn = max{a, tadn-p: 1<k<n-I}, 


for all n > s. Prove that there exist positive integers | and N, with | < s, such 
that @n =an-1 + a1, for alln > N. 


Problem 9.89 (Bulgaria, 1987). Let k be an integer greater than 1. Prove that 
there exist a prime number p and an increasing sequence of positive integers 
G1,02,..-,@n,..., such that the terms of the sequence 


ptkay,ptkaz,...,p+kan,... 


are all prime numbers. 


Problem 9.90 (Austria, 2005). For real numbers a, b, c, set &, = a" +b" +c", for 
n> 0. Suppose that s; = 2, s2 = 6 and s3 = 14. Prove that |s2 _ Sn—18n+41| = 8, 
for all n > 2. 


Problem 9.91 (IMO, 1982). Consider an infinite sequence of positive real numbers 
{xn}, such that xo =1 and x41 < 2;, for alli > 0. 


(i) Prove that, for any sequence that satisfies the given conditions, there exists 
an integer n > 1 such that 
2 2 2 
x x U2 
24, 4...4 -* > 3.999. 
Ly v2 In 
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(ii) Find a sequence with the given conditions such that 


2 2 2 
iG. Hi rh 
Oop peep ed. forall ay SL: 
ay v2 In 


Problem 9.92 (Great Britain, 2009). Find all sequences {an} that satisfy the 
following conditions: 


(i) Qng4i = 2a? —1, for alln > 1. 
(ii) ay is a rational number. 
(iii) a; =a;, for some i, j with i # J. 


Problem 9.93. If aj = 0, a; =1 and ay = 2ayn_-1 + An_-2, prove that 2 lax, if and 
only if 2"\n. 


Problem 9.94 (Russia, 1989). The sequence {an} is such that 
1 
lam + Qn — Gm4tn| < ——, forall m,n>1. 
+n 
Prove that {a,} is an arithmetic progression. 
Problem 9.95 (Bulgaria, 1996). The sequence {a,,} is defined by 
ay =1 and Gp ae for n=>1. 
n 
Prove that |a2,| =n, for alln > 4. 


Problem 9.96. Let b, be the units digit of the number 1+ + 2? 4+ 32 +--+.» +n". 
Prove that the sequence {b,} is periodic with period 100. 


Problem 9.97. Prove that |(1 + V3)?"*1| is an even integer, for n > 0. 


Problem 9.98. The sequence of integers {an} is defined by ay = 3, ag = 5 and 
An+2 = 3an41 — 2an, forn > 1. Prove that an = 2" +1, for all integers n > 1. 


Problem 9.99. The sequence of integers {an} is defined by ay = 1, ag = 2 and 
An+2 = Gn41 — Gn, forn > 1. Prove that an+6 = an, for all integers n> 1. 


Problem 9.100 (Short list IMO, 1986). Let aj = a, = 1 and, for n > 0, dno = 
7An+1 — Gn — 2. Prove that ay, is a perfect square, for every integer number n > 0. 


Problem 9.101 (IMO, 1976). The sequence {un} is defined by up = 2, wu. = 2 and 
Unt = Un(u2_, — 2) —u1, forn > 1. Prove that |un| = 2 , where |x| is 


the integer part of x. 


Problem 9.102. Jf a, = |V2n|, forn > 1, what is the value of a2020 ? 
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Problem 9.103. Let P(x) be a polynomial of degree n with P(j) = aD forj = 
0,1,...,n. Find P(m), form > n. 


Problem 9.104. Let P(x) be a polynomial of degree n with P(j) = = forj = 
29,91.....9". Find P(0). 


Problem 9.105 (Short list IMO, 1981). Let P(x) be a polynomial of degree n with 
PQ) =("F) "7 for 7 =0,1,...,n. Find P(n +1). 


Problem 9.106 (IMO, 1993). Letn > 1 be an integer and let P(x) = «"+5a"~!+3. 
Prove that P(x) is irreducible over Zz}. 


Problem 9.107 (Short list, 1997). Let p be a prime number and let Q(x) be a 
polynomial of degree n with integer coefficients such that: 

(i) Q(@) =0, Q() =1, 

(ii) For any integer n, Q(n) is congruent to 0 or 1 module p. 


Prove thatn > p—1. 


Problem 9.108 (Short list IMO, 1997). Let P(x) be a polynomial with real coeffi- 
cients and P(x) > 0, for x > 0. Prove that there is a positive integer n such that 
the coefficients of the polynomial (1+ x)" P(x) are all positive. 


Problem 9.109 (Short list IMO, 2002). Let P(x) = ax? + ba? + cx + d be a cubic 
polynomial with integer coefficients a, b, c, d anda #0. If xP(x) = yP(y), for an 
infinite number of integers x, y, with « # y, prove that P(x) has an integer root. 


Problem 9.110. Consider the positive real numbers a, b, c. Solve the system of 
equations: 
ry =a, yz =b, ZH =C. 


Problem 9.111. Consider the real numbers a, b, c. Solve the system of equations: 
aytz)=a, ylz+2)=b  2ety)=e 


Problem 9.112. Consider the positive real numbers a, b, c. Solve the system of 


equations: 
LYZ LYZ LYZ 


r+y 7 
Problem 9.113 (Balkanic, 2002). Solve the system of equations: 


>) 


ytz : Z+ax 


a? + 3ab? + 3ac? — babe = 1, 
b? + 3ba? + 3bc? — Gabe = 1, 
c + 3cb? + 3ca” — Gabe = 1. 
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Problem 9.114. Let P(x) be a polynomial that takes integer values in the integers. 
Prove that there are integers co, C1, .--, Cn such that 


P(z) =e,(*) tol”) tta(6), 


where (5) = Heme) 


Problem 9.115. Let p be an odd prime number and let P(x) = x? —x +p. Prove 
that P(x) is irreducible over Z[x]. 


Problem 9.116 (IMO, 2004). Find all polynomials P(x) with real coefficients that 
satisfy the equality 


P(a—b)+ P(b—c)+P(c—a) =2P(a+b+0), 


for all real numbers a, b, c, with ab+ be + ca = 0. 


Problem 9.117 (IMO, 2006). Let P(x) be a polynomial of degree n > 1, with 
integer coefficients and let k be a positive integer. Consider the polynomial Q(x) = 
P(P(...P(P(a))...)), with k pairs of parenthesis. Prove that Q(x) has at most n 
integer fixed points, that is, integers that satisfy the equation Q(x) = x. 


Problem 9.118. Find all polynomials P(x) such that P(0) = 0 and P(x? +1) = 
P(x)? +1, for all real numbers x. 


Problem 9.119. Find all polynomials P(x) such that P(x)? —2 = 2P(2x?—1), for 
all real numbers x. 


Problem 9.120. Let P(x) and Q(x) be monic polynomials such that P(P(a)) = 
Q(Q(x)), for all real numbers x. Prove that P(x) = Q(x). 
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Solutions to Exercises and Problems 


The first eight sections of this chapter contain all solutions of the exercises in the 
first eight chapters. In Section 9, you can find the solutions to the problems of 
Chapter 9. The difficulty of the problems in Chapter 9 is usually greater than the 
difficulty of the exercises that you find in the first eight chapters. However, solving 
the problems of this last chapter would be an excellent training in preparation for 
international mathematical competitions. 

We recommend that the reader consult this last chapter just in case he or 
she cannot solve the exercises and problems alone. 


10.1 Solutions to exercises of Chapter 1 


Solution 1.1. (i) Ifa < 0, then —a > 0. Also use (—a)(—b) = ab. (ii) (—a)b > 0. (iii) 
a<b<b—a> 0, now use property (a). (iv) Use property (a). (v) aa~t =1>0. 
(vi) Ifa < 0, then —a > 0. 


Solution 1.2. Observe that if a? +b—(a+b?) € Q, then (a—b)(a+b—1) € Q and, 
since a+b—1€ Q\ {0}, then (a —b) € Q. Therefore, ifa+be€ Qanda-—beEQ, 
then 2a and 2b are in Q. Therefore, a and 6 are rational numbers. 


Solution 1.3. If a = 0 or b = 0, then the result is clear. Now suppose ab # 0. 
Since (a? + 6”)? — (a* + b*) = 2ab?, we have that a?b? € Q. Note that a® + b® = 
(a? + b?)3 — 3a7b? (a? +b) € Q, then (a3 + 3)? — (a® +b®) = 2a%b? € Q. Therefore, 
ab? a? + 6% 

ab = ap © Q and Oe aap ah 
Solution 1.4. (i) Suppose \/p is not an irrational number, that is, \/p = “, where 
m, n are integers with (m,n) = 1, that is, m and n are relatively prime numbers. 
Squaring both sides of the equality, we get pn? = m?, that is, p divides m?, then 
p divides m. Therefore, m = ps and pn? = p?s? imply n? = ps?, this guarantees 
that p divides n? and also divides n. Therefore, p divides m and n contradicting 
the fact that m and n are relatively prime. 


EQ. 


© Springer Internation! Publishing Switzerland 2015 179 
R.B. Manfrino et al, Topics in Algebra and Analysis, 
DOI 10.1007/978-3-319-11946-5_10 


180 Chapter 10. Solutions to Exercises and Problems 


(ii) Suppose \/m is not an irrational number, that is, /m = +, where r, s 


are integers with (r,s) = 1. Squaring we have ms? = r?. Since m is not a perfect 
square, it has a factor of the form p%, where p is a prime number and a is a positive 
odd integer. Then p® divides r?, which means that the prime p appears an even 
number of times in the factor decomposition of r?. Since r and s are relatively 
prime numbers, p does not divide s, hence p appears an odd number of times as 
a factor of ms*, which is a contradiction. 


Solution 1.5. If a+b = ab =n, then b =n—a and n= a(n—a). The last equation 
is equivalent to a? — na +n = 0; solving the equation we have 
ntV/n?—4n n=vVn?—4n 


, from where b= 
2 2 


— 


For n > 5, we have (n — 3)? < n? — 4n < (n— 2)?, therefore Vn? — 4n is an 
irrational number, and then a and 0 are irrational numbers. 


Solution 1.6. Suppose @ is a root, with (m,n) = 1, then m and n cannot both be 
n 


even. On the other hand, since a ess +b (+) +e=0, we have that am? +bmn+ 
cn? = 0. The right-hand side of the last equation is even and the left-hand side 
is odd. If m and n are odd numbers, the three terms of the left-hand side of the 
equation are odd. Now, if one term is even and the other is odd then two terms 
are even, the third odd and the sum is odd again. This contradiction implies that 
the equation cannot have rational roots. 


Second Solution. The discriminant b? — 4ac has to be a perfect square. But, since 
a, b and ¢ are odd numbers, we can prove that b? — 4ac =5 mod 8. However, the 
square of an odd number has remainder 1 modulo 8. 


Solution 1.7. Let u=a+ Vb and v=a— Vb, then 


2 Bs 2 
_ (Gaver , (Tip 
4 4 

* ure 0 Juv ute = Juv 
_ D " 2 

eae eae Bay an aiVibteeve Rf Qep 
Sy oe a ee 

a+vVa2—b a—vVa2—b 
= 5 + 5} ) 


as we wanted to prove. 
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Solution 1.8. (i) Let x = 4/a\/a\/a/a... arfa... Ja/a..., then x? =ay/ayla/ala- a a Of Bc Ja... Ja/a..., therefore, 


= ax. Factorizing, «(a — a) = 0. Therefore, since a is positive the solution is 


L=a. 
Second Solution. We can give another solution using series. We have 
— azata® Ed qztatet: 


=a, 


since )>°", 37 = 1, see Section 7.3.1. 


(ii) hie alae bVa tid Bs 2 , then x? = a/b /a/bva. a Jb/Ja... , therefore x+ = 


a*ba. Since « £ 0, 2? = a?b, then x = Wa2b 


Second Solution. We can give another solution using series. We have 


Dg hy at oy tae ees 
c=aztstat patietct — 3 3, 
A foe) 1 1 co 1 Di ee . 
since y j=l DT =3 and y j=0 F254+T = 3) see Section 7.3.1. 


Solution 1.9. 


(i) If ay, yz and za are in Q, then Gye) =x? € Q. Similarly, y?, z? € Q. 
Therefore, x7 + y?+27€Q. 

(ii) By (i) we have (x2)? + (xy)y? + (xz)z? = (22 + y? + 23) €Q, thenzx EQ. 
Similarly, y, z € Q. 


Solution 1.10. Since a— Vab=a(1— wh), it is sufficient to prove that 1 — wh 

is a rational ae different from zero to claim that a is a rational number. 
b-Vab _ Vvb(vb-Va) _ _ vob ; i ; 1 (si 

But = Tat fae Va 18 & rational number different from —1 (since 


a # b), therefore 1 — 4 is a rational number different from 0. Similarly, b is a 


rational number. 


Solution 1.11. To solve (i), define x = 0.111..., then 102 = 1.11.... Subtracting 
the first equation from the second, we get 9x = 1, therefore x = s. 
(ii) Let « = 1.141414..., then 1002 = 114.141414.... Subtracting the first equa- 
tion from the second, we get 99x = 113, therefore x = a. 
Solution 1.12. 


(i) First observe that 121, = (1 x 6?) + (2 x b) +1 = (b+ 1)”, then 121, isa 
perfect square in any base b > 2. 


(ii) Since 232, = 2b? + 3b + 2 has to be a square and since 3 is one of its digits, 
b> 4. 
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For b = 4, 2324 = 46, for b = 5, 2325 = 67, for b = 6, 232g, = 92 and for b = 7, 
2327 = 121. Then, b = 7 is the smallest positive integer such that 232, is a perfect 
square. 


Solution 1.13. Suppose that a > b. Then for all integers O0< k < n, Lntpadb* > 


Lnc,b"a*, where the equality holds only when k = n or x, = 0. In particular, we 
have a strict inequality for k =n —1. Adding, this becomes 


n n 
Ina” y xpd” > 2b" ) xpa” 
k=0 k=0 


or 
Lpa” a Lb” 
An Bn 
This implies that 
An-1 Ina Ind Bn-1 
== is = 
An An . By Bn 
On the other hand, if a = b, then clearly Ana a amt, and if a < b, using what 


An-1 Bn-1 An-1 Bical is 
A . Therefore, An SoBe if and 


we proved before, it follows that 
only ifa > b. 


Solution 1.14. Note that |a| = |a—6+}| < ja — b| + |b|, therefore we have 
\a|—|b| < |a—6]. Similarly, following the same procedure, we have |b|—|a| < |b—al. 
From these two inequalities, we get ||a| — |b|| < ja — 6]. 


Solution 1.15. 

(i) Jw — 1] — |a + 1| = 0 is equivalent to |” — 1| = |x + 1]. Squaring both sides 
of the previous equation and solving (x — 1)? = (a + 1)”, we have 4x = 0, 
therefore the only solution is x = 0. 

(ii) | — 1|J2 + 1] = 1 is equivalent to |x? — 1] = 1, hence 


g—1=1 or —(2?—1)=1, 
x? =2 or x? =0, 
a=+V2 or xr=0, 
therefore the solutions are x = +2 and x = 0. 
(iii) If ¢ > 1 we get |2 +1] = «+1 > 2, therefore there are no solutions. 
If « < —1 we get |x — 1] = —x +1 > 2, therefore there are no solutions. 


If -l1<a2<1,thenx—1<0<2+1, therefore 
je—-1,)+le+1)=(1-—2)4+(@4+1) =2. 


Thus, the only values of x that satisfy the equality are -l1<a< 1. 
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Solution 1.16. From the first and third inequalities we have z > |x + y|—1 > 0. 
Therefore, z? > (|2 + y| — 1)?. Now, 2ry > 22+1> (|x +y|-— 1)? +150, then 


Qey > x? + Qey + y? — Qa t+ yl +2 > |x|? + Qry + |y|? — 2|ar] — 2ly| +2 


cancelling out, 0 > |x|? + |y|? — 2|a| — 2|y| +2 = (|x| — 1)? + (\y| — 1)?. Therefore 
|x| = 1 and |y| = 1. Since x and y have to be —1 or 1, but since ry > 0, both 
numbers have the same sign. For « = y = 1 or x = y = —1 we get, substituting 
in the original equations, that 2— z? > 1 and z—2 > —1. Therefore, z? < 1 and 
z > 1. The only value of z that satisfies both inequalities is z = 1. Therefore, there 
are two solutions to the problem « =y=z=landv=y=-—l,z=1. 


Solution 1.17. Suppose that a; < ag <--- < dp is a collection with the largest 
quantity of integers that satisfy the property. It is clear that a; > i, for alli = 
ieee 
If a and 6 are two integers from the collection a > 6, since |a— b| =a—b> 4, 
we get a(1— 72;) > b; therefore, if 100 —b > 0, then a > A002. 

Note that there are no two numbers a and Ds as the collection greater than 100; in 


fact if a > b > 100, then a— b = |a— b| > $4 > a, which is false. 


We also have that for integers a and 6 smaller than 100, we have {02% > 1008. if 


and only if 100a — ab > 1006 — ab if and only if a> 6. 
It is clear that {1, 2,3, 4,5, 6, 7,8, 9,10} is a collection whose elements satisfy the 
property. 


i : 7 ; ‘ 
Now, a1 > et > ety, = 2 > 11, which implies that ay, > 12. 


n. 


00a14 100-12 _ 1200 
Q12 > i9-n = iooriz = ae 13, hence aj2 > 14. 


00a12 100-14 __ 1400 
Q13 2 790-85 2 Toorid = ge > 16, hence aj3 > 17. 


aya > Too > AMoe = 100 S 20, hence ay4 > 21. 


00ai4 100-21 __ 2100 
15 2 T990-e, 2 00-2 = “7 > 26, hence aj5 > 27. 


00a15 100-27 _ 2700 
Q16 > 799-4 2 iors? = 73 36, hence ayg > 37. 


00a16 100-37. _ 3700 
a17 = Too ae = jpora7 = aa > 58, hence aj7 > 59. 


00a17 100-59 __ 5900 
a1g > To9- te ee 2 a99-bs = at 143, hence ajg > 144. 


Moreover, as we have already observed, there are no two integers of the 
collection greater than 100, so the largest quantity is 18. A collection with 18 
integers that satisfies the conditions is 


{1,2,3,4, 5,6, 7,8, 9, 10, 12, 14, 17, 21, 27, 37, 59, 144}. 
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Solution 1.18. By Example 1.3.2, |2a| = [a] + |a+4] and [2b] = |b] + [b+ 3], 
then the inequality that we have to prove is equivalent to 


la] 4 |. | 5| + |b] 4 t | 5| > jal + |b] +|a4+d], 


then we only have to prove that |a+4|+|b+3] > |a+ bj. 


Leta =n+y,b=m+a, withn,m€ Zand0<2,y<1.Then0<2+y <2 
anda+b=n+m+a+y. We have two cases: 

(i) If 1 < a+y < 2, then |a+6| = n+m-+1, and at least one of the 

numbers x or y is greater than or equal to 5. Suppose that x > $ then 

[b+4] = |m+x2+4] =m-+1, therefore |a+5|+ |b+5] >m+nt1 = [a+b]. 

(ii) If0 <a+y <1, then [a+b] =n+mand |a+$|+|b+5] >m+n= lat]. 


Solution 1.19. (i) We have that |x|x|| = 1 if and only if 1 < a|a| < 2. If 
x=m+y, with m € Z and 0 < y < 1, then 1 < m? + my < 2. Observe that 
m = 0 is impossible, as well as m > 2 or m < —2. Therefore, it only remains to 
be proved for m = 1 or m= —1. 

Ifm = 1, then 1 < 1+y < 2, from which 0 < y < 1 and then any x in 
the interval [1,2) satisfies the equation. If m = —1, then since 1 < m? + my < 2, 
we have 1 < 1—y < 2, from which 0 < —y < 1 and then y = 0 and x = —1. 
Therefore, the numbers that satisfy the equation are x = —1 and 2 € [1, 2). 

(ii) Since |x| < a < |a|, it follows that |x| — |a| > 0, therefore ||| — || 
|x| — |a|. On the other hand, by property (c) in 1.3.1 we obtain ||| — |a|| = 
||a|| — [a]. Using the last equalities, the equation becomes |x| — |x| = ||2|| — |x 
which is equivalent to |x| = ||a|]; then || is an integer number and the values 
x that satisfy the equation are all the integers. 


Solution 1.20. Add the three equations to obtain 27% + 2y + 2z = 6.6, so that 
x+y+z=3.3. If you subtract this equation from the original ones, we obtain 


{y} + Lz] = 2.2, 
{z}+ ly] =1.1, 
{z}+ |e] =0. 


For the first equation, we obtain |z| = 2 and {y} = 0.2; the second equation 
becomes |y| = 1, {a} = 0.1, and the third |#| = 0 and {z} = 0. Therefore, the 
solution is x = 0.1, y= 1.2 and z= 2. 


Solution 1.21. We have /n+Vn +1 < /4n + 2 if and only if 2n4+-1+V/4n? + 4n < 
4n + 2, which is equivalent to V/4n?+4n < 2n +41. Squaring again, the last 
inequality is equivalent to 4n?+4n < 4n?+4n+1. This proves that /n+V/n +1 < 


V4n + 2, then | /n+ Vn +1] < |V4n42]. 
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Suppose that, for some positive integer n, |. /n+ Vn+1| 4 |V4n+2]. 
Let g = |/4n42], then /n+ /n+1 <q < V4n+2. Squaring, we obtain 
In+14+V4n2 + 4n < q? < 4n+2, or equivalently, /4n? + 4n < q?-2n—-1 < 2n4+1. 
Squaring again we find that 4n? + 4n < (q? —2n-—1)? < 4n?+4n+1 = (2n+1)?. 
Since there does not exist a square between two consecutive integers, we have 
gq? —2n—1 = 2n+1 or q? = 4n+4 2, which is equivalent to saying that q? = 2 
mod 4. But this is a contradiction, since any square number is congruent to 0 or 
1 mod 4. Therefore, we get the equality. 


We now prove that |\/4n +1] = |V/4n4+ 2| = |V4n +3]. 

For the first equality, suppose that there exists n such that m = |/4n +1] < 
m+1= |V4n + 2], therefore m < /4n+1< m4+1< V4n +2, or m? < 4n+1< 
(m+1)? < 4n+2. Therefore, since 4n+1 and 4n+2 are two consecutive integers, 
and since (m+ 1)? > 4n + 1, therefore (m + 1)? = 4n + 2, and again we found a 
square number which has remainder 2 when we divide the number by 4, which is 
impossible. For the second equality, proceed in the same way. 


Solution 1.22. For the first five parts use equations (1.2), (1.3) and (1.5). To prove 
(vi), use (iv) and (v). 


Solution 1.23. For the first two parts (i) and (ii), use equations (1.2) and (1.3). 
To prove (iii), use (i) and (ii). 


Solution 1.24. To prove (i) and (ii) just expand the left-hand side of the equations 


and rearrange the terms. 


To prove (iii), (iv), (v) and (vi) make the operations on both sides of the equality 
and observe that they are equal. 


Solution 1.25. To prove (i) and (ii) expand the right-hand side of the equations 
and simplify. 


Solution 1.26. Use equations (1.2) and (1.3), and perform the operations on both 
sides of the equation. 


Solution 1.27. Let x = 1/24+ V54+ */2- V5, then 
a—\V24+V5—V2-V5=0. 


By equation (1.7), ifa+b+c¢=0, then a® +b? +c? = 3abc, therefore 


2 (2+ v5) (2 v5) = 304/(2+ v5) (2- v5), 


186 Chapter 10. Solutions to Exercises and Problems 


simplifying we have that x3 + 32 — 4 = 0. Clearly a root of the equation is x = 1 
and the other roots satisfy the equation x? + 2 + 4 = 0 which does not have real 


solutions. Since */2 + /5 + ¥/2— V5 is a real number, it follows that 


V2+V5+4+ V2-V5=1, 


which is a rational number. 


Solution 1.28. Observe that, if «+ y+ z=0, then it follows from equation (1.7) 
that 2° + y? + 23 = 3xryz. Since (x — y) + (y— z) + (z — x) = 0, we obtain the 
factorization 


(a —y)? + (y— 2)? + (z—2)° = 3(e@ —y)(y — 2)(z- 2). 
Solution 1.29. Observe that (#+2y—3z)+(y+2z—32) +(z+2x—-3y) = 0, then it 


follows, from equation (1.7), that (2+ 2y —3z)3 + (y+ 22-32)? + (z2+22—-3y)? = 
3(x + 2y — 3z)(y + 2z — 3x)(z + 2a — 3y). 


Solution 1.30. Let a = Ya—y, b = VYy—z, c = Wz—42, and suppose that 


a+b+c= 0, then it follows, from equation (1.7), that a3 +b? +c? = 3abc, but then 


0= (x-y)+(y—2) + (2-2) = 0 +094. = 3abe = 338 Y/e— yy — 2/2 — 2 £0, 


which is absurd. 


Solution 1.31. If we define a = @/r, b= —35 and c= —1, we havea+b+c=0, 
then r—4-1=3%/r (-+) (—1) = 3, therefore r— + = 4. Similarly, r?- 4-43 = 
3r (—+) (—4) = 12, therefore r3 — 4 = 76. 


Solution 1.32. It follows from 
a Ob 1006+ 10c+a be bea Db Cc 


Cc 
a®+b°>+c0—3abc=l|c a b|=|100a+10b+c a bl=|abe a ODI. 
boca 100c+10a+b cia cab coa 


Solution 1.33. If we rewrite the equation as m3 + n° 


and using equation (1.9), we get 
(m +n — 33) [(m—n)? + (m + 33)? + (n + 33)7] =0. 


The equation m+n = 33 has 34 solutions with mn > 0 which are (k, 33—k), with 
k = 0,1,...,383, and the second factor is 0 only when m = n = —33, therefore 
there are 35 solutions. 


— 
Ww 
w 

er 

w 
S 
3 

— 
Ww 
w 

uae? 

lI 
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Solution 1.34. If we rewrite the equation as x? + y? + (—1)3 — 3ry(—1) = 0, and 
using equation (1.9), we have 


(ce +y—1)[(@—y)? + (y+ 1)? + (-1-2)7] =0. 


Therefore, the points (x,y) satisfy + y=1lorg=y=-1. 
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Solution 1.35. Substituting the equation of the hypothesis in equation (1.7), we get 

(a2 +y+z)% —32yz=2%+y? +2 
= (ety t+ 2)(o2 +y? +2? — ay — ye — 22) 
=(e@tyt+(ety +2)? 


ay 2) 


3xy — 3yz — 322) 


3(c + y + 2)(ay + yz + 22), 


from where it is clear that xyz = (w«+y+z)(ayt+yz4+ 2x), therefore (x + y)(y+ 
z)(z +2) =0. Or use that (rn +y+zP% =22 ty? 4+ 224+ 3(e+y)(ytz)(2+2). 
Therefore, the solutions are (x,—2, z), (2, y,—y), (a, y,—«), with x, y, z any real 
numbers. 


Solution 1.36. 
(i) Since 0 < b < 1 and 1+a > 0, it follows that b(1+ a) < 1+ a, then 


b— 
0<b—a<1~ab, therefore 0 < = 7a 
-—a 
(ii) The inequality is clear. Since 1+ a < 1+), we have am; < ce then 
DO ay, Oe 
1+b lta 1+a@ 1+a l1+a7~~ 


Solution 1.37. If we define X = 74 + rae + <i, adding and substracting three 
times 1, leads to 


a b+e b OE ae a+b 


X= T T T 
b+ce b+ce ate ate a+b a 


at+b+c atb+ce a+t+b+e 


=(04040 (p+ . + : )-3 


b+e ate at+b 


1 1 1 1 
= 5((a +b) + (b+c)4 +o) (-h+ a +oy)-3 


rc arc 


Now, from the arithmetic and geometric mean inequality, we get e+y+z > 38/xyz 
and + +5+5 238 ace Therefore, X > 4-3-3-3=38. 


Solution 1.38. Without loss of generality we can assume that a > b > c; the 
inequality is equivalent to —a? + 6? +c? + 3abe > 0. But, by equation (1.9), 
—a? + 63 + 3 + 3abe = $(—a + b+ c) [(a +b)? + (a+)? + (b—c)?] > 0, since, 
by the triangle inequality, a < b+. 


Solution 1.39. Observe that ati = 1 implies p+ q = pq = s. Now, (p+q)? > 4pq 
implies s > 4. 
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To prove (i), observe that 


1 Z i. ot 1 xa 1 p+qt2 
pP(pt+1)  qqa+1) p ptl q qti (p+ 1)(¢+1) 
s+2 s—l 


 8s+1 2541 
Therefore, we have to prove 

s—1 
2s+1 
but 2s5+1<38s—-3@4< sand 2s—2<2s4+13-2<1. 


< < 


? 


whe 
Nl re 


To prove (ii), show that 


1 n Pe. 1 i 1 ptq-2 
peal Ged). — pel p. ¢at) ge = Da T) 
oy BG. 
s—st+l1 


Solution 1.40. First, note that 


a a a 


pe + eyo 
since ‘ 
b+(1—b) 1 
b(1 — b) < | ———— ] =-. 
a-ne(M8=B)' =} 
Moreover, the equality holds if and only if 6 = s. Similarly, 
2 ao > Ab. 
a l-a 
Therefore, 
b b 
Spo SS 4a 4 Ob > OV Pad = Bk. 
b a 1-6 I1-a 
With equality if and only if a = b. Then, 
a 0b a b 
-—-+-+4 — 4 > > 
aa er a ee >8vk>4 


if and only if k > i then the smallest number k: is i. 


Solution 1.41. Prove that (a + b)(b+c)(e+a) = (a+ b+ c)(ab + be + ca) — 
abe = 3(a +b + c)(ab+ be + ca) + $(a +b + c)(ab + be + ca) — abc, and from the 
arithmetic and geometric mean inequality, we have that (a+b+c)(ab+bcb+ca) > 


(3Vabe) (3 ° (ab) (be)(ca)) = 9abe. 
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Solution 1.42. Using the arithmetic and geometric mean inequality, and the con- 
dition (a + b)(b+ c)(c +a) = 1, leads to 


a+b b+e c+a 3 
S32 =e 
atb+e> si (“2*) (AES) (4) 7 


a+b b+e cta 1 
= < —ea 
abe = VabV bey/ca (4 )( <*) =) 3° 
Now, 1 = (a+6)(b+c)(c+a) = (a+b+c)(ab+be+ ca) — abc > 3(ab+be+ca) — §, 


see Exercise 1.24 (iii). 


> 4. 


Solution 1.43. By Exercise 1.24 (iii), it is enough to prove ab+bc+ca+ —— ao > 


But 


3 (eee) 3 
ab+ be + ca+ a ——— 


atb+c | 3 a+tb+te 


ge ab + be + ca\* 3 
~ 3 at+b+c)- 
Now use that (ab + bc + ca)? > 3(ab- be + be- ca +ca-ab) = 3(a+b+c), and that 


ab + be + ca > 3V a2b2c2 = 3 


Solution 1.44. Without loss of generality we can assume that a < b < c. Therefore 
C<e+atb<c?+2c < (c+1)?; this proves that c? +a+b cannot be a perfect 
square. 


Solution 1.45. To prove all the equalities of the exercise, just perform the opera- 
tions and simplify. 


Solution 1.46. To prove all the equalities of the exercise, just use the identity 
(1.7). 


Solution 1.47. Expand both sides of the identities and compare. 
Solution 1.48. We have 


O= x (yt z2)—y(x +2) =ay(a—y) + (x? —y")z 
= (x — y)(ay + vz + yz). 
Since z # y, we have zy + xz + yz =0. Multiplying by x — z we obtain 
0 = (a —z)(xy + wz + yz) = w2z(x — z) + (2? — 27)y 
w(ytz)—A7(a+y), 
then 2?(a+y) =2?(y+z) =2. 
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Solution 1.49. See that (x+y+z)(ay+yz+ zx) = xyz and by equation (1.23) we 
get (w+ y)(y + z)(z+ x2) =0. Therefore, the solutions (x, y, z,w) are of the form 
(a,—-«, 2,2), (a, y, —y, x) and (2, y,—a2,y), with x, y and z real numbers different 
from zero. 


Solution 1.50. By equation (1.23) the condition is equivalent to («+ y)(y+z)(z+ 


x) = 0. Therefore, one factor is zero, say x+y = 0. Then, since n is odd, x” +y” = 
0, and also + + 7a = 0. 


10.2 Solutions to exercises of Chapter 2 


Solution 2.1. Call c, the sum of the first n even numbers, then we have 


Cn = 9 Ae 4 eo wate Sale 2n 
er oe re ee (10.1) 
Qen = (Q2n+2) + (Qn+2) + + + (Q2n+2) 


therefore, 2c, = n(2n +2) = 2n(n+1), then c, = n(n +1). We can represent this 
sum as arrangements of points forming rectangles such as those below: 


ee ee ee 


Solution 2.2. 

(i) Let d and d’ be the differences of the progressions {a,,} and {b,}, respectively. 
Then, (@n41 — Qn) = (bn41 — bn) = d+ d’. Rearranging the terms we have 
(Qn41 == bn+1) _ (an aE bn) =d+ a: 

(ii) If d is the difference of the progression {a,,}, we obtain 


br4t — bn = (Cie Oe 4:1) are a) 
= (Qn4+2 — Ant1)(Qn42 + Qn41) — (@n41 — @n)(Qn41 + Gn) 
= d(An42 + Gn41 — Gn41 — An) 
= d(@as2— Gn) = 2a". 


Solution 2.3. If d is the difference of the progression {a,,}, we have 
oe Ss th ( 1 1 ) 
= Ajaj4+1 d ; aj Qj41 d ao An 


1 fan-ao\ 1 fagtnd-—ag\ nn 
~ d ao An dd ao An, 0. On- 
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Solution 2.4. If {a,,} is an arithmetic progression, 


Sy = a9 +a +o0 ayy = OED 
_ 2aat+(n—l1)d dy d 
= BO 5 py 


and with A= ¢ and B= ag — ¢ we get the result. 


Suppose now that S,;, = ag + a, +-+:+G@n_1 = An? + Bn, then Sy41 = a9 + a1 + 
++ Gn—1 + Gn = A(n +1)? + B(n +1). Subtracting the first equation from the 
second, we have 


ay = A(n+1)? + B(n+1) — An? — Bn 
= A(2n+1)+B=2An+(A+B) 


and using Proposition 2.1.3, we get the expected result. 


Solution 2.5. Suppose that {a,,} is an arithmetic progression of order 2. Consider 
Sin = (a1 — ao) + (ag — a1) +--+ + (Gn — Gn—1) = Gn — ag. By Exercise 2.4, we have 
An — do = An? + Bn. Therefore, a, = An? + Bn + ap = P(n), where P(x) is the 
polynomial of degree 2, given by Ax? + Bx + ao. 

Suppose now that each term of the progression a, is equal to P(n), where P(x) 
is a polynomial of degree 2, that is, a, = An? + Bn+ C. It follows that 


Anti — Gn = A(n +1)? + B(n +1) +C —(An? + Bn+C) 
=2An+(A+ B). 


Therefore, by Proposition 2.1.3, {an41—a@,} is an arithmetic progression and thus 
{an} is an arithmetic progression of order 2. 


Solution 2.6. A consequence of the inequality between the geometric mean and 
the arithmetic mean, is ?/a]42°--dy < aibag ttn By Proposition 2.1.1, we get 
ay +ag+---+4n ay +an 1 a1 + an 
%/A102°** an << = ——_- nn: - = ——. 
n 2 n 2 
To prove the left-hand side inequality, we use a similar version of the equality of 
Exercise 2.3 


1 1 1 n—1 
+ 


a1a2 a2a3 an—14n a1an 


By the inequality between the harmonic mean and the geometric mean, we get 


n—-1 
14n = 47 S "V (4142)(a2a3) +++ (@n—14n). 


Then, 
(a1an)"~* < ay(a2+++An—1) an. 


Therefore, (a1an)" < (a,a2++-Gn), that is, Jaan < W/4142°** Gy. 
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Solution 2.7. If p, p +6, p +12, p+ 18, p+ 24 are the 5 prime numbers, when 
we consider these numbers modulo 5, we have that they are congruent to p, p+ 1, 
p+2,p+3, p+4, but between five consecutive numbers we have always one that is 
divisible by 5, and since p is prime, then p = 5 and hence the numbers are forced 
to be 5, 11, 17, 23 and 29. 


Solution 2.8. The numbers m between 2” and 2”+! are part of an arithmetic 
progression with difference 1 starting in 2" +1 and ending in 2”*! — 1. Then, by 
Proposition 2.1.1, 

2 414-o9rtt— 4 3-2” 


= rt a OMe oh or 
; ( = ( ) 


and from this it is clear that 3 divides S;,. 


Solution 2.9. Since a, b and c are in harmonic progression, in that order, we can 
suppose that + =A-s, i = Aand 4 = A+s, with s £4 0. We have ~ a Ata) 


4 __ —2(A?—s?) 1. _ A(A=s) 1 gees 
aS as = oe and = — | = 28. Therefore, 


1 4 1 A? + As — 2A? +25? + A? — As 1 
—_— + fe ns ee, 
b-c c-a a-—b 8 co hU4a 


Solution 2.10. If a, b, c and d are in harmonic PEGE ion then their inverses are 
in arithmetic progression. Suppers that ; =iyg iat an 2s and 4 = 4 + 3s, 
with s # 0, that is, we have + = ++ ae — 14208 and a2 = thas, Then we have 


ar? a 


that, b= ——-,c= —$— andd= —— 


I+as? 1+2as 1+3as 
Then, 
ii 2a + 3a?s ee 2a + 3a?s 
a = ———._ an CS 
1+ 3as 1+ 3as + 2(as)? 


Since 1 + 3as < 1+3as + 2(as)?, we have that a+d>b-+c, as desired. 


Solution 2.11. Note that 


1 1 b-—a _ b? — a? 
cta b+te (b+e)K(c+a) (b+a)(b+c)(c+a)’ 
1 1 c—b 2 — b? 


a+b cta (atb\(cta) (b+a)(b+o(c+a)’ 


then => —- = a =z if and only if b? — a? = c’—b*. Then, b+¢,c+a 
2 p2 


and a+ 0 are in harmonic progression if and only if a“, 
progression. 


and c? are in arithmetic 


Solution 2.12. Suppose that ao, a1, ... is the progression and that d is the differ- 
ence of the progression, that is, d = a@n+1 — dp for all n > 0, then a, = ap + nd. 
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By hypothesis, ap(ao + d) and ao(ao + 2d) also belong to the progression, therefore 
ao(ap + 2d) — ag(ao + d) = nod for some integer number no > 1, then aod = nod. 
Since the progression is increasing, it follows that d > 0 and therefore ag = no. 

Change ao for any ad in the previous argument and conclude that a,,, is an 
integer number. 


Solution 2.13. 


(i) Observe that in the array, the left-hand side number of each row is as follows: 


1° row 1 

2° row 14+2=3 

3° row 14+2+4+4=7 

4° row 14+24+44+6=13 

5° row 14+24+4+4+64+8=21 


100° row 14+2+4+---+2-99=142(1+---+99) = 9901. 
(ii) The sum of the numbers on the 100th row is, 


9901 + 9903 + --- + 10099 = (9900 + 1) + (9900 + 3) +--- 
+ (9900 + 2-100 —1) 
= 9900-100 + (14+3+---+2-100-1) 
= 990000 + 100? = 10°. 


Solution 2.14. The array will be a square of size 100 x 100. Let $; be the sum 
of the numbers in the diagonal which goes from the top left corner to the bottom 
right corner and let Sz be the sum of the numbers of the other main diagonal. 


When we move one column to the right in the same row, the number increases by 
1; if we move one column to the left in the same row, the number decreases by 1. 
When we move down in the same column, the number increases by 100. 
From the top left corner to the bottom right corner through the diagonal, each 
number is one column to the right and one row below, that is, it is 1+ 100 = 101 
greater than the previous number of the diagonal. That is, the sum we want to 
calculate is the sum of the progression 1, 1+101,..., 1499-101 that, by Proposition 
2.1.1 (b), is 

gy cae 


5 ) 100 = 500050. 


From the top right corner, through the diagonal, each number is in the previous 
column, that is, one column to the left and one row below, that is, it is -1+100 = 
99 greater than the previous number in the diagonal. That is, the sum we are 
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looking for is the sum of the progression 100, 100+ 1-99, ..., 100+ 99-99 that, 
by Proposition 2.1.1 (b), is 


2-100 + 99 - 99 
Oe 


) 100 = 500050. 


Therefore, S; = Sy = 500050. 


Solution 2.15. Call aij, where 7 denotes the number of the row and j denotes the 
number of the column, the corresponding position in the table. 

Let wo and x, be the two numbers neighboring 0, xo on the right-hand side of 0 
and x, on top of 0, then the last row can be filled up with 0, xp, 2x0, 329 and 420, 
and the first column with 471, 371, 271, 71 and 0. 

If x is the number in the position ag2, the number that occupies the a42 position will 
be 4(x+20), but we also know that the number in the a4 position is $(1 +103). 
Therefore, $(a +29) = $(x1 + 103), solving for x we have that x = 2; + 103-29. 
Now, let y be the number occupying the a44 position, then we have 103 = s(y + 
(21 + 103)), solving for y we obtain y = $(309 — 21). 

The number $(309—a1)—103 = $(103—z1) is the difference of the progression 
in the fourth row, but this difference, added to the number in the a44 position, 
gives the number in position a45, that is, $(309 — 21) + $(103 — x1) = 206 — ay. 
However, we know that 206 — 2; = $(186 + 4x), then 


2ay +21 = 113. (10.2) 
Observe also that 4 (74 + $(x1 + 103)) = 2 + 103 — xo. Simplifying we obtain 
4x9 — 32, = 161. (10.3) 


Solving the system of equations (10.2) and (10.3), we get zo = 50 and 2 = 13. 
With these values, now it is easy to complete the table, so the filled board is 


26 [ 66 [106 [146 | 136 | 


Po [50 [100 _[ 150-200 


Solution 2.16. If {a,,} is a geometric progression with ratio r, we have that a, = 
aor". Similarly, if {b,,} is a geometric progression with ratio s, then b, = bos”. 
Therefore, since b, 4 0 for all n, we have a = ze (2)". 

Solution 2.17. Let {a,} be a geometric progression with ratio r and having the 
property that an+2 = An41 + Gy. Since ay, = aor”, this property is equivalent to 
agr™*? = agr™t++agr”. Since ag 4 0 and r # 0, we certainly have that r? = r+1, 
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which has as solutions r = 145 | Then, the solutions are {an = ago (454) \ and 
{an = ao (54) \. 


Solution 2.18. 
(i) Since P, = ao: a1-+--: G@n—1 and ayn = agr”, for all n, we have 
Py = a9 + 41+ +++ Gn—1 = Ap(aor)(agr?) «+ (agr™~*) 


n(n—1) 


= ape Te) =ayr 2? 


ey n=). , 
(ii) Since P, =agr- 2 ; , it is clear that 


2 
n(n—1) n 

2 n,,— > non ,n(n-1 n n—1 nan 
(Pr) = (air 2 ) = 49a) Tr ( ) = ag (aor ) = a9 4yn_-1- 


Solution 2.19. Since a,41 = a,-7, then bp41 = log an4i = log (ay, - 1) = logan + 
logr = b, + logr, and the result follows. 


Solution 2.20. Factorizing we have 


a®b? + b°c8 + ca? — abc(a® + B° + c°) = (—be + a”) (—ca + 7) (—ab+c’). 


Solution 2.21. If the arithmetic progression is a, a+d, a+ 2d, ..., it is clear 
that a + ad = a(1 +d) is an element of the arithmetic progression, and also the 
integers a(1 +d)", with n > 1, are part of the progression. But these terms form 
a geometric progression, then it is clear that these terms have to remain in the 
sequence and we have to eliminate the remaining terms of the original progression. 


Solution 2.22. Consider a < b < c, then since the lengths of the sides are in 
geometric progression, we have b = ar and c = ar”, with r positive. Since the 
triangle is a right triangle, it follows that a? + (ar)? = (ar?)?. Simplifying the 
equation we get 1+ 7r? = r*, which can be solved for r?. That is, r? = 14V5 


Therefore, r = 4/ 14V5 


Solution 2.23. Let d be the common difference of the progression. Then az = 1+d, 
a5 = 1+ 4d and ay, = 1+ 10d. Since ag, as, a1, form a geometric progression, we 
have (1 + 4d)? = (1+ d)(1+ 10d) or 6d? = 3d. Since the arithmetic progression 


is not constant, we conclude that d = 4 and the sum of the first 2009 terms is 


2 
2009 + 2000-2008. 5 = 2009 - 503. 


Solution 2.24. By the similarity of the triangles, we have that B = a then y = es 


Again, using the similarity of the triangles, we have ; = 5. 
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A 


B C 


2 
¥, and substituting the value of y in this equation results in 


(i) Carry on with this process and find that the sides of the polygonal measure 
b, a, , ca a ..., which can be written as b, a, a (+), a (2)5, a ew aks 
Therefore, the nth segment measures a (4)" 


(ii) The length of the n-sided polygonal line is then 
n-1 
a\0 a\1 q\n-2 1- (¢) 
b+a(Z) +a(F) +--+a(F)  =b+a (ao 


(iii) Since the number ¢ is less than one, then raising this number to the nth 
power and making n go to infinite leads to 0 as its limit. Then, the length of 


the polygonal line with an infinite number of sides is 


ese 6 ea ab b2 
Tins (Pisce ee ee seg. ROPE oe 8 
ain, (1-00 i )) a er amy EP 


Solution 2.25. The sum of each row is R, = 17+ 2?+---+n? = nt Unt) 
then the sum of all the array is Sr =n (Heese), See now that the sum of 


each corridor is 


3 2 
CaP pt-pt = Sk 


Then 


Sp =Cyi4+Co+---+Ch 
1 
= —(1° +29 +--+ n3) ee Reet ay 


i) 
a 
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Therefore 


8 n2(n+1)(2n+1)  n(n+1)(2Qn4+1) 1 (n(n+1) 
BQ 424-4 ni) EE UCN SD) ee 


From this the sought for equality follows immediately. 


Solution 2.26. Observe that the numbers {1,4,7,...,2998, 3001} form an arith- 
metic progression {a,,} with difference 3 and a, = 1. Each term of the sum can 
be seen as 


11 ie eae, Se 
Qidit1 Git1—a (ai Gini) 3a; 3ai41° 


Therefore, we can calculate the sum as 


1 1 - 1 1 Aone iL 1 
3a, 3a 3a2 3a 3-3000 3-3001 


1 1  __ 1000 
3 3-3001 3001° 


Solution 2.27. 


(i) We have EER) =e ( - py). then 


n 


= k=1 
all 1 , 1 Lael ee 1 1 
~ 3 ae ee a n n+2 
1 (ets. 1 1 
a) 2 n+l n+2 
3 2n+3 
4 2%n+1)(n+2) 
(ii) We have pate = @ — Gp? then 
nee al (2 i ) 
2b 5=>. 72 2 
 ke(k 1) es k (k +1) 
ee! 1 re 1 1 aaah 1 1 
12 22 92-32 n2  (n+1)? 
1 
=) 
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Solution 2.28. 
(i) Since 


k (k+1)-1  k+41 1 1 1 


(k+D! (k+)D! (k+D! (k+D! Bk (k+FD! 


the sum we have to calculate becomes 


(h-8) *(b-8) (bh) “a 


(ii) The general term can be written as 


k+1 _ k+1 
(kK-1!+kl+(k+1)! (K-11 +k+k(k+1)] 
” k+1 
~ (k—1)"k+1)2 
7 1 _ k 
~~ (k-DMk+1)  (F+EDE 
By the first part of the exercise, the sum is equal to 1 — CrSue 
Solution 2.29. For any positive integer n, we have 
fet 1 si 1 _ Wintl)?+(n4+1)?+n? — (n?+n+4+1)? 
n2— (n+1)2 — n?(n +1)? ~ n2(n +1)? 
Then 
Geel te ae 1 ane ke 4 1 
n2 (nt+1)j2 n?tn n(n +1)’ 


Therefore, the sum is equal to 
2011 2011 
1 1 1 1 
1+ —— }= 1+ — — — } = 2012 - —_. 
pa oo) S| a 1} 2012 


Solution 2.30. Define S as the product we have to calculate, that is, 


+= (63)(48)-(4) 


Multiplying both sides of the equality by (1 a 5) and using that (1 a 5) (1 + 5) 
= (1 - sr); we get 


(-3)s=(-8) (+8) (ra) 
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Proceeding in this way, we arrive at 


(1-3) s=(1- (gr) ). 


10.3 Solutions to exercises of Chapter 3 


Therefore, 


Solution 3.1. 


(i) Ifn=1, then l= E2=1, 


Suppose that 1+q+---+q?-!= aa Then, 


l+qt-:-+q™4+q"= 


as we wanted to prove. 


Second Solution. Let S$ = 1+q+---+q"~1, then Sq = q+q?+---+q". Substracting 
the first equality from the second leads to Sq — S = q" — 1, then S = —4 


l-q° 
(ii) The proof is immediate from (i). 


Solution 3.2. The result is valid for n=1, since a3 =a2+a,=2 and a3=1+a,=2. 
Suppose that the result is valid for n, that is, an4g = 1+a, +ag+---+dn. 
Then the formula is valid for n + 1, since 


An43 = Ant2 + Angi = 1+, +42 +++: +n + Gn41. 


Solution 3.3. For n = 0 the statement is valid, because 3 divides 2+1=3. The 
induction hypothesis for n — 1 tells us that 3” divides 23" + 1. 
We prove now the result for n. We start with 


n n= nol 2 es 
23° 41 = (23 +0] (2 y _ 933 “ea]. 


By the induction hypothesis, the first factor is divisible by 3”. The second factor 
is divisible by 3, since 22" = —1 mod 3. This proves the statement. 


Solution 3.4. If n= 1 we have three coins. Place in each plate of the weighing 
scale one coin, if the plates balance, the false coin is the third coin, which we did 
not place. If not, the plate that lifts is the one that has the false coin. 
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Suppose that it is true for 3” coins. Consider 3"+! coins. Divide the coins in three 
groups with 3” coins in each. Put one of the groups in one plate of the balance 
and another group in the other plate. If the plates balance, the false coin is in the 
third group. If not, the false coin is in the group of the plate that raises. In both 
cases the problem will reduce to finding the false coin in a group with 3” coins, 
but this can be done in n weighings and with the weighing already done we have 
n+ 1 weighings. 


Solution 3.5. First note that for n > 1, it follows that 2"t3+1 = 2"(23-—1)+2"+4 
1=7-2%+(2"+1), then 7 | 2” +1 if and only if 7 | 2”*3 + 1. This equivalence 
shows an inductive step of the form 7 | 2" +1 = 7 | 2”*? +1, and of the form 
7+ 2” +1=> Thane +1. 

Now let us see the induction basis. 

(i) For n = 1, 2 it follows that 7 does not divide 2" — 1. For n = 3, it follows 
that 7 divides 2° — 1 = 7. Therefore, the integers n we are looking for are the 
multiples of 3. 

(ii) For n = 1, 2, 3, it follows that 7 does not divide 2” + 1 (which are 3, 5 and 
9). Thus 7 does not divide 2” + 1 with n> 1. 


Solution 3.6. Observe that a, + a2 = 27. Solving with respect to az, we show that 
az =4—a, =4—3=3. This suggests to us that a, = 2n — 1. Suppose that a; = 
2j—1, for all j < n. It follows that aj+ag+-+-+an = 143+-+-+(2n—-3)+an = n?. 
Since 1+3+---+(2n—3) = (n— 1), it follows that (n — 1)? + a, = n?. 
From this we conclude that a, =n? — (n— 1)? = n? — (n? —2n+1)=2n-1. 


Solution 3.7. For n = 1, the identity is valid, the left-hand side is [4] = 0 and 
the right-hand side is [4]|$] =0. 

For n = 2, the identity is also valid; on the one hand we have |$| + [3] =1 
and on the other hand we have |$||3) =1-1=1. 

Now we suppose valid the identity for n and we prove that it is true for n+2. 
The left-hand side is 


ale la) El+ FS] ES 


a alle lala 

“EIR FE] a 

ll +P | al 
( 


I 
——~ 
—— 
ws 
a 

+ 

Hh 

nn" 


P|) [eee 


which is what we expected from the right-hand side. 
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Solution 3.8. Observe that ,/ay = BS LEA Solving this equation gives as a result 
2 = \/az, from where a2 = 27. This suggests a, = n”. Suppose that a; = j?, for 
all 7 <n. We then have 

(n-1)n  (n—-1) Jan 


Vii + Jig to + fimo = 14240 $n 1 = SE 


and therefore n = \/a@p, that is, an = n?. 


Solution 3.9. 
(i) For n = 1, we have x? — 2x + 1 = (a — 1)?. 
For n = 2 we get x? — 32 +2 = (x — 1)?(a 4+ 2), since (a — 1)?(a@ + 2) = 
(a? — 27 + 1)(a +2) = a? — 3x42. 
Suppose that 2”*! — (n+ 1l)a+n= (a —1)?(a"~-1 +22"? +--- +n), then 


(x—1)?(a" + 2a"-1 4 lars iasee ane 
= (4 -— 1)? ala"! 4 20h? $++++(n—1)x+n)+(n+1)) 
=a((@—1)?(a?71 + 2a"? +--+ + (n- Da tn) +(e -1)?(n +1) 
ae (n+ aes (x — 1)?(n +1) 
=o = (n+1)27 + (n+ 1)a? — 2a(n+1)+(n+4+1) 
=o"? — (n4+2)e4 a a 


Therefore we have proved that «"t! —(n+1)a+n = (a—1)?(a?~1+2e"-? 4 
n). Now, if x > 0 the right-hand side of the above equality is greater 
tan or equal to zero, then a"t1 — (n+ l)a+n>0. 


ii) If2 = 2, with g = “O24 tt) and bp = te2tt+2 we have that 
b? n+l n ’ 


qg?tl 
prt 


—(n+1)5+n2>0 


n+1 Lite +%n41 
a n+1 
2 n+) (=e) — 
n 


q?ti - n(x1 a eee Ln4+1) 


ort = T+-++ + 2p 
brtl ~ gy tee + ay, Tybee + ay 
Ca NLnt1 


betd ay tee + op’ 
then 


prtt 
1 
a 2 In+1 — ) = Ln410", 
n 


which is what we wanted to prove. 
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(iii) Suppose that erbee petty > 21 22°*- Ly, then 


n+1 n 
£1 +++ F Fn41 = In+1 £1 t+ ln > On41(L1--++2n), 
n+1 n 


where the first inequality is due to the (ii) part and the second by the induc- 
tive step. Therefore, antl > 4/7] ---&n41, which is what we wanted 
to prove. 


Solution 3.10. For n = 1 the result follows. Suppose that the result is true for 
n—1. Then ye e;a; has at least (5) different values and the same holds for 


Ore eiai) — dy. The greater value of these sums is ay + ag +--+ + Gn_1 — Gn, 
but it is clear that 


ay + G2 +++ + Gn-1 — Gn < G1 + GQ +°++ 4+ Gn—2 —- An-1 + Gn 


<a, +++ + @n-3 —- Gn—-2 + Gn-1 + An 


<a, — ag +43 +++: +4n 
<—@1 + G2 +43 +°+' + Gn 
< a1 + a2 +43 +°** + An, 


then we have n additional different sums. Since (5) +n= Co the result is 
proved. 


Solution 3.11. For n = 1 the statement is true, because in a sequence of three 
numbers (chosen from the set of numbers {0,1}) there are two that are equal. 
Suppose the statement to be valid for 2n + 1 numbers and consider a sequence 
with 2n + 3 elements. 

If for any 7 we have that a; = ai41, then by the induction hypothesis, a1, 

+5 Qi—-1, Gi+2;---; Gan43 has a subsequence even-balanced with 2n elements. To 
this subsequence add two equal elements and you will have a subsequence even- 
balanced with 2(n + 1) elements. 

On the contrary, we have that a; 4 aj+1 for all 7 € {1,2,...,n +1}, there- 
fore a; = aj+42 for all 7. Since the sequence has an odd number of elements, the 
initial and last numbers have to be the same. Then, if we take out the element 
that occupies the central place of the sequence, we will have a subsequence with 
2n elements that clearly is even-balanced, since the sequence is symmetric with 
respect to the central element. 


Solution 3.12. Prove, by induction, that a, = k. For k = 1 the statement is true, 


since a? = a7 and a, > 0, hence a; = 1. Suppose the result is true for 1, 2,..., k 


and prove that it is valid for k + 1. 
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We then have that the equality 
ay +a3+--- +a) = (aj tag+---+an)’, 


is satisfied by n = 1,2,...k,k +1. By the induction hypothesis, we have that 
a, = 1, ag =2,..., ag = k and the condition for n =k +1 is 


3423 +---+h tap.) =(14+24+::-+k +041). 


Expanding the right-hand side of the equality, we obtain 


(13+ 2° ++. +h) tags, = (Lt 24+. +k) +20 +24---+ blaeer + ahs. 


The first terms on both sides of the equality can be canceled out, and from there 
we get af,, = 211 +2+---+k)agy1 + a2,,; but this is equivalent to aj,, = 
RD aay + az, ,. Dividing by az41 4 0, we obtain az, , — ax41—k(k+1) =0. 
This is a quadratic equation in ax41 with roots —k and k+1. Since axz+1 is positive, 
we end up with ag41; = & +1, which ends the proof. 


Solution 3.13. We will do the proof using induction. For n = 1, since a, > 1, we 
have that a? > a7, moreover, a? = a7 if and only if a; = 1. Suppose the inequality 
is true for n = k and consider k + 1 positive integers such that a, < ag <-::< 


ap < p41. Then, we have az41 > ax +1, therefore 


ai | 1 
(Qk41 5 )Qk-+1 > anlan aed eae 


Note that the sum 1+2+---+ a, contains all positive integers less than or equal 
to az, then it is greater than or equal to aj + a2 +---+ ax, hence (ess Vaees > 
a, +a2+---+apz, which multiplied by 2az41, is equivalent to (Qe y = Op41)AR41 > 
2(a1 + dg +--+ + a4) ax41, that is, aR 4 > 2(a, +a. +--+ + aK) O41 + Opi. 


On the other hand, the induction hypothesis implies that 


ay +a3+--++ap> (a, +agt-+:+a,)’. 


Adding the last two inequalities, we obtain 


ay + a3 te +a + apy, > (a1 tag t-+ +a% + ans), 

from where the inequality is true forn =k+1. 

It is not difficult to deduce, from the previous proof, that the equality follows if 
and only if an41 = ax = 1 and a3 +a3+---+a} = (a1 +a2+---+ax)?. In the last 
identity, the induction hypothesis implies that if the equality holds, then a; = 1, 
ag =2,..., ay =k. Therefore, ax41 = ax + 1 implies that az4, =k +1. That is, 
the sequence is a; = i, for i = 1,2,...,4 +1. Reciprocally, we have equality for 
a, = 1, ag =2,..., dk =k, apg, = & +1 thanks to the classical formula. 
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Solution 3.14. (i) The original inequality for n = 1 can be verified directly. For 
n > 2, it is enough to prove by induction that 


(+5) (+3) (tr) 8-2) 


For n = 2 we have the equality. 
The inductive step is reduced to verifying that 


5 1 1 5 1 
ay (eee OF oe kas ee aed i een 
9 ( =) ( as an ae), ( es} 


To see this, observe that the previous inequality is equivalent to 


1 1 1 
(1 = =) (1 si a Ss ia Qn+1 


i oe eee ee ae 
Qn Qn+1 92n+1 = Qn+1 
2 1 1 

gn+l = Qn + Q2n+1 


1 2 1 i 1 
Qn — Qn Qnt+1 2 
which is clearly true. 


(ii) As in the previous part, it will be easier to see that 


i 1 1 1 
1 Ph lee a ects 
(+35) (45) (4s) <8 


For the inductive step, it is necessary to verify that 


(-DGrmhe) sich 


Performing all the operations and simplifying leads to 


3 ar 3 1 <3 1 
n (n+1)>) n(n+1)8 — n+1 
3 ds 1 <i it 1 
(n+1)? n+17n (n + 1)3 
1 3 1 1 
ey gee ee eed ee 
ile EA Fea) 


n(n? + 2n + 4) <n? +3n? + 3n4 2 
On =n, 


and the last inequality follows. 
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Solution 3.15. Define P(n) as the statement we want to prove. Ifn = 1 the equality 
follows and then P(1) is true. To see that P(2) is valid, consider the following set 


of equivalences: 
ee a 
l+a, lta, 7 1+ /ajaz 
= (2+a;+a2)(14+ Vaiaz) > 2(1 + a1)(1 + a2) 
=  2,/a1a2 + (a1 + a2) /faia2 > a1 + ag + 2a, a2 
=  2,/ayaa(1 — /azaz) + (a1 + a2)(V/aiazg — 1) > 0 
=  (faiaz — 1)(a, — 2\/ayag + a2) > 0. 
But the last inequality is true, since \/ajaz > 1 and (,/ay — \/az)? > 0. 
We now see that P(2”) = P(2"*'). 


n+1 n n+1 
i=l 1+ aj i=l 1+ a; j=2"41 1+ a; 
on oN 


————————————— 
1+ 2V/a4 ++ = Gan 1+ aN Agrn4 .°** GAgn+l 


2 
Sgn fo 
a (= 2°/ay4 +++ Gan ——| 
gn+l 
1+ ata s+ + Agn+1 ; 
For the first inequality we used P(2”) twice and for the second we applied P(2) 


to the numbers 2¥/a,--++a@gn and 2¥/agn4]--+ Ggn41. 


Now, let us see that P(n + 1) > P(n). 


If we apply P(n + 1) to the numbers aj,...,@n,@n41 = %/1--* Gn, we have 
that 
1 1 1 n+l 
fv $$ > 
l+a, Ltan  Lt+any1 ~ 14+ **H/a,-++Gy t/a, Gn 
as n+1 
1+ EE apeenge ls 
— nti 
1+ an41- 
Hence 
1 1 n n 


ee 
l+a, l+an, 7 14+ 4@n41 1+ v/ay--- Gn 


Solution 3.16. To prove (i) and (ii) apply the binomial Theorem 3.2.3 to (1+ 1)” 
and (1+ 2)”, respectively. 
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Solution 3.17. To prove (i) just apply formula (3.5) and for (ii) take r = 1 in (i). 


Solution 3.18. (i) In equation (1+2)"(1+2)”" =(1+.2)?”, the coefficient of the 
term x” on the right-hand side of the equation is Gge If we expand the left-hand 
side of the equation we find that 


n n n\ ; n\ » 
+( ate t(jolte-+ [|e 
0 1 j n 
Re lame lah pede ("hae 
0 1 k n ; 
Therefore the term x” will appear when we multiply (") x and (7) x*, with j+k = 


n, and then 
O<j,ken Jj ee 


j+k=n 


But 


(ii) In the same way as in (i), it is enough to compare the coefficient of «” 
on both sides of the identity 


(1+2)"(1+2)" =(1+2)"*™" 


which turns out to be 


Then, ; a 
SOE a) 


(iii) Changing (7) by ("} ") on the left-hand side of the equality and using 
Pascal’s formula (3.6), we have that 


Gouge nts aee 
Cr eCP) C2) 
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(iv) Changing (") by (ee) on the left-hand side of the equality and using 


Pascal’s formula (3.6), we obtain 


oa ee 


e()-(2 


Solution 3.19. (i) Using part (ii) of Exercise 3.17, it follows that 


then 


j=l j=l j=l 
n-1 
n—-1 va} 
=n ( . ) =n-Qr-l 
joo \ 4 


from where 
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hence, 


j=0 
7 1 n+1 n+ ) 
n+1 =| j 


Solution 3.20. (i) First, using repeatedly Pascal’s formula (3.6) and part (ii) of 
Exercise 3.17, it follows that 


Giga ee Ce eee 
=| .J)=- é +i. =- ? +-|. 
149 j j 5 eae IX 3 n\J 
ACG) + Gita) 
=- . +l, +—-|. 
j j Ea n\Jj 
("= ”) 1 (oa -(") 
=- ; + F a aeons (ee 
eg As n\J 
and carrying on in this way, we obtain 


Anal) tarts ) +s) 


scores) peo [Eee 


If we change the sum’s order, our previous identity changes to 


Ser ("54 


i=0 | j=1 J 


Therefore 


Set k = n —17, then the right-hand side of the identity becomes 


Seve) = HF Lev () |= HE 


k=1j=1 j=l 
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(ii) Observe that the left-hand side of the equality is 
1 (n 1 (n (-1)"*1 (n 
—— — f-.6- 4+ ————_ 
150 i OG n(n +1) \n 
1 n ii a ahh n 1 1 n 
7 pies pas (eee rate —1)y7t1/( 2 _ 
(3) (1) (Goa) G) 0" Ga) G) 
n 1/n 1/n 1/n l/n 
= ae wee (1) F122 a = ee sae 
G)-aG) ++ G)]- GQ) -a@)+ 


ae (")| . (10.4) 


Let U be equal to the terms inside the first square bracket. By the previous 
statement we have that U =1+ 4 Se 1, and for the terms inside the second 
square bracket we use sat () = <4 ("71). Then the above identity (10.4) takes 
the form 


ml aa0) ee 


Soa [C2)-Cr ere) 
weal CH) C293) 
Hy ("FT) a -~+1)| 
i. - aap hle0- Sy 
at ee eee eto ere 
n+1 2 n+1 


(iii) Call T the left-hand side of the equality, then 


r-a()-a0)--eeC) 


Multiplying by n + 1, we have 
n+1/n n+1/n n+l (/n 
LT = —— -— +++ + (-1)" ——_{. 2 
ee arta ea ae cea 


Using the fact that at le eaegr our identity becomes 


HI Aj jt 
1/n+l1 1/n+l1 1 n+1 
T= ae ee ay 
ae?) =( 1 ) ;( 2 )+ + ( yo("t) 
=, ae eer ee 
7 2 n+1 


Therefore, the sum we are looking for is T = aa (1 + $ Se ena —). 
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Solution 3.21. (i) Using the equality (”) = 4("~}) leads to the set of identities 
Sws(") = enn(™ Tf) =nren("7 Tt) 
j=1 a an j=l cae 
n-1 
=n) (-1)tt e : ‘) 
j=0 
and using Example 3.2.4, we reach the result 
n-1 n—1 
nop ( ‘ )=n-o=0. 
j=0 : 
(ii) Again, using the equality () =i Coeeer it follows that 
ene (") =enin a(*71) =n oen(27) 
j) ¢ jaa j-1 
j=l j=l j=l 
= Pie n—1 = a coma 
=n>(-19G-("7 7) tay ("7 7), 
j=1 1 j=1 J 
j j 
” fe n—1 ” et 
=n>(-19G-0)("" 7) tay ("— 7), 
j=2 ee j=l 7 


since in the above identity the first term of the first sum is zero. 


Finally, by Example 3.2.4, and using the previous part of this exercise, we 
find 


noeyg-o(" 72) +n) =n-0+n-0=0. 


ja 


Solution 3.22. Consider the following array, where in the mth row, for m > 0, 
we have the binomial coefficients ) modulo 2. On the left column is shown the 
number of the row written in base 2 and in the right column the number of odd 
binomial coefficients written in base 2. 


0 1 2 
1 1 1 oh 
2 1 0 1 2" 
3=2+2° 1 1 1 1 oe 
A= 22 1 0 0 0 1 2% 
5 = 27429 1 a 0 0 1 1 o 
6= 27 +21 1 0 1 0 1 0 1 2? 
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This array suggests to us that the number of odd binomial coefficients will 
be 2", with k the number of non-zero digits when we write n in base 2. 
Note that if n = 2% + 2% 4.---+4+ 2°, with a, > ag >--- >a, > 0, then 
(l+a)" =(14+2)?"---(14+2)?" 
=(1+a7")---(1+a7°") mod 2. 


The previous identity follows because if we expand the binomial of the form (1 + 
x)** the first and the last binomial coefficients are 1 and the rest are even. 
It is clear that if we expand (1 + a?°')---(1+.a?°"), there are 2” terms. 


Solution 3.23. The proof is based on the identity are, yr 4 pe as seen in 
Exercise 3.18 part (i). 

Since (7) is divisible by p for all 7 = 1,2,...,p—1, each term of the sum is divisible 
by p?, with exception of the first and the last, which are equal to 1. Therefore, p? 
divides (*?) — 2. To finish the proof, observe that 


aa Ge 
pl 2\\p 
Solution 3.24. For p = 2, we have that 2' = 1° + 1° and for p = 3, we get 
37 = 19 + 2°. 
Let us see now that there is no prime number p > 3, for which there exist a, b and 
n such that a? + b° = p”. 

Suppose that we can find such numbers and that n is the smallest integer 


number that fulfills the conditions of the problem. Since p > 5, one of the numbers 
a or b is greater than 1, then a® + b® > 5. Since 


a? + b® = (a +b)(a? — ab + 6”) 


and a? — ab +b? = (a— b)? + ab > 2, then p must divide a + b and a? — ab + b?. 
But then, p divides 


(a+b)? — (a? — ab'+ 7) = 3ab. 


Since p > 5, p has to divide a or b, but since pla + ), it follows that p divides a 
and it also divides b. Then, a? + b® > 2p?, hence n > 3. Since 


pest eo am x (2) + (4) 
p? p? p p) 


it follows that n — 3 also satisfies the condition; then n is not a minimum. 


Solution 3.25. Consider the equation x? + y? + z? = 2xryz. The left-hand side of 
the equation has exactly one even term or all three terms are even. If exactly one 
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term is even, then the right-hand side of the equation is divisible by 4 and the 
left-hand side is divisible only by 2, so we have a contradiction. Then all terms are 
even, that is, x = 241, y = 2y1, z = 2z) and 


ai ty +2, = 4eyiz1. (10.5) 


From equation (10.5), following the same reasoning leads to 71 = 2x2, y1 = 2yo, 
Zz, = 2z2 and 
wy + yg + 23 = 8r2y220. (10.6) 


Again from equation (10.6), it follows that x2, y2, z2 are even, and so on and so 
forth. Then 


v= 2x1 = 2? rq = 225 2° rn, ‘ 
y = 2y1 = 2? yp = 2° ys "Yn 
221 2? x5 2° 25 ee ee 


that is, if (a, y, z) is a solution, then x, y and z are divisible by 2” for all n. This 
is impossible, unless « = y = z = 0. 


Solution 3.26. The solutions are a = b = 1 or a and 6b consecutive square numbers. 
We can write the divisibility condition as 


k(ab+a+6) =a? +b? +1, (10.7) 


for some integer number k. If k = 1, then the equation (10.7), is equivalent to 
(a — b)? + (a— 1)? + (b— 1)? =0, from where a = b = 1. If k = 2, then equation 
(10.7) can be written as 4a = (b—a—1)?, from where we deduce that a has to be 
a square number, that is, a = d?. Then b— d? — 1 = +2d, that is, b = +(d+1)? 
and, a and 0 are consecutive square numbers. 

Suppose now that k > 3, and let (a,b) be a solution with a the minimum 
and a < b. Write equation (10.7) as a quadratic equation in 8, 


b? —k(a+1)b+ (a? —ka+1)=0. 


Since root b is an integer, the other root r satisfies b+ r = k(a + 1) and it is also 
an integer. Since equation (10.7) has to be true if we substitute b by r, note that 
k(ar +a+r)=a?+r?+1> 0 implies ar +a+r > 0, and then we can conclude 
that r > 0. And since a < b and the product of the roots a? — ka + 1 is less than 
a”, we have r < a. But (r,a) is also a solution of (10.7), which contradicts a being 
a minimum. 


Solution 3.27. First we prove that we cannot find an equilateral triangle such 
that the vertices are points with integer coordinates. Suppose we can find such 
a triangle. Let a be the length of the sides of the triangle such that the vertices 
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are points with integer coordinates. The area of the triangle is a? ¥3 which is an 
irrational number, since a? is an integer number. On the other hand, the area 
of any polygon whose vertices are points with integer coordinates is a rational 
number?®, 

The vertices of a regular hexagon P,P: P3P,P5Ps cannot be points with in- 
teger coordinates, since P,; P3P; would be an equilateral triangle whose vertices 
have integer coordinates. 

Let n 4 3,4,6. Suppose that P,P:P3...P, is a regular n-gon with vertices 


having integer coordinates. Through the points P,, Po, ..., P, draw the parallels 
—> 5 ——> . ; 
to P2P3, P3P4, ..., P,P2, respectively, as shown in the figure. 
P, 
Ps P, 
Ps P3 


The points of intersection of the parallels are also points with integer coor- 
dinates and form a regular n-gon inside the first one. With the new n-gon we can 
proceed in the same form. This process can continue to generate an infinite num- 
ber of n-gons. The square of the length of the sides of these polygons are integers 
that decrease in each step, but this is impossible. 


Solution 3.28. Error. The given arguments assume that the set has at least 3 
elements, and we use that a1, dn, @n41 are different. We can say that the statement 
P, => P» is not valid. 


Solution 3.29. Error. Statement P(n) is: for n coins among which one is false, it 
is enough to weigh 4 times to identify the false coin. When we take out one coin 
there are two cases: (a) the coin that we took out is genuine, (b) the coin we took 
out is false. 

In the first case, the inductive step works, but in the second case it does not, 
because among the coins that remain we do not have a false coin. 


Solution 3.30. Error. Statement P(0) implies P(1) is false. 


6See [13]. 
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10.4 Solutions to exercises of Chapter 4 


Solution 4.1. The equation can be written as (m - aN _ 3 = (n + iy? - 3 or 


(m— 3)? —(n+ an = 0, that is, (m+n —1)(m—n-— 2) = 0. Since m and n 
are positive integers, then m+n-—1 > 0, therefore m and n are solutions of the 
equation if and only if m—n—2 = 0, that is, the solutions are (m,n) = (a+2,a), 
where a is any positive integer. 


Solution 4.2. Since P(—1) = a—b+c, P(0) =cand P(1) =a+6+c are integers, 
we have that 2a, 2b y c are integers. 

For n = 2m, with m an integer number, we have that P(n) = P(2m) = 
a(4m?)+b(2m)+c = (2m?) (2a)+m(2b)+c is an integer, and for n = 2m+1, with m 
an integer number, we have that P(n) = P(2m+1) = a(2m+1)?+b(2m+1)+c= 
(2m? + 2m)(2a) + (2a) + m(2b) + (a+b +c) is also an integer. 


Solution 4.3. If A is a solution of ax? + br +c = 0, it follows, multiplying by q?, 
that ap? + bpq + cq? = 0. Then p | cq? and q | ap”, but since (p,q) = 1, it follows 
that p|c and q|a. 


Solution 4.4. Note that cx? + br +a = «?(c + b+ + az), then the roots are the 
inverse of the roots of ax? + br + ¢, therefore 


1 1 
(a+ s)(a! +9) =(a+0)(S+5) 24 
ap 
Another way, by Vieta’s formulas (4.1), a+ 8 = 4 and a’ + B! = = then 


(a+ B)(a’ + 8’) = as But b? — 4ac > 0, as they are real roots and since a = af, 
c= a’ ' are positive. 


Solution 4.5. Let 21, x2 be the zeros of P(x). Then, by Vieta’s formulas (4.1), we 
have 71 + 22 = a— 2 and 21x%2 = —a — 1. Substitute in the identity 7? + 23 = 
(x1 + 22)? — 2212 the values of the sum and the product of x; and x2 to obtain 
(a—2)?+2(a+1) = a? —-2a+6 = (a—1)?+5 > 5, with equality for a = 1. Then, 
a = 1 is the only number. 


Solution 4.6. Observe that 5 + ; +i= seeceas By Vieta’s formula (4.2), 
qr + pr +pq =3 and pqr = —1. Then, aa 4 =-3. 


Solution 4.7. Since p, g and r are roots of the given cubic equation, by Vieta’s 
formula (4.2), it follows that p+q+r=-—band pgt+qrt+rp=c. 

Since (p+ qtr)? = p?+q7+1r7+2(pqt+qrtrp), we obtain (—b)? = p?+q?+1r7+2c, 
and rearranging terms b? — 2c = p? + q? +r?. 

Therefore, a quadratic equation with the desired roots is 


(« — (—b))(@ — (0? — 2c)) = 2? + (b— 0? + 2c)z + (2be — 6°) = 0. 
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Solution 4.8. Since x; and x2 are solutions to equation x? — (74=+) a+ m3 = 0; 


2 
2 
it follows that x; +22 = oma and 2122 = ms We need x1 = 22 — $, then it 
1 


is necessary that (12 — 4) +42 = 22-4 = 74, that is, ro = %. Similarly, we 
want to have (x2 7 $) t= a then 73 — 2 = oe — 3. Hence, substituting 
a2 = %, we get R= _ 3 that is (m+3)(m— 2) =0. Then, it follows 
that m = —3 or m = 2. Since m has to be positive, then m = 2. Therefore, x; = 4 


2 
and x2 = 1. 


Solution 4.9. Since P(x? +1) = 24+ 42?, the polynomial P(a) has to be of degree 
2 and it is monic, that is, P(x) = 2? + br +c, then 


(a? +1)? + b(2? +1) +e 27 + 42”. 


Expand the equation to obtain x4 +2a?+1+ba?+b+c = 24+42?, hence 2+b=4 
and 1+b+c=0, then b = 2, c = —3. Substitution leads to P(x) = x? + 2x — 3, 
therefore P(x? —1) = (a? -1)? + 2(a4?-1)-3 = 24—-227+1+427?-2-3= 24-4. 


Solution 4.10. Note that a? + 6° = c3 + d? if and only if (a + b)(a? — ab +b?) = 
(c+ d)(c? —cd+d?), but since a+b =c+d 0, we can cancel these factors and 
obtain a? — ab + b? = c? — ed + d?. On the other hand, from a + b = c+d we 
get, squaring this equality, that a? + 2ab + b? = c? + 2cd + d?. Subtracting these 
two last identities, it follows that ab = cd. Then, the two quadratic polynomials 
x? —(a+b)x+ab and 2? — (c+ d)x + cd coincide, in particular their roots are the 
same. But, by Vieta’s formula (4.1) we know that the roots of the polynomials are 
{a,b} and {c,d}, respectively. Therefore, {a,b} = {c,d}. 


Solution 4.11. The polynomial has equal roots if the discriminant is zero, that is, 
4—4\(1— 5) =0, then A (1 — +) = 1. Thus = 2 is the only possibility. 


Solution 4.12. It is not possible. Otherwise, if the three polynomials had two real 
roots, the discriminants, b? — 4ac and c? — 4ab, a? — 4be would be positive. Hence, 
b? > 4ac, c? > 4ab, a? > 4bc, and multiplying the inequalities we would have 
a*b?c? > 64a7b?c?, which is false. 


Solution 4.13. The solutions of the equation are given by 


1—2k+./(— 2k)? —4k(k—2) 1-2k+V1+4k 
C= lh hr  _ For OO 


2k 2k 

The number zx will be rational if 1 + 4k is a perfect square, that is, k has to be 
2 

an integer of the form k = 7 =, with n a positive integer. Since we want k to 


be an integer, n? — 1 has to be divisible by 4, but n? — 1 = (n+ 1)(n — 1) is 
divisible by 4 if and only if n is odd. Then, for k = cae with n odd, the roots of 
ka? — (1 — 2k)x + k — 2 =0 are rational numbers. 
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Solution 4.14. If a+b is a root of the polynomial P(x) = x? + ax +b, then 
0 = (a+b)? +. a(a +b) +b = b? + (3a + 1)b + 2a”, and so b has to be a root of 
the polynomial Q(x) = x? + (3a + 1) + 2a?. But Q(z) will have an integer root 
if its discriminant (3a + 1)? — 4- 2a? = (a +3)? — 8 is a perfect square. But two 
square numbers have difference 8 if and only if they are 1 and 9, then (a+ 3)? = 9, 
therefore a = —6 or a = 0. If a = —6, then b = 8 or 9 and if a = 0 then b = Oor -1. 
Hence, the only possible pairs (a,b) are: (—6,8), (—6,9), (0,0) and (0, —1). 


Solution 4.15. We want to solve equation 2? — 5a — 1 = n?, that is, v7 — 5a — 
(n? +1) =0. The solutions of the equation are given by 


5+V25+4+4n2+4 
5 : 


T1,2 = 


For x to be an integer number it is necessary that 4n? +29 = t?. Then, t? — 4n? = 
(t — 2n)(t + 2n) = 29, that is, t+ 2n = +29 and t—2n = +1 ort +2n = +1 
and t — 2n = +29. Solving these equations, it follows that 4n = +28, then n = 7 
and t = 15 or n = —7 and t = —15. Substituting n in equation (10.8), we obtain 
a, = 10 and x2 = —5. 


Solution 4.16. We present the solution due to R. Descartes. Using Vieta’s formulas 


(4.1), we find that if @ and 8 are the polynomial roots, then a + 6 = —b and 
a8 = —c?, then there is a negative root. 
R 
Ss 
c 
Q 
T 


Consider the triangles RQS and RTQ, which are similar, since they share 
the angle of the vertex R and ZRTQ = ZRQS. Then, we have that RT- RS = 
RQ? = c’, therefore, RS - (—RT) = —c?. On the other hand, since RT = RS +b, 
we have RS+(—RT) = —b. Then, —RT and RS satisfy Vieta’s relations, therefore 
those numbers are the roots of the equation. 


Solution 4.17. If P(x) = x does not have real solutions, then P(x) > x, for all x 
or P(x) < a, for all x. Hence, P(P(x)) > P(x) > x or P(P(x)) < P(x) < a, for 
all x, therefore it is impossible to have P(P(x)) =z. 
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Solution 4.18. If P(P(P(xo))) = P(ao) = 0 for some zo, then 
P(P(O)) = P(P(P(#0))) = 0. 


Hence, P(0) is a zero of P(a) and it is an integer because P(x) is a polynomial 
with integer coefficients. Moreover, P(P(P(P(0)))) = P(P(0)) = 0, then P(0) is 
also a root of P(P(P(zx))). 


Solution 4.19. Note that az?+ba+c > cx is equivalent to P(x) = ax?+(b—c)a+c > 
0; this guarantees that a > 0, c = P(0) > 0 and (b—c)? — 4ac < 0. On the 
other hand, to prove that cx? — br + a > cx — b is equivalent to proving that 
cx? — (b+c)a +a+b > 0, but since c > 0, it is enough that the discriminant be 
negative; such discriminant is (b + c)? — 4c(a + b) = (b — c)? — 4ac, but we have 
already proved that it is negative. 


Solution 4.20. Suppose that 20(b — a) is an integer number. By symmetry we 
can also suppose that b > a, and then 20(b — a) > 1. Since there are no real 
solutions, the discriminant of the polynomial x? + 20bx + 10a is negative, therefore 
106? — a < 0. Then, we have 10b? <a <b and b < 7. Hence 0<b-a<b< 
and, then 20(b—a) < 2, but if 20(b—a) is an integer number we have 20(b—a) = 1 
and then 6 = a+ 34. Thus, 10b? — a = 10(a + 4)? — a = 10a? + 4 > 0, which is 
a contradiction. Therefore, 20(b — a) can never be an integer number. 


Solution 4.21. If P(x) = x? + br + satisfies P(P(P(ao))) = P(ao) = 0, for some 
xo, then P(P(0)) = P(P(P(xo))) = 0. Therefore, 
0 = P(P(0)) = P(e) = +be+e=c(e+b4+1) = P(0)P(1). 


Solution 4.22. Expand the following polynomial and use the relation ab+ac+bc = 
de+df +ef, to get that 


(x + a)(w+b)(a + ¢) — (a — d)(x — e)(a — f) 

b+ c)z? + (ab+ac+ be)x + abe 
—a?+(dt+e+t f)x? — (de +df +ef)x + def 
= Na* + abe+ def. 


Then, if we let x = d, the above expression becomes 
(d+a)(d+b)(d+c) = Nd? + (abc + def). 


Then, if N divides abc+def, then N divides (d+ a)(d+b)(d+c). Let p be a prime 
number such that p divides N, then p divides at least one of the factors d+ a, 
d+b or d+c. Then, p < max(d+a,d+6,d+c) < N, that is, p is a factor of N 
and N is a composite number. 
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Solution 4.23. Since P(x) and Q(x) have integer coefficients, we can divide by the 
main coefficient and assume that P(x) = (c—a)(a—r) and Q(x) = (ax—a)(x— 8), 
where a € R\Q, that is, P(a) and Q(x) are monic polynomials with rational 
coefficients. In a quadratic polynomial, if one root is an irrational number the 
other root is also irrational, since the sum of both roots has to be a rational 
number. Then, r,s € R\Q. 

Note that a+r, ar, a+s and as are all rational numbers since they are the 
coefficients of P(a) and Q(a). Then 


(at+r)-—(at+s)=r—sEQ 
aie 
as 8 


Let r—s= FA and £ = ®. Solving for r from the second equation, it follows that 
r=. s, from where we get m.s—s—F8, that is, s(@ —1) =F. E7-140, 
it follows that ‘ 

q 
my €Q 


n 


= 


which is a contradiction, then = 1. Thus, r= s. 


Solution 4.24. Multiplying both equations, it follows that 


x (by t by) a3 t (cr + C2 4 by bz) x? (b1C2 t bocy )a + c1cg = 0. 


On the other hand, since 61, c1, b2 and cg are roots, we have by, Vieta’s formulas 
(4.1.1) and equating the coefficients, that 


by + bg +c, + C2 = bj + be 
by bg + bye, + beg + bocy + bocg + C1Cg = C1 + Co + b1b2 


by bec, t by boca t bc C2 t boc C2 = bicg + €1b2 


by, b2c1C2 = C1 C2. 


From the first equation, we obtain c; = —c2, then from the second equation it 
follows that c,c2 = c; + cg = 0, from where we get cy = cz = 0, which contradicts 
the fact that c, and co are different numbers. Hence, those polynomials do not 
exist. 


Solution 4.25. Since (a — b) + (b—c)+(c— a) = 0, then some of the terms of 
the sum a — b, b— cc or c—a are less than or equal to zero. Suppose, without 
loss of generality, that a — b < 0. Then, the discriminant of the third equation is 
(c—a)? —4(a—b) > 0, that is, the third equation has a zero that is a real number. 


Solution 4.26. Let P(x) = 2° — (a+b+c)a? + (ab + be + ca)x — abc be the 
monic polynomial with zeros a, b and c. Let A = ab+bc+ ca, B = abc and 
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Tn =a" +b" +c”. Then, Ty = 3, Ti) = 0, To = (a+b4+c)?—2(ab+be+ ca) = -2A. 
The equation P(x) = 0 is equivalent to x? = —Ax + B, from where 2"*3 = 
—Ax"t! + Bx”. Then, it follows that T,43 = —AT,+41 + BT,,. Now find T3, Ty 
and Ts. 


Solution 4.27. Using (a+b+c)? = a?+b?+c?+2(ab+bce+ca), we get ab+be+ca = 2. 
Using the identity a? + 6? + c? — 3abe = (a +b +c)(a? + b? + c? — ab — bc — ca), 
we get abe = —3. Then, the cubic polynomial with roots a, b and c is P(x) = 
v—32?4+2a+2; now, from aP(a)+bP(b)+cP(c) = 0, it follows that a*+b*+c* = 9. 


Solution 4.28. Each of the equations az? +ba+c = 0 and cx? +bxr+a = 0 have two 
different real solutions, a 4 0 and c £ 0. Moreover, r is the root of az? +br+c = 0 
if and only if 4 is a root of cx? + ba +a =0. Therefore, {qi, q2} = {2 zh. 

If p1, G1, P2, G2 are in arithmetic progression, 


1 1 
|p1 — po| = lq1 = qo =| 
Pl p2 


5S \p1 = p2| 
|p1p2| 


’ 


from where |pip2| = 1. 


Using Vieta’s formula (4.1), we have pip2 = £, so |c| = |a| and then a = +c. 
If a = c, the two given quadratic equations are equal, and then p; = qi, p2 = q, 
which tell us that the difference of the progression is 0. Then, p; = qi = p2 = q2 
which is a contradiction. Therefore, a = —c ora+c=0. 


Solution 4.29. Let T,, = a” + 6" +c” for each integer number n, then Jo = 3, 
T, = 0 and Ty = (a+b +c)? — 2(ab+ bc + ca) = —2(ab+ bc + ca). Now, define 
A=ab-+be+ca and B = abc; then, by Vieta’s formulas (4.2), it follows that a, b 
and ¢ are the roots of the equation x? + Ar — B = 0 and Ty = —2A. 

For n > 0, we substitute a, 6 and ¢ in a?+3 = —Ag"+! + Ba” and adding we 
obtain T,43 = —AT,41 + BT,. Then 


T; = —AT, + BTo = 3B, 
T, = —AT) + BT, = 2A’, 
T; = —AT3 + BTz = —5AB. 


Hence, 4S =-AB= fs . 2. Since T3 = 75, the last equality implies that 7) = 8. 


Solution 4.30. Let Q(x) = P(x) — 2, since a, b and c are the roots of Q(x), it 
is clear that Q(x) = a(x — a)(a — b)(a% — c), for some integer number a. If for 
some integer number d we have P(d) = 3; then, since 1 = P(d) — 2 = Q(d) = 
a(d—a)(d—b)(d—c), the factors on the right-hand side of the equation have to be 
—1 or 1, then two of d—a, d—b, d—c are equal, so a, b, c are not different, which 
is a contradiction. This guarantees that there does not exist an integer number d 
with P(d) =3. 
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10.5 Solutions to exercises of Chapter 5 


Solution 5.1. For (i) and (ii) apply directly the definition. The proof of (iii) and 
(iv) is straightforward once you do the operations. To prove (v), after squaring 
both sides, observe that 2 + wz < 2|zw]. (vi) Do the operations using |z|? = 22. 


Solution 5.2. Let z = «+ iy, then 4 = 4- = — 4 _ — 4 Hence, 


z a+iy aes ty) vty 

Im(z + t) = =yt ae = 0 is equivalent to y(x? + y? — 1) = 0, with solutions 
y = 0 or x? + y? = 1. The solution y = 0 means that the real axis satisfies the 
original equation and the solution x? + y? = 1 is the unit circle. 

Second Solution. Write z in its polar form, that is, z = r(cos@ + isin@). Then, 
+ = 4(cos (—0)+isin (—0)) = +(cos @—i sin #). Thus, Im(z + +) = (r—+)sin@ = 0, 
and then r — 4 = 0 or sin#d = 0. Equation r — 4 = 0 implies that r = 1, that 
is, the complex numbers that satisfy the equation are the ones on the unit circle; 
meanwhile the complex numbers z that satisfy sin@ = 0 are the complex numbers 
with argument 0 or 7, that is, all the real numbers. 


Third Solution. Observe that 


1 1 
im(+4) =o & gpo=74+- 
z z z 

= (2z2-1\(2-Z)= 

= |zj=1 or z=2 


< zis on the unit circle or the real axis. 


Solution 5.3. Use the fact that zz = |z|? for every complex number z, and see 
that 


let ul? =(z+w)(z+w) = 2274+ wo + 20 + Zu, 


|z—w|? = (z-w)(z—w) = 22+ wo — 20 — Zw. 


Then, |z + w| = |2 — w| if and only if zw+Zw = —zw—Zu, that is, 2(zw+Zw) = 0. 
Using the fact that Re z = +, we obtain 2(zw + Zw) = 4 Re wz = 0. Since 
w= Lele , then wz = ul “-z, hence Re wz = Re = = 0. Therefore, = is purely 
apace, that is, i ir for some r € R. Thus, — = —r, which is a real number. 


Second Solution. A geometric proof is the following. Since w 4 0, we can divide 
the original equation by w, to obtain 


z 
= +1)= 
WwW 


which means that = is in the perpendicular bisector of the segment that joins 1 
and —1, that is, the imaginary axis, then = is purely imaginary and now we can 


conclude as above. 
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Solution 5.4. (i) Use the fact that zz = |z|?. The left-hand side of the identity is 


[1 — Zw|? — |z — w|? = (1 — Zw)(1 — zw) — (2 — w)(Z—@) 


=14 |2z|? |wl? — zw — 20 — |z|? —|w)? + 24 wz 

2). 12 2 2 

=1+4|z|" wl" —|2/° - Jul’. 

In the same way, the right-hand side of the identity is 
P 


2 2 2 2 
(1+ |zw|)? — (J2| + wl)” = 1+ 2|zw| + [2° wl” — fal? — [wl — 2/2] Jeo] 


2) 12 2 2 
= 1+ [2[" wl — lz — [wl 
Therefore, using the above relations we reach the desired conclusions. 


(ii) Proceed as before: 


[1 + zw|? — Jz + wl? = (1+ 2w)(1 + 2) — (z +. w)(Z +) 


2 a 7 
|" — 2 — wz 


= 14 |z|? |wl? + Zw + 20 — |z|? —|w 
2). 12 2 2 2 2 
=1+ 2) lw" — lz — lui" = (1 — Jz[") 1 — Jw"). 


Solution 5.5. It is clear that z = 0 if and only if w = 0, thus we can assume that 
both numbers are non-zero. Also suppose that z 4 w, then we need to show that 
Zw = 1. Simplifying the given identity, we obtain z+ zww — w— wzz = 0. 

The last equality can be written as z— w = zw(Z — W). Considering the norm on 
both sides, and using the fact that the norm of a complex number is equal to the 
norm of its conjugate, it follows that |zw| = 1, that is, zwzw = 1. 

Multiplying the equality z+ zww — w — wzz = 0 by Z, we obtain |z|? +1 -— Zw — 
wz |z|? = 0. Now, from this last equation we have that (|z\” +1)(1— Zw) = 0, thus 
zw=l1. 


Solution 5.6. Observe that 27 + 23 + 23 = (21+ 224 


z 
Then, since 21+ 22+ 23 = 0, it follows that 27+ 23 + 23 


—221 2923 (2 + + + 1) = —2212923(A + 22 + 3) = 0. 


3)? — 2(2122 + 2023 + 2321). 
= 2(2122 + 2923 4 2321) = 


Solution 5.7. Since 2121 = |z1|? = 1, then > = 2, and also ~ = Z. Then, 


_ _ 1 1 
Pirheee: - Teel Ge Ae 
Sa ee — a 7 
14+ 229 1+ 2 14+ 222 
Z1+22 ; 
hence 7 te isa real number. 


Solution 5.8. If some of a, b, c is zero, the result is clear. Then, suppose that a, b, 
c#0. 

It is enough to see that (d — a)(d — b)(d — c) = 0, or equivalently, that 
d3 —(a+b+c)d? + (ab+bc+ca)d—abc = 0 and, by the hypothesis of the exercise, 
this is equivalent to showing that (ab + bc + ca)d = abc. 
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Since all numbers have the same norm, define r = |a| = |b| = |c| = |d|. On the 


other hand, it is known that d=a+b+c, then d=a+b+c=a+0+4. Now, 
dd aay 4 cep? (L444 2). and it follows that 4 = tei. That is, 
d(ab + bc + ca) = abc, as we wanted to prove. 


Solution 5.9. We show first that (i) is equivalent to (ii). If a, 6, c are collinear, 
then arg(b — a) = arg(c — a) or arg(b — a) = arg(c — a) + 2, because both are on 


the same line, then it follows that arg { =“) = arg ((c—a)- 4) = arg(c— a) — 


arg(b — a) = 0 or 7, which implies that =* ¢€ R. Reciprocally, if t = =* € R, 
then c— a = t(b— a) or c= (1—t)a +b, which means that c is on the straight 
line that determines a and 6, that is, a, b and ¢ are collinear. 

Now, we show that (iii) is equivalent to (iv). In order to do this, note that the 
determinant of the matrix in (iv) is equal to b¢ — cb — a(é — b) + G(c — b). Then 
z = cb—ca —ab € R is equivalent to z = 2, that is, cb — ca — ab = be — ac — ba, 
which is the same as bé — cb — a(@— 6) + a(c — b) = 0. 

Finally, observe that 


a@ cb—ca—ab+|al? 


a |b — al? 


2 = a 
Since ng is a real number, = € R is equivalent to cb— ca — ab € R, that is, 


(ii) is equivalent to (iii). 
From the part (ii), it follows that the equation of the line through b and c is 


Im(4=5) = 0. 


Solution 5.10. By Exercise 5.9, z, 7, 7z are collinear if and only if 


1 ; . 
1 1- 
O=/1 2z Zz = 27 — aS eee 
1 i 


by 2 2° 


which is equivalent to |z — aa i = |ate|?. Then, the complex numbers that satisfy 


the condition of the exercise are the points in the circle with center a and radius 


[4 (= 22 
2 Qos 


Solution 5.11. We will construct first the two squares which have as side length 
the segment determined by z and w. To do that, consider the points 0 and z— w 
as two consecutive vertices of a square. Then one possible third vertex is i(z— w), 
which is the rotation with angle 90° of the complex number z— w (or it could be 
—i(z—w) if we rotate —90°). Finally, the fourth vertex is the sum of the previous 
two, that is, (z— w) + 7(z—w) (or (z — w) —i(z—w) in the other case). Then, to 
calculate the vertices of the squares that are formed with z and w as consecutive 
vertices, we should add w to the vertices of the squares found, that is, the vertices 
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we are looking for are z, w, i(z— w) +. w and z+%(z—w) or z, w, -i(z-—w)+w 
and z—i(z—w). 

In the case where z and w are opposite vertices of the square, again translate 
one of the vertices to the origin, that is, now the opposite vertices are 0 and 
z—w. Now, in a square the diagonals intersect each other in a right angle in their 
midpoints, then we need to consider the two complex numbers orthogonal to z— w 
and then translate them to the midpoint of z — w. That is, we need to consider 
the complex numbers i (25%) + 45% and —i (45%) + 4. Finally, adding w to 
all the previous vertices, we get the square with vertices w, 7 (5) +5" +, z, 


2 
(458) + Set. 


Solution 5.12. Proceed by induction. The basis of induction is n = 2. We know 
(cos @ + isin 0)? = cos” 6 — sin? 6 + i2cos@ sin @ = cos 20 + isin 20, 


where in the last equality we used the identity for the sum of angles for sine and 
cosine. 
Suppose then that the identity is true for some n = k, that is, we have 


(cos 6 + isin0)* = coskO + isin k6. 
Then, 


(cos@ + isin@)**! = (cosé + isin@)(cos 6 + isind)* 

(cos 0 + isin ™)(cos k@ + isin k6) 

cos 6 cos k@ — sin @ sin ké + i(cos 6 sin k@ + cos ké sin 6) 
=cos(k+1)6+isin(k+ 1)6. 


I 


l| 


| 


Solution 5.13. Equation z+ + = 2cos@ can be rewritten as 
z741=2zcos6 or 2*—2zcosd+1=0, 


then z = cos@ + Vcos*? @—1=cosé+isin#. 
Using de Moivre’s formula, it follows that z” = cosn@ +isinné, then 


1 1 es 
— = —  —— = 6089 Fisinnd. 
gn cosné +isinné 


Adding the last two identities leads to 2” + 4 = 2cosné. 


Solution 5.14. Equation |z? + 2?| = 1 is equivalent to |z? + 27|? = (2? + 27)(27 + 
z*) = 1, but using |z| = 1, the last equation is equivalent to (z4 +1)? = z*, which 
can be factored as a difference of squares (24 — 22 + 1)(z4+ 22 +1) = 0. These 
two quadratic equations can be solved using directly the general formula to obtain 
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that the solutions are z? = 2° + v3; and z? =-} ct ¥3;, and from these equalities 
we can obtain the values of z 

Solution 5.15. (i) Let 21, zg be me roots of the equation with |z,| = 1. Since 
2122 = £, we have that |z2| = |< |- Tq] = 1. Now, since 21 + 22 = —8 and |a| = |b, 


it follies that |z1 + z2|? = 1. This last equation is equivalent to 


1 1 
(21 + 2a)(Z1+ 2%2)=1, or (21 +22) (= + =) =1. 
VAN 7) 


7 2 ; 
Hence, (21 + 22)? = 2122, that is, (—2) = £, which can be reduced to b? =a. 


(ii) It follows that b? = ac and c? = ab by the previous part. Multiplying both 
equalities we have that b?c? = a”bc, and then a? = bc. Therefore, a? + b? + c? = 
ab + bc + ca. This last identity is equivalent to (a — c)? = (a — b)(b—c). Taking 


norms, |c — a|? = |a — b| - |b—c|. Similarly, we can obtain |b — c|? = |c — a] - |a — D| 
and ies b|? = |b—c|-|c—a]. Adding the last equalities, we get |b — cl? +|c—a|? + 
ja — b|? = |b—c|- |e —a| + |c—a]- |a — b| + Ja — b| - |b— c|, which is equivalent to 


({b — cl] — |e — al)? + (le— a] — la bl)? + (la b| — |b — cl)? = 0, and the result 
follows. 


Solution 5.16. Let 2° + az4+ bz? +cz? +dz+e be the polynomial having as roots 


: 5 
the numbers 21, 22, 23, 24,25. By Vieta, a = )0;_, % = 0 and b= pare, Biz = 
2 
1 5 ; ly 2 es ‘ 
5 (oe zi) — 5 i= 2] = 0. Also, we have 
= — 1 1 
0= ) Zi ) — = —— ) 21222324, 
: 4 oh 21422232425 : 
i=1 i=1 cyclic 
a ae aie 1 = 

then d= 0 and 0 = ee R23 = Teseeti Dues 212223, hence c = 0. Thus, the 


polynomial can be reduced to z° + e, which has as roots complex numbers that 
are the vertices of a regular pentagon. 


Solution 5.17. Ifa = b, |a — b+ c| works; if a = —b, then |a + b + c| works. Suppose 
that a is different from b and —b. Consider the numbers a+ 6, a— b, —a+ 6 and 
—a-— b, which are the vertices of a rhombus of side 2. Taking as a center each of 
these vertices, construct disks of radius 1; these 4 disks cover the circle with center 
0 and radius 1. In particular, the point c belongs to one of these disks, then the 
distance from the center of such a disk to c is less than or equal to 1. 


Second Solution. The numbers a, b, c are the vertices of a triangle, with orthocenter 
ina+b-+c. If the triangle is acute, then its orthocenter is inside the triangle and 
then |a+6+c| < 1. If the triangle is obtuse, without loss of generality, we can 
suppose that the obtuse angle is in a, then —a, b, c are the vertices of an acute 
triangle with orthocenter —a+ b+ c, which is inside the triangle, and in this case 
|-a+b+¢ <1. 
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Solution 5.18. If at least one of the numbers a, b, c is 0, the result follows. Consider 
a= ap B a? 7 = 79) then |a| = |B] = |y| = 1 and if a |bc| + b|ca| + c lab] = 0 
is divided by |abc|, then a+ 6+ 7 = 0, hence a,6,y are the vertices of an 


equilateral triangle. Thus, the angle between two of them is 7. Using the cosine 
law, |a —b|? = |a\” + |b]? + lal |b] > 3a ld]. Similarly, |b—c|? > 3b] |c| and 


lc—a|* > 3|c| Jal, then Ja — bl? |b— cl? |e — al? > 33 Jal? |b)? ||”. 


Solution 5.19. Since a, b, c have the same norm and |abc| = 1, it is clear that 


|a| = |b] = |e] = 1. Then, 1 =a@+b4+e@=524 444 = Set = ah+ bet ca. 
The monic polynomial which has zeros a, b, c is, 


P(z) = (z-—a)(z—b)(2-—¢) = 2° — (a+6+c)27 + (ab+ be +ca)z — abe 
=22-— 2? +27-1=(2—1)(2? + 1), 
hence, {a,b,c} = {1,7, —7}. 


Solution 5.20. Multiplying both sides of the equation 24 + 2° + «2 +2+1=0 by 
x—1, we get 2° —1 = 0; then to find the roots of 4+2?+2?+2+1 = 0 is equivalent 
to finding the roots of x° — 1 = 0, which are different from 1. These roots are the 


ae : ; ee _ 2 ery fe) 
quintic roots of unity, given by w, w*, w’, w* where w = cos (27) +isin (27). 


Second Solution. The equation can be solved dividing by x?, and then making the 
substitution y = «+ 4, and finally using the general formula to solve a quadratic 
equation. That is, 


1 1 
e+ 5+2+-4+1=0 
x x 


(esse) ort) oa 
(4) aed 


y? +y—1=0. 


The roots of this last equation are y,; = =1ty6 | y2 = a1-v5 It is left to find x 
solving the two equations 


1 i 
a+—-=y, and £+-=yYy, 
x x 


which are equivalent to 2? — y;2z + 1 = 0 and 2? — yox + 1 = 0. Solving these two 
equations we find the four roots we are looking for: 


r1+ v5, v10+42v5 olf s ,V 10+ 2v5 

SSS _— —=,- ><> = TH 

4 4 4 4 

-1-v5 | v10-2v5 -1-V5 ,V10- 2v5 

——__ + 1——_ —————— 
4 y 4 


bs are q 
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As a result of having two different methods for solving equation 24+2°+22+2+1 = 
0, we can conclude that 


2 . (2 -1+V5 .V10+2V/5 
cos ma +2sin me ary A ame cai 


Solving for the real and the imaginary part, we get 
-1+ V5 10+ 2V5 
4? , 


72. = 
in i 


cos 72° = 


Solution 5.21. Note that the polynomial «° + 2x° + 2x4 + 2x3 + 227 + 2x41 can 
be factored as 


o® +. On + 204 + 209 + Qo? + 2e +1 = (29 + 1) (2? +24 +22 +2? +0 +1). 
In this way we have to find the roots of the equation 


(a +1)(25 + 244+ 23 + 47+2+1)=0, 


where it is clear that x = —1 is one of the roots. The other roots are complex 
numbers and can be calculated following the trick used in the previous problem. 
Multiply 2 —1 by 2° +2++2? +27+2+1=0 to get equation x® — 1 =0 and 
find the roots distinct from 1. These roots are the 6th roots of unity, which can 
be calculated using de Moivre’s formula (5.3). 


Solution 5.22. If n = 3m+2 for some positive integer m, then the complex number 
cos (24 =) +14 sin (4 a ) is a solution with norm 1. Conversely, if z is a solution with 
norm 1, then Z = + is Alp a solution. hen, 2P4+e¢4+1=0= 2%4+ 2141, which 
implies that z?~? = 1, 22 +2+1=0, 22 =1 with z 41, hsiten Some 8 for 


some positive integer m. 


Second Solution. Let P(z) = 2” +2+1=0. If P(w) = 0, va |w| = 1, then 
w = cos@+i sin @, and then, using de Moivre’s formula (5.3), w” = cos ane sin nd, 
it follows that 0 = (cosn@ + cos +1) +i(sinn@+sin@). Then sin? n@ = sin? 6 and 
cos? né = cos? 6 + 2cos@ + 1, and from this cos@ = —4. It follows that w? = 
and w? +w+1=0, therefore w” = w?, and then n = 2 (mod 3). 

Conversely, if n = 2 (mod 3), for w 4 1, with w a root of unity of order 3, 
P(w) = 0. Then P(z) = 2" +241 = (2? +2+4+1)Q(z), for some polynomial Q(z) 
with integer coefficients. 


Solution 5.23. (i) Let S=1+w+w?+---+w"!. Multiplying by w both sides 
of the equality, we get 


Sw=wt+u*t---+w tw, 


and subtracting from S the last equality, we obtain S — Sw = 1— w”. Therefore 


Soo 0: 
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ii) Let S=1+2w+3w? +---+nw"!. Multiplying by w we get 
y 


2w? + 3w? | eo 


bres + nw. 
Then, S—Sw=1+wt+w?+w?+---+w"!— nw” = —nw” (by the first part, 
1+w+w?+wi+---+w! =0). Therefore, S = =, 
—1 _ 
nw = St. 


l| 


Solution 5.24. (i) Observe that if w A 1 is a nth root of unity, then 2” — 1 
(z-1)(z-w)...(z-w""). Hence, 

zy — 1 

gs 

Now, let z = 1 in the previous equality in order to obtain 

(l1—w)(1—w?)...(/—w" 4) =n. 


=(z-w)(z—w’)...(z—w™ |") a2 4 eh te tet 


(ii) Consider the polynomial P(z) = (z—w)(z—w?)...(z—w"7?), and since 
2"—1 = (z-1)(z-w)...(z—w""), we get P(z) = St = 2™-14-27-274..-4+241. 


z—-1 
Note now that aed = 


sep St, then it is enough to calculate 


Since P’(z) = (n— 1)z"~? + (n — 2)z"-3 +--+ +22+1, we obtain P’(1) 


142+4---+(n—-1) = a-U)n Now, from P(1) = n we can conclude that oe = 21. 


2 
Solution 5.25. (i) Note that 
(a + bw + cw") (a + bw? + cw) 
= a? + abw? + acw + bew? + abw + b? + acw? + abw + ¢? 
=a? +b? +c? + (ab+be+ caw +t (ab+ be + ca)w 
=a? +07 +¢? + (ab+ be + ca)(w + w?) 
=a? +b? +c? + (ab + be + ca)(—1). 


(ii) Substitute the equation obtained in (i). 


Solution 5.26. The number of common vertices is given by the number of common 
roots of 219821 = 0 and z?973—1 = 0. Then, by Theorem 5.4.1, it follows that the 
number we are looking for is the greatest common divisor of (1982, 2973) = 991. 


x 


Solution 5.27. The roots of 22 +2+1 are w =e! and w?. Using the relations 
w? =land1+w+w? =0, we obtain 
n=3k => w*®4+w*41=14141=3, 
n=3k+1 3 wt? 4 w**t141=w?+w41=0, 
n=3k4+2 3 w*44 wt? 41 =ut4+ wu? 4+1l=wt+uw?4+1=0. 


Therefore the answer is for all n that are not multiples of 3. 
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Solution 5.28. Use that x, y are of the form 


in order to see that the product of both numbers is of the same form. 
Second Solution. Use that 
z=a? +b? +3 — 3abe = (a+ b4+c)(at bw + cw”) (a + bw? + ew) 
= P(1)Pw)P(w’), 


for P(z) = cz* + bz+ a and w a cubic root of unity. 
Then, x belongs to S$ if and only if z = P(1)P(w)P(w?), hence, if 
t= P(1)P(w)P(w?) and y= Q()QW)QW”*) 


for Q(z) another polynomial of degree 2, we have that ry = R(1)R(w)R(w?) with 
R(z) = P(z)Q(z). Note that R(z) is of degree 4, and after dividing R(z) by 23-1, 
we get that R(z) = (22 —1)L(z) + Ri(z) with R1(z) of degree at most 2 and with 
xy = R1(1)Ri(w)Ri(w?), then ry € S. 


Solution 5.29. Let w = e?7’/5, then w°® = 1. Evaluating in the original equation 


w, w?, w®, w*, we obtain the following four equations: 


P(1) + wQ(1) + w?R(1) = 
P(1) + w?Q(1) + w*R(1) = 
P(1)+ w?Q(1) + wR 
P(1)+w*Q(1) + wR 


Now, if these equations are multiplied by —w, —w?, —w?, —w’, respectively, we 
obtain: 


Using 1+. w+w?+w?+w* = 0 and adding the equations, we get 5P(1) = 0, that 
is,  — 1 divides P(x). 


Solution 5.30. If z is a root of P(z), then z? is also a root. Hence, if |z| > 1 there 
will be an infinite number of roots, which is impossible since P(z) is a polynomial. 
If 0 < |z| < 1, the same will happen, and there will be an infinite number of roots. 
Then, all roots are 0 or they belong to the unit circle. 
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If P(z) is a constant polynomial, then the constant polynomials P(z) = 1 and 
P(z) =0 satisfy the equation. 

If P(z) = az +b, with a ¥ 0, substituting in the given equation, we get (az + 
b)(—az + b) = az? + b, that is, az? +b = —a*z? + b?. Since a 4 0, it follows that 
a = —l1land b? = b, then b = 0 or b = 1, and in this case there are two polynomials, 
P(z) =—z and P(z) =1-<z. 

If P(z) = az? + bz +¢, with a £0, then 


P(z)P(—z) = (az? + bz + c)(az? — bz +c) = a? 24 + (2ac— b7)z7 +e’. 


Comparing with P(z?) = az++ bz? +c, we obtain a? = a, 2ac— b? = b and c? =. 
g 


Since a 4 0, it follows that a = 1; for c? = c we have the solutions c = 0 and 
c = 1. For each of the values of c, we get two values for b: if c = 0, then b = 0 
and b = —1; for c = 1, we get b = 1 and b = —2. Thus, in this case we have 4 
polynomials that satisfy the given equation: P(z) = 27, P(z) = 27-z = —z(1—z), 
P(z) = 27 -2z4+1=(1- 2)? and P(z) = 2? +241. 


10.6 Solutions to exercises of Chapter 6 
Solution 6.1. Observe that if f(x) + f (4) =x, then 


1 x—1 1 x-1 x—1 
(K)+r( x j-5 ane r( x )+4@) = ae. 


—27° = 
Hence, 2f(2) = 0+ #58 — hy = sant 


Solution 6.2. Prove by induction that f(n) =n. 

Let m = n = 1 in order to see that f(1) = 1, and since oe )= 
and using the induction hypothesis, it follows that f(2k) = 2f(k) 
f(2k+2) = f(2)f(kK+1) =2(k4+1) = 2k4+2. 

Finally, by (iii), 2k = f(2k) < f(2k+1) < f(2k+2) =2k+2, hence f(2k+1) = 
2k +1. Then f(n) =n, for alln EN. 


5 y (ii) 


al 


Solution 6.3. Taking —« instead of x in the original equation, we obtain —x f(—ax)— 
2x f(x) = —1. Then 


f(x) + 2af(—a) = —af(—-«) — 2af(x), 


hence, 3x f(x) = —3af(—x). This we can substitute in the original equation to 
obtain xf (x) = 


Solution 6.4. Taking —z instead of x in the original equation, we obtain + f(x) + 
f (+) =—x, then f(x)—af (=+) = 2. Now, taking x instead of + in the original 
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equation, we have that «f (+) + f(x) = +. Adding the last two equalities leads 
to 2f(x) =a? + 1. Hence, the only function that satisfies the original equation is 


Solution 6.5. Taking y = —2 in the original equation, we get af(x) + xaf(—x) = 
2xf(0), for all x. Then f(x) + f(—x) = 2f(0) for all « 4 0. 

Taking x+y and z in the functional equation, we get (a+y)f(a+y)—af (x) = 
yf(2x” + y), and taking 2x + y, —x, we obtain (2x + y)f(2a + y) + a2f(-2x) = 


(32 + y) f(x +y). 
Then, the last two equations can be rewritten as 


a(f(a+y)— f(@)) =y(fet+y)— f@+y)) 
(2 + y)(f(2@ +y) — fla+y)) = 2(f(a+y) — f(-a)). 


Multiplying the first equation by 2x + y and the second one by y, and reducing 


we get (2x + y)a(f(a t+ y) — f(x)) = ya(f(x + y) — f(—2)). Canceling out x 
on both sides of the equation, simplifying and solving for 27 f(x + y), leads to 
2Quf(a+y) = (2a+ y)f(x) — yf(—a). Substituting the value of f(—2), gives us 


2a f(x +y) = (2a + y) F(x) — y2fO) — f(@)) 
= 2(@ + y) f(a) — 2yf(0). 


That is, 


af(et+y)=(@+ 
tf(@+y)—a«f0)=(@+ 

u(f(@ +y) — £(0)) = (@ + y)(F(a) — FO). 
Now if x = 1, then f(1+y)— (0) = (1+ y)(f(1)— f(0)). Substituting 1+-y = x, we 
get f(x) = f(0)+a(f(1)—f(0)). Then, if we define the constants m = f(1)— f(0), 
b = f(0), the functions that satisfy the equation have the form f(x) = mz + b. 


Clearly, the functions of the form f(z) = ma + 6 satisfy the original functional 
equation. 


Solution 6.6. First, note that if f(~#+1) = f(x) +1, by induction it follows that 
f(a+n) = f(a)+n, for all n € N. Moreover, f(x?) = f(x)? and f(a+n) = f(x)-+n 
imply that f((«@+n)?) = f(v+n)? = (f(x) +n)?. Then f(x? + 2an + n?) = 
f(a? +2an) +n? = f(x)? +2f(x)n+n?, and then f(x? + 2xn) = f(x)? +2f(x)n. 
Taking x = 0 and n = 1 in the last equation, we get f(0)?+f(0) = 0, then f(0) = 0. 
Moreover, taking « = 8 and n = q in the last equation, leads to f (4 + 2p) = 


q 
2 


f (2) + 2qf(2) = f(4z) + 2qf(£) and, since f (4 + 2p) =f (4) + 2p, then 
f(2) = 8. That is, f(z) = x for all x € QT U {0}. 


q q 
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Solution 6.7. Suppose that x, y, z are different numbers. The equation can be 
rewritten as x(f(y)— f(z)) +yf(z) = f(x)(y—z)+zf(y); now subtracting on both 
sides yf(y), we get x(f(y) — f(z)) + (F(z) — FY) = Fla)(y — 2) + Fy) — 9), 


hence 
f(x)- fy) _ f(y) =f) 
C-y = ye 

Then, the slope between points (x, f(x)) and (y, f(y)) is equal to the slope between 
points (y, f(y)) and (z, f(z)), then every 3 points of the graph of f are collinear; 
hence the graph of f is a line and therefore f(a) = ma + b, for some real numbers 
m and b. In fact, m is the common slope and b = f(0). Clearly, the affine functions 
f(x) = ma + b satisfy the equation. 


Second Solution. Taking y = —1, z = 1, we get xf(—1) — f(1) + f(x) = —f(x) + 
f(—1) + «f(1), and solving for f(x) the result is 


joy = {M= SE, , H+ £0), 


Solution 6.8. The equality g(f(x)) = —2, for any real number 2, guarantees that 
g(f(g(a))) = —g(x). If to the equality f(g(x)) = —x, we apply g to both sides, 
we obtain g(f(g(x))) = g(—a). Then g(—x) = —g(x), hence g is odd. Similarly we 
can prove that f(—x) = —f(z). 


Solution 6.9. Taking y = 0 in the original equation, we have f(f(x)) = f(x)—f(0). 
But since f is surjective, given any real number y there exists x with f(x) = y, 
then f(y) = y — f(0). Taking y = 0 in this last equation, we get f(0) = 0. Thus 
f(x) =x for any real number «. It is clear that the function f(x) = x satisfies the 
equation. 


Solution 6.10. Taking x = 0 in the original equation gives us f(0) = 0. Now, if 
x = 1, we have f(f(y)) = y, then f is bijective. Taking f(y) as y in the equation 
and using f(f(y)) = y, we get f(ay) = «f(y). By symmetry in the variables z, 
y, also it is true that f(xy) = yf(x), and then zaf(y) = yf(x). Hence for x, y 
different from 0, it follows that fe) = fy) then fe) is constant and equal to 
f(1), thus f(x) = f(1)a. Using f(x) = f(1)a in the original equation, it follows 
that ry = f(1)af(y) = f(1)?zy for x, y € R, then f(1)? = 1. Hence f(x) = x or 
f(a) = —a are the only continuous solutions of the equation. 


Solution 6.11. Since m—n+ f(n) > 1 holds for alln € N, then f(n) > n. Letting 
F'(n) = f(n) —n, we can rewrite the functional equation as 


F(m+F(n)) = F(m)+n, for all mneéeN. 


Taking m = 1 and adding 1 to both sides of the last equation, we have that 
F(1+F(n))+1=F(1)4+n+1, for n €N. If now we apply F on both sides and 
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we use the new equation, we get F(1) + 1+ F(n) = F(n+1) +1, then 
F(n+1)=F(n)+F(1), forall neN. 


That is, F(n) = F(1)n for alln € N, then (m+nF(1))F(1) = mF(1)+n, for all n, 
m €N. In this last equation, taking n = m = 1, leads to F(1)(F(1)4+1) = F(1)+1, 
hence F(1) = 1, and then f(n) = 2n for all n € N. Clearly f(n) = 2n satisfies the 
functional equation. 


Solution 6.12. In Example 6.2.4, we proved that the function is bijective. 
With y = 1 and using the injectivity, it follows that f(1) = 1, and then 


_1 . 3 1 _ ¢(1 
f(f(y)) = ;: Applying f to both sides, we get Chee (4). 
For x, y € Q*, take z such that f(z) = y, then 


fon=faroi=i2 = 


In this way a function that satisfies the functional equation must satisfy the two 
equations 


f(@))=— and flay) = fle) flu), 


One particular solution can be defined as follows. Let p,,p2,... be the ordered 
prime numbers and we define the function on the prime numbers as follows: 


Pi+1; if 2 is odd 
f(pi) = 1 


Pia? if7 is even 
es 


and for a rational number r = p7'---p;*, the function is defined as 


f(r) = f(pi)™ +++ fee)”, 
where nz € Z. 
Solution 6.13. Taking x = y in the original equation we get xf(x) = x(f(x))?, 
then a(f(a)? — f(x)) = 0 for any real number x. Hence, for « 4 0, we have 
f(x)? = f(x), so that for every real number z it follows that f(a) = 0 or 1. 

If for all « 4 0 we have f(x) = 0, then by continuity it follows that f(0) = 0, 
and then f is identically zero on the real numbers. 

If for some xo 4 0 it happens that f(a) = 1, then taking xo in the original 
equation we obtain xo f(y)+y = (to+y) f(y), hence y = yf(y) for all real numbers 
y. Then, f(y) = 1 for all y 4 0, and by continuity f(0) = 1, which guarantees that 
f is identically 1 on the real numbers. 

Therefore, the only functions that satisfy the equation are the constant func- 
tions 0 and 1. 
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Solution 6.14. (i) We should expect that the period is related to a, then it is a 
good idea to iterate the function. By doing it we get 


fe + 2a) = 


NILE MIR Nle 


Since f(x) > 4 for all x, then we have f(x) = f(x + 2a) for all x. Hence, f is 
periodic with period 2a. 


(ii) To find an example observe that f(x) > 4 for all x and, on the other hand, 
the original equation guarantees that (f(a +2) — ae = f(x«+1)- f(@4+1)) < 


(2% where the inequality follows from the geometric and the arithmetic mean 
inequality. Therefore, a possible example is, for n € Z, the function 


f(x) 5 if In<a<2n+1 
= 
1, if 2n+1l<a<2n+2. 


Solution 6.15. Suppose that the equation has at least one real solution x. Then 


m(a+ b) = |x —a|+|a —b] 4+ |a2 +a] + |x + | 
> |(x — a) — (aw +b)| + |(a@ — b) — (a@ + a)| = 2(a +), 


and since a+ 6 > 0, it follows that m > 2. 
Conversely, suppose m > 2, then the equation has at least one real solution. 
In fact, if we define 


f(z) =|e—al+|a—b] + |e+al+ |a+l, 


observe that f(0) = 2(a+6) < m(a+6) and f(ma+ mb) = 4m(atb) > m(at+b). 
By the intermediate value theorem?”, there exists x such that f(x) = m(a +b). 


Solution 6.16. Without loss of generality we can assume that f(0) = 0, since the 
function g(x) = f(x) — f(0) satisfies the equation and g(0) = 0. 

Taking y = 0 in the equation, we have f(x?) = af (x). Using this last equation 
and taking y = 1, we get xf(x)— f(1) = (a +1)(f(x) — f(1)), hence f(a) = f(1)a. 
This means all functions that satisfy the original equation are of the form f(a) = 
f(1)a + f(0). It is easy to check that the affine functions f(x) = ma + 6 satisfy 
the equation. 


27See [21]. 
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Solution 6.17. Taking x = y = 1 in the original equation, it follows that f(1)? — 
f(1) = 2, then f(1) = 2. Now, if we let y = 1, we get f(x) f(1) — f(x) =2+4, 
then f(r) =a + +. And it is clear that f(x) =x + 4 satisfies the equation. 


Solution 6.18. (i) In Example 6.2.2 we proved that these functions are injec- 


tive. As we have seen in the example, taking x = y, leads to f(xf(x)) = x”, in 


particular f(f(1)) = 1. Taking x = f(1) in the last equation, gives us f(1)? = 


f(f()FFQ))) = f(f()) = 1, hence f(1) = 1. Letting y = 1 in the original 
equation we obtain f(x) + f(f(a a = 2z. 


If z > 0, taking x = zf(z) and y = 4 in the functional equation, we get 


f Grey (<)) +f Gicio) = 22f (2) 


Then, using f(zf(z)) = 27, it follows that 


(zr (2) = 70. 


but since f is injective, it follows that f(z)f (+) =1. 
If now we take x = z, y= 4 in the original functional equation, we get 


r(2#(2)) +4(Er@) =2 


but since f (4) a OE then 


Gis) +12) 


Since f(z) f (+) = 1, it also follows that 


Hi) 1(l) = om (5) -0(02) = 


and again the injectivity of f guarantees that f(z) = z. 


(ii) In Example 6.2.3, we proved that these functions are surjective. Then, there 
exists a number 2p such that f(ao) = 0. Letting « = xo in the original equation, 
we obtain f(y) = 2% + f(f(y) — 20), therefore if we make z = f(y) — xo we get 
f(z) =z-2o. 

Hence, the functions that satisfy the equation must have the form f(z) = 
z+c, for some constant c. 


Solution 6.19. First note that 2 must not be in the image in order to consider the 


quotient a 3. If for some x, f(z) = 1 then f(x+a) = = = 2, hence 1 is not in 


10.6 Solutions of Chapter 6 235 


the image either. Now, observe that 


f(rt+a)—3 — 2f(xz)—3 


a ae Ce aaa | 
2 _ f(e@+2a)—-3 _ 
f+ 3a) = fle +2a+a) = Fo = fe). 


Then, f(x) is periodic of period 3a. 


Solution 6.20. Let T be the period of f. Suppose that T = Pe where p and q 
are relatively prime positive integers. Then, gf = p is also a period of f. Let 
n= kp+r, where k and r are integers and 0 <r < p-—1. 

Then f(n) = f(kp +r) = f(r), and f(n) € {f(1), f(2), -.-, f(@— 1), F(p)}, for 
all positive integers n, which is a contradiction with the fact that {f(n) | n © N} 
has an infinite number of elements. 


Solution 6.21. Letting x = y = 0, we get 


_ _2f(0) 
which makes sense if f(0) 4 +1. Then f(0)? + f(0) = 0, hence f(0) = 0. 
Now take g(x) = arctan f(x), then tan g(x) = f(a) which is well defined for 
€ (—1,1). Substituting in the equation (6.7) we obtain 


tang(x) +tang(y) _ 
To taneanga). tan(g(x) + g(y)). 


tan g(@ + y) = 
The last equality follows from the tangent formula for the sum of two angles. Now, 
apply the inverse tangent function on both sides of the equation to obtain 


g(x +y) = g(x) + g(y) + k(a, y)t, 


where k(x, y) is a function that only takes integer values. On the other hand, since 
f(0) = 0 we have g(0) = 0 and then &(0,0) = 0. But since k is a continuous 
function, k(x, y) = 0 for all x, y € R, we get the equation 


g(z +y) = g(x) + gy), 


which is the Cauchy equation whose continuous solution is g(a) = ax. Hence, the 
solution of equation (6.7) is the function f(x) = tanaz. 


Solution 6.22. Since 
tanu + tanv 
—_— = tan(u+v), 
1—tanutanv 
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we can take « = tanu and y = tanv with zy ¥ 1, which is true if and only if 
tanutanv £1, that is, u—v £ $. The equation becomes 


f(tanu) + f(tanv) = f(tan(u + v)), 


then f o tan is additive and continuous, therefore f(tanu) = cu, which implies 
that f(a) = carctanz. 


Solution 6.23. The function f(x) = —1 is a solution of the functional equation. If 
now we define g(x) = f(x) + 1, substituting we get 


g(x +y) -1L=g(x) -1+9(y) - 14 [9(z) — Ulgty) - 1 
= g(x) —1+ g(y)—1+ [9(x)g(y) — 9(z) — gly) + 
= g(x)g(y) — 1. 


Therefore g(x) satisfies the Cauchy equation g(x+y) = g(x)g(y) and then g(x) = 
a”, with a€ Rt and f(x) =a* —-1. 


Solution 6.24. Suppose that there exists a function that satisfies 


f(f(r))=n+1. (10.9) 


Applying f to both sides of the equation, we obtain f(n +1) = f(f(f(n))) = 
f(n) +1. Let us see by induction that f(n+1) = f(1) +n. 

The case n = 1 is obvious, since f(n + 1) = f(n) +1 and after substituting 
n= 1, we get f(1+1) = f(1) +1. Suppose the result true for n — 1 and prove it 
for n. Since it is true for n — 1, the following holds: 


fnt+l=f(n)+1=f((n-1)4+1)4+1=(f)4+n-1)4+1=f(1l)4+n, 


then f(n +1) = f(1) 4+ for all n € N. From this last equation and by equation 
(10.9), we get 


n+1= f(f(n)) =f(m)—-14+f0)=n-14+ f(1)-14+ f() =n-242f(1). 


Thus f(1) = 3, which is a contradiction, since the image of f are the natural 
numbers. Tiere tore. no f exists that satisfies equation (10.9). 


Solution 6.25. If « > 2, then f(x) = f(a —2+4 2) = f((a— 2) f(2))f(2) =0, this 
together with (iii), implies that f(a) = 0 if and only if a > 2. For 0 < y < 2, 
we have f(y) # 0 and 0 = f(2) = f(2-—y+y) = f((2— yw) f(y) Fly), then 
f(2— y)F(y)) = 0, hence (2 — y) f(y) = 2. 

Taking x = 77, we get f(e@+y) = f(xf(y)) f(y) = f(2 
but this implies 2 > (2— y) f(y). Since (2— y) f(y) = 2, 
is, {Wah for0<y <2. 


)f(y) = 0, then x+y > 2, 
then (2—y)f(y) = 2, that 
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Hence, 


2-y? 


0, fory>2. 


= for 0 2 
r= Seat ee 


It is not difficult to see that f satisfies the conditions of the exercise. 


Solution 6.26. It is clear that f(z) = 0 and f(x) = 1 are solutions; let us see that 
there are no other solutions. 
Taking x = y = 0 in the functional equation, it follows that f(0) = [f(0)]?, 
then either f(0) = 0 or f(0) = 1. Let us analyze the two cases: 
(i) f(0) = 0. Letting y = 0 in the functional equation, we get f(x) = f(x) f(0) = 
0, then f(x) =0 for all z ER. 
ii) f(0) = 1. First, we will see that f(z) # 0 for all « € R. Letting x = y in 
the original equation, we obtain 1 = f(0) = f(2x) f(x), then f(x) 40 for all 
xeR. 


Substituting « and y by 2u and u, respectively, we obtain f(u) = f(3u)f(u), since 
f(u) £0, then f(3u) = 1. Finally, letting 3u = x, we get f(a) = 1 for alla ER. 
Therefore the only solutions are f(x) = 0 and f(x) = 1. 


Solution 6.27. By Theorem 6.5.4, for a function f we have 


A" f(z) = wevt(Z) se +n—k) when h=1. 


k=0 


Moreover, by Example 6.5.3, if P(x) = ag +ai@+---+a,2”, then A” P(x) = ann, 
when h = 1. 

Consider f(x) = P(x) = (n — x)”. The coefficient of 2” in this polynomial 
is (—1)”, then (—1)"n! = A" P(x) = 0p_9(—1)*(Z)(& — 2)”. Therefore, letting 
x = 0 in the last equation, we get 


s(-1)ke" (;) = (-1)"nl. 


k=0 


Solution 6.28. We prove that the function f is injective. If f(n) = f(m), then 
FFF) + FF) + Flr) = F(FF(m))) + FF) + F(), hence 3n = 3m, 
that is, n =m. 

Evaluating in n = 0, it follows that f(f(f(0))) + f(f(0)) + f(0) = 0, then 
F(F(F(0))) = F(F(0)) = FO) = 0. 

It is evident that f(n) = n satisfies the equation; let us see that it is the 
only solution. By induction suppose that f(k) = k for 0 < k < n. Since f is 
injective, f(n) cannot take any of the values 0, 1, ...,n —1, then f(n) > n and 


also f(f(n)) 2 n and f(f(f(m))) = n. Thus, f(f(f(r))) + f(f(m)) + f(m) = 3n. 
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By hypothesis, the equality must hold, then f(f(f(n))) = f(f(m)) = f(n) =n, 
which proves that f(n) =n, for all n € NU {0}. 


Solution 6.29. Let us prove that f(a) = x. First, note that f is injective because 


if f(a) = f(y), then 


a= f"(x) = f"(y) =y, 
hence « = y and f is injective. Now, let us see that f is increasing. Suppose that 
there exist x; and x2 such that 1 < x and f(a) > f(x2); since f is continuous 
in [0,21], then by the intermediate value theorem?® there is ¢ € [0,21] such that 
f(c) = f(x2), which is a contradiction, since f is injective. 
Now, assume that « < f(a), then 


f(x) < fF (2) = f?(@) <-- < f(a) =a, 


which is a contradiction. Similarly, if we suppose that 2 > f(x) we reach another 
contradiction, therefore f(x) = x is the only function that satisfies the conditions. 


Solution 6.30. Note that f is injective. If for all x,y € R we have that f(x) = 
f(y), then f(x) = f"(y), hence —x = —y. Also, f is surjective because —x = 
fF") (2). 

Since f(—x) = f(f"(x)) = f"(f(x)) = —f(x), we have that f is odd, there- 
fore f(0) = 0. 

But if f is bijective and continuous, then it is monotone. Let us prove that 
f cannot be increasing. If « < y implies that always f(x) < f(y), then —a = 
f'(a2) < f"(y) = —y, and y < a, which is a contradiction. Thus, if f is decreasing, 
then x and f(x) should have different signs for « 4 0 (note that x > 0, implies 
that f(x) < 0, and x < 0, implies that f(x) > 0). Then, for « 40, xf(x) < 0 and 
then x, f(x), f?(x), ..., f"(x) alternate signs, but if f(x) = —a, then n is odd. 

Let « > 0 and assume that f(x) > —x. Since f is decreasing and odd, we 
have 


f(f(x)) < f(-2) = -f(2) <2, 
again, since f(x) < —f(f(x)), being decreasing and odd 


f(F(@)) > F(-F(F(@))) = - FFF (@))). 


Continuing in this way, we get 
a>—f(x) > f(a) >—f'(2) >--- > —-f"(@) =, 


which is a contradiction, therefore f(a) < —a. 

Similarly, we can show that for x > 0 it is not possible that f(x) < —a. Then 
f(x) = —2 for x > 0. Now, using that f is odd, we conclude that f(a) = —2, for 
alla €R. And f(x) = —x satisfies the functional equation. 


8See [21]. 
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10.7 Solutions to exercises of Chapter 7 


Solution 7.1. Proceed by induction. For n = 1, we have aj = 1 < t and for n = 2, 


2 ; : ; ; 
we have ag = 3 = 3 < 2 a (4) , which proves the induction basis. 

F : -2 
For n > 2, suppose the result valid for n — 2 and n — 1, that is, an-2 < (4)" 


and adn_1 < ay By direct calculation and using the induction hypothesis, it 
follows that 


An = An—1 + Gn—2 
: 7 n-1 . 7 n—2 7 7 n—-2 7 m : : 7 n—2 u 
4 4 ~A\4 4 ~A\4 4 
Pek BET AON of T\ 
4 16) \4) ° 
Solution 7.2. Adding 2” to both sides of a, = 3an_1 + 2"~1, we get a, + 2” = 
3an_1 + 3- (2"-1) = 3(an_1 + 2”—1), for all n > 2. Setting b, = an + 2”, we 


obtain by, = 3bn_1 = +--+ = 3" 1D,. Since b} = ay +2 =1+2 = 3, it follows that 
bn = 3-1-3 = 8", hence ay, = 3” — 2”. 


Solution 7.3. Since an4) = 1+ a1a2...dn, it follows that aja2q...dy, = Gn41 —1, 
then aja2...@,—1 = Gy — 1; hence an41 — 1 = (an — 1)(an) > 0, therefore 


i. as Od 1 1 
Qnii-—1 (a@,—1)(an) an—1 Gy 


Finally, we get 


1 1 1 1 

— fe +o=lt— +— 

ay, An ag An 
ef 1 A ee at: 1 
_ ag—1 a3-—1 Qn—-1  a@n4i-—1 

1 1 1 
So ee, 
ag —1 An4+1— 1 An4+1 —1 


Solution 7.4. By definition an41@n—-1 = a2 + 1. Consider an42an = a? 4, +1. If 
we subtract from this last equation the original identity, we get 


2 2 
An4+24An — An414n—-1 = Anis — An; 


which can be rewritten as @n(Gn42 + Gn) = Gn41(@n41 + Gn—1). Therefore, 


An+2 + an = An+1 TF An-1 


an+1 an 
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Now, the sequence b, = Mott with n > 2 is constant”? and since 
te aztl 
a3 ay 
bo — = 4 3, 
a2 a2 


it follows that Gnti Fant = 3, then an41 = 3an — Gn—1, for every n > 2. Now, 
the principle of mathematical induction helps us to conclude that every ay is an 
integer and the original equation implies that each a, is positive. 


Solution 7.5. We have ag — a1 > 1 and a@n42— Gn41 > (Qn41 — Gn) +1, where the 
second inequality follows by applying the condition to (n,n+1,n+1,n+4+2) for all 
n. By induction, it is possible to show that an41—apn > n for alln > 1. Therefore, 
Qn41 >n+a, and a; > 1, and again by induction we have a, > $(n? —n+2). 
Since the sequence an = $(n? — n+ 2) satisfies the conditions of the problem (the 
condition a; + a; > a; + ax in this case becomes i? + 1? > j? + k*, where we take 
t=d-y,l=d+y,j=d-2,k=d+42, with 0 < a < y), the smallest value of 


42008 is 2015029. 


Solution 7.6. Note that a, = 1 — ao implies that ag = 1 — ay. 
Now, ag = 1 — as(1 — a1) = 1 — ayao, and then by induction we have a, = 
1- aga, ...An—1- That is, 


AQn41 = 1—ay,(1 — an) = 1— an (a0... Qn—1) = 1 — a0... Gn—1Gn. 


The proof is finished using induction. For n = 0, 1 the identity follows immediately. 
Now suppose the statement holds for n and consider 


1 1 
(a9. tna) (So ) 
ao 


An+1 


1 1 1 
= (dp... Qn) (= +42) Gn41 + (Ao... Qn41) 


ao an An+1 
=An41+a0..-dn, = 1. 
Solution 7.7. For n = 0, we have 22 = yo + 2. Now, use induction. Suppose that 
x, = yx +2 and prove that ra = Yrti t+ 2. 
Indeed, x7, = (x3 — 32%)? = (aZ)* — 6(aZ)? + 9(@Z). Using the induction hypoth- 
esis, we have 
ig = (YR +2)? — 6(ye + 2)? + (yn + 2) = yp — 3yn +2 = Yes + 2. 


Solution 7.8. For n = 1, we have 1 + 4aja2 = 1 + 4(1)(12) = 49 = 77. Now, we 
use induction to show that for n > 2, we have 


1+ Aan Qn+1 = (Qn41 + an — cme 


That is, for n = 2 we get 1+ 4az2a3 = 1+ 960 = 961 = 31, and (a3 + a2 — a1)? = 
(20 + 12 — 1)? = 312. 


2°See Example 7.1.4. 
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For the inductive step, suppose that 1+ 4a@nan41 = (Qn41 + Gn — Gn—1)?. 
Note that 


(Gn+42 + Qn+1 — dae = (2an41 2an an—-1 4 QAn4+1 On) 


= (2an41 + An41 + Gn — Op)? 


= 40741 + 40n41(Gn41 + On — Gn—1) + (ni + On — Gn—1)” 


= de? 1 + 4anci lapis +n — a1) + (1 + 4ag0n41) 
a 4an41(2an41 ay 2an, *- Qn—1) +i= 4an41An42 = iby 


as we wanted to prove. 


Solution 7.9. Note that a, = 2, a2 < 4,a3 < /44+3-4=4. We show by induction 
that a, < 4 for alln EN. For n = 0, 1, 2 and 3, it is clear. Suppose that a, < 4, 
then /4+3a,<V4+3-4=4, and a,41 <4. Hence, the sequence is bounded by 4. 


Solution 7.10. Since an41 = an + <r, then a3,, = a3 +34+ 44+ 4 > 03 +3. 
Since a3 = 1+34+3+1> 2-3, by induction it follows that a3 > 3n. Therefore, 
ay, > V/3n and the sequence is not bounded. Moreover, a9990 > W27000 = 30. 


Solution 7.11. Suppose that all terms of the sequence are rational positive num- 
bers, Gn = ae with (pn, dn) = 1. Then 


2 
Pn+t ea ar ee a 


Was dn dn 


that is, ¢241(Pn + dn) = In‘ Po41- Then, note that gn|q241 and q244|dn, therefore 
Gai =n for all n. 

Then, gn41 = (q1)'/2" is a positive integer for all n. This happens only if 
q = 1 and then g, = 1 for all n, meaning that a, is an integer for all n. Now, 
if a, = 1, then any. = V2, which is a contradiction. Then, a, > 1 for all n. It 
follows that a?,, — a2 =a, +1— a2 =1+a,(1— an) <0 and an41 < ay for all 
n, that is, we have an infinite decreasing sequence of positive integers, which is a 
contradiction. Therefore, the sequence must contain irrational numbers. 


Solution 7.12. It is not difficult to see that the constant sequences {a, = A}, the 
linear sequences {a, = Bn} and the sequences of the form {a, = Cn?}, with A, 
B, C fixed numbers, solve the recurrence. Then, also the sequences 


{an =A+Bn+ Cn} 
are solutions. Given the initial conditions, the solutions are {a, = 1}, {an =n} 


and they = oe respectively. 


Solution 7.13. Since the sequence is bounded, some terms are repeated infinitely 
many times. Let K be the greatest number that is repeated infinitely many times 
in the sequence, and let N be a positive integer such that a; < K fori > N. 
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Choose m > N such that a,, = K. We will prove that m is the period of the 
sequence, that is, dj4m =a; for alli > N. 

First, we suppose that aj;m = K for some 7. Since a; + am is divisible by 
Qitm = K, then a; = K = aj4m. 
Now, if aitm < K, choose 7 > N such that aj4;+m = K, then it follows that 
Qit+m+ aj < 2K. Since aj4m +a; is divisible by ai4j;4m = K, then aj4mt+aj = K 
and therefore a; < K. Since aj4;4m = K, the argument in the previous paragraph 
implies that ai:j4m = ait; = K, and then K divides a; + aj. It follows that 
a; + aj = K, since a; < K anda, < K. Therefore, aj4m = K — aj = aj. 


Solution 7.14. The sequence a, = n! satisfies the given recursion because n(n! + 
(n—1)!) =n(n+1)(n-1)!=(n4+ 1). 

The number of derangements of n + 1 elements can be found as follows: 
Consider the permutations of n+ 1 elements without fixed points; the first element 
can be any of the n elements different from the first. Since there are n elements 
left, the d,41, permutations can be divided into n groups according to which one 
was in the first place of the n elements different from the first. The groups have the 
same number of elements. Take one of the groups, say the one where the second 
element was in the first place. 

The permutations are divided in two, when 1 goes to 2 and otherwise. In the 
first case, there are d,_; derangements and in the second 1 is moved to any place 
different from 2 and the rest will move freely to a different place from the first, 
then there are d, such permutations, hence d,41 = n(dy + dy-1). 

The sequences are different since the first terms are not equal, that is, d) = 1, 
d, = 0 and ap = a, = 1. 


Solution 7.15. (i) Note that 


dn a ndn—1 = —(dn-1 fem (n ame 1)d,-2) => (dn—2 i (n a 2)dn—3) = 
= (-1)""?(dp — 2d,) = (—1)"-2(1— 2-0) = (-)”. 


(ii) A direct application of the formula in Example 7.2.4, leads to 


PAB Ads TRS Gee Peay 
ae fal ome nr 
Es Gea) oe ker 


i ps 


=n! +o Pp OO), 


il (> (-1)3 eH) 
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Solution 7.16. The characteristic equation of the recursion is x? — x —1 = 0 which 
has roots r = 14¥5 and s = 125, The solutions of the equation have the form 


Ln =A(44)" +B (434)". 
Since 1 = L; = 448 + ¥8(A-— B) and 3 = Ly = A (H38)" +B (38), 
then A B= 7, Renee t= (444)" + (44)", for ally, 


Solution 7.17. If bo > 0, then b, = ;4- > 0 and by induction b, > 0. Consider 


= Ei the recursive equation takes the form ayj41 = a, + 1, which has as a 


solution the sequence a, = ag+n. Then bp = 7 aT is the solution of the equation. 


Solution 7.18. Notice that 
1 1 1 


an+3 = ,_ FO SBP DO —_ = 20: 
1— dni2 1- 1 u 


l-—an41 7 


bn41 
bn 


4bn41—4bn which is linear of order 2. Its characteristic polynomial is \7—4\+4 = 0, 
which has as unique solution A = 2. Then, b,, = (A +nB)2” for some numbers A 


n+1 
and B. Hence an = whe = whee: is the solution of the equation. 


Clearly ay, converges to 2. 


Solution 7.19. Suppose that a, = , then the recursion takes the form by42 = 


Solution 7.20. By Proposition 7.2.13, it is enough to observe the following in- 
equalities, where we use the fact that ap41 < 2ax, for k= 1,2,...,n, 


an+1 < 2an = An + Gn 


San + 2an—1 = Gn + Gn—-1 + An-1 


< Gn + Gn-1 + +++ + a2 + 201 


=An+aGn-1+:::tagta,+1. 


Solution 7.21. Denote the sequence by {p,,}; prove that pn41 < 2pn, for any n > 1. 
For n = 1 it is immediate, since 2 = pg = 2p, = 2. For n > 2, we use Bertrand’s 
postulate’, which says that given an integer m > 1, there exists a prime number 
p such that m < p< 2m. 

For px, with k > 2, it follows, again by Bertrand’s postulate, that there exists a 
prime number p with py < p < 2px. But this prime number is greater than or 
equal to the prime number after pz, that is pp41 <p. Then, pei < 2px and then, 
using the previous exercise, we have the result. 


30See [15]. 
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Solution 7.22. Let aj, a2, ..., Gyn be the integer weights of each of the golden 
pieces and suppose that a; < aj <--- < ay. By hypothesis, 


a, t+ag++-:++@n = 2n and ayn <ayt+agt-::+4n_1. 


If adn = a, tag +---+a,_1, we are done. Case a, > 2 is clear since a; > 2 for all 
z, and the condition a, +a2+---+an = 2n, implies that a, = ag =--- = an = 2. 
Since n is even, we can perform the required partition. 

Now, suppose a, = 1 and ay < ay + a2 +---+4n_1, then 


Qn <1 +ay+agt+-+++a4n-1. 


Then, it is enough to show that az41 < 1+a,+a2+---+ax, fork =1,2,...,n—2. 
Suppose that the previous statement is not true, that is, let ax41 > 1+a, +a2+ 
-+++a,x for some k € {1,2,...,2—2}. Then ag41 > &+2, and a; > k+2 for every 
i=k+1,k+2,...,n. Moreover, we know that a; > 1 fori =1,2,...,k, then 


Qn =a, +ag+->:+an > K+ (n—k)(k+2) = —k? + (n—1)k + 2n. 


This implies that k? — (n — 1)k > 0, therefore k < 0 or k > n—1, and both 
contradict that k € {1,2,...,n— 2}, and so the result follows. 
Now, to make the division follow the ideas of the proof of Proposition 7.2.13. 


Solution 7.23. It is possible to show by induction that 1 < a, < 2 and that 
Qn > Gn41, for all n > 1. Therefore, the limit of the sequence is equal to some 


number L (see Theorem 7.4.7) which satisfies L = VL, hence L = 1. 


Solution 7.24. (i) Observe that 


> ( ih i ) Ty ody Ge ae 1 
apart Nek Sh ee jo 
i=0 ay Qj4+1 ao ay a1 a2 an Qn+1 
a, — ao a2 — a1 a 4 Ant — an 
ao a1 a1 a2 An+1 An 
d d d 
ao ay a; a2 An+1 An 
n 
1 
=d y ; 
ra Qj Aj41 
: n 1 1 7 : 
On the other hand, the series }7;9(q5 — aaa is telescopic, hence 


Ce ee fae hi ty. Sell ee eee 
; ay i a a ay ay 7 


Qn An+1 ao Qn+1 


Therefore, 57" 1_ — 1 (2 - ). 


1=0 Qi Qi41 ao Qn4+1 


10.7 Solutions of Chapter 7 245 


(ii) Observe that 


( : ) 
2 Aj,Qi+1 Aj+14i+2 


1 1 1 1 1 1 
= = = 4... ip 
aoa a1a2 a 1a2 a2a3 anan+1 An+14n+2 
_ 42-4 , 437 %1 4 _an+2 — On 
ao a1 a2 a1 a2 a3 Gn An+1 An+2 
nm 
2d 2d 2d 3 1 
— — SS eS 2d — ls 
ao a1 a2 a1 a2 a3 Gn An+1 An+2 i=0 QjQj414i+2 
On the other hand, the series ue (<4 - ) is telescopic, then 
—_ Qiaj41 Qj414i+2 
nm 
. ( 1 1 ) 1 1 
i=0 QiQi4+1 Qj4+14442 aoa An+1An4+2 
n 1 _ i et ee 1 
Therefore, pS 0 aiaiziaizo 2d (4 1). 


(iii) Since a1 = ap +d, ag = a, +d = a9 + 2d, ..., Qn41 = a0 +(n 4+ 1)d, it follows 
from part (i) that 


r 1 1 1 
im — {| — — ——————__ ] = —_. 
aidis, raced \ag aot(n+1)d dao 


(iv) Since a1 = a9 +d, ag =a, +d=apn + 2d, ..., dngi = a0 + (n+ 1)d, we have 
from part (ii) that 


= 1 1 1 1 
ies AjQj410442 Tsou od (= = (ag + (n + 1)d) (a9 + (n+ a! ~ 2dapay’ 


Solution 7.25. Use the recurrence formula for the Fibonacci sequence in order to 
obtain the following equalities: 


3 - fn ze! . fn4i — fn-1 = = 1 = 1 
(i) aay se fn—-1fn41 =D (es 


=o Jitdnia =D fn41 
r ( 1 ns 1 1 1 ) 1 iy 1 9 
=> um Eas SSS =— —-?2. 
Nooo \ fi fo fn finer fi fa 


oe 1 


; _S> fn oo ft = ft 
(ii) 2 ‘faci fat = sy 5 Sn-1fnfnt1 7 d fn—1f rf nti 


1 1 
= -> il Caeee ifn -—5)- cae (aE- ni) ~ fifo. 
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Solution 7.26. In step 0, the equilateral triangle has perimeter 3. In ep 1, the 
curve is formed by 4-3 segments of length $ , then it ips perimeter 4 =: 4- 3. In 
step 2, the curve is formed by 4? - 3 scement: of length 4 ar eee its ie is 
a - 4.3. In general, in step n the curve has perimeter P, = + 3= res 
if this way, limn—+o0 Py = limn-+co so + = 00, since P, isa ee progression 
with ratio r = = +> 1. 


The equilateral er of side 1 has area equal to v3 In step 1 the curve encloses 


an area equal to the sum of the area of the original triangle and the area of the 
three equilateral triangles of sides 3, which are constructed on every side of the 


original triangle. That is, Ay = v3 +3 (2 : x). 


In step 2 another 4 x 3 equilateral triangles of side 4 3 are added to the structure, 


then Ay = v3 43 (2. #) +4-3 (2 . x). In general, A, = V3 43 (4 . t) + 
V3.1 n— V3.1 

4-3(8 +g) +e 44 1.3(2-sh). 

Notice that we can write A, = v8 (1 + = (1 + 4 + x spuiaie se —— a). In this 
way, we have that the sum inside the second parenthesis is the sum of a geometric 
progression with ratio r = 4. Therefore, limp+soo An = v8 (1 + $ (4z)) = 

9 

v3 3) — 2vV3 

(1+ 3) = 8. 


Solution 7.27. (i) For n > 1, it follows that ma Se for alg Se 1 


2 
Since the inequality is strict for 7 4 2”, we have 
1 1 1 2” 


1 
—_—. 4+ ++... + —_ > —_ = _, 
ar a + oa QR oD 


9 


(ii) The sum can be written as 


1 1 1 1 1 1 
fae ste oe oh see, aida eels a 


n n+l na on 


Since pag +--+ we 2 Uhm = Fr: for each k = 2,3,...,n —1, we have 


1 1 1 
+ eee 


In order to reach the conclusion, observe that for n > 2, 4 + 4 + $ eee + > 
st+5+qe=1. 
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(iii) Simplifying the inequality ++ + 4+ 


n 


1 
n+1 
n? — 1 <n?, which is always true for n > 1. 
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> 3. we see that it is equivalent to 


(iv) From part (i), we get 1+5 > $, 4+4 > $, et--+% >4 tks soit 
seqp t+ t+ gt > 5 then 
ie teeta a et emcees 
2 3 grt 2° 
hence we can conclude that the harmonic series is divergent. 
Solution 7.28. Use Abel’s summation formula to obtain 
n n-1 
Soe t= 0M (+1) tat: +g) 42+ q4+---+q") 
k=1 k=1 
n—1 k 
-1 
~- Bees) oo (ES) 
q- -1 
k=1 
ee a n-1 m i 
~ 1 ~ =a 
=yi! =-2 a+ (4 >) + (2 =) 
= oe k=1 1 ae 
1 n—-1 9 n-1 
=—— |} a*-1) -— | He t+ @*-0 
q—1 q-1 
k=0 k=0 
af G1 
= ( q—1 
ni ar a So kg? n(n +1) 
Gal isl, oh 2 
ro es he 
; 10.10 
as ( q—1 vay 


Using Example 7.3.5, we can see that equation (10.10) is equal to 


qv-1 2 eS ’—) eee 


(q-1)? q-1\q-1 (¢—-1) 


AXqr—1 1—2n)q?—1  n2q” 
(q ae ule 3 
(q-1) (q-1) q-1 


q-1 


Therefore, 


_ (qr —1 1—2n)q" —1 
ae (q 2 a's sale J. nd ; 
vom (q-1) (q-1) gaa 


) 
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Solution 7.29. Observe that 


[o.e) [oe) 
yon (n—1)a -> n? -5 nx”. 
n=0 n=0 


Now, use Examples 7.3.3 and 7.3.4, to obtain 


7 + = a. Qa? x 


Solution 7.30. In order to prove (i), (ii) y (iii) use the fact that the series are 
geometric series with ratios 3. 1 and =, respectively. Then, their sums are equal 
to as. where r is the ratio. 


(iv) Use Example 7.3.3 to obtain — =2 


(v) Use Exercise 7.29 to prove that 


oe) Gy 1 
ne 2\a) 3 Bo A. 
La +g =5t5 =6. 


10.8 Solutions to exercises of Chapter 8 


Solution 8.1. The product of the coefficients of the polynomials is 


4 2 7 1 
2. Be. £8 
32 16 56 8 
4 2 7 1 
8 4 14 2 


8 8 48 25 57 8 


Therefore, the product of the polynomials is R(a) = 8x° + 8x24 + 4823 + 252? + 
57x + 8. 

Evaluating in z = 2, we have P(2) = 4-23 + 2-27+7-2+1=55, Q(2) = 
2-22 4248=18 and R(2) =8-2°+8-24 + 48-23 4+ 25-27 457-248 = 990. 


Solution 8.2. Each factor of P(x) is a geometric progression, then 


Pla) = —2 +a? —- +e) (1 +a+ 07 ++. + al) 
= (—x)!01 4 pO afi 7 il + 1 Pot ee 
7 —xr—-1 a-l1 - at+l1 a-l1 
(acy il 2 200 
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Solution 8.3. Apply the division algorithm to obtain H(z) and R(x), then 


g® — Sa? +1 (2° = ¢* + 2° — 22? + 39 — 9) (2? +27 +1) + 112? — 32 + 10. 
Hence H(z) = 2° — 24+ 2? — 22? + 3x —9 and R(x) = 11x? — 324+ 10. 
Solution 8.4. Let P(x) = na"t! — (n+ 1)a” + 1, evaluating in x = 1, P(1) = 


n—(n+1)+1=0, that is, x = 1 is a zero of P(x), then x — 1 divides P(x). In 
fact 


P(x) = (2 —1)\(na”™ — 21 —...-— 2-1). 


If Q(x) = na” — 2-1 — g?-? _... 2-1, then Q(1) = n—n =0 implies 
that x — 1 divides Q(x), hence (x — 1)? divides P(z). 


Solution 8.5. It is clear that P,(x) = 1+. has as the only root —1 and P2(x) has 
roots —1 and —2. By induction, we will see that the roots of P,,(a) are —1, —2, 
.., —n. Suppose that P,,(a) has roots —1, —2,..., —n, then 


(a+ 1)(a+2)---(a@+n) 
n! 


P,(x) = 


Hence, 


Pine) ee eee) 


(n+ 1)! 
_ (a+ 1)(a@ + 2)--- (w+ n) a u(a+1)(~1+2)---(a@+n) 
n! (n +1)! 
Js (a+ 1)(a+2)---(wt+n)(n+1)4+a(@4+1)(a 4+ 2)--- (a +n) 
(n+ 1)! 

= (a+ 1)(a+2)---(e@+n)\(a+n+1) 

(n+1)! j 

which shows that the roots of Pn4i(#) are —1, —2,..., —(n +1). 


Solution 8.6. Since P(0) = 0, then P(1) = P?(0)+ P(0)+1 = 1. Now, evaluate in 
x = 1, the identity P(a?+2+1) = P?(x)+P(x)+1 to obtain P(3) = 3. Evaluating 
in x = 3, we get that P(3? +341) = P?(3) + P(3)+1=9+3+4+1=18, then 
P(13) = 13. 

Now, if we define ¢n41 = 227 + 4%, +1 and P(t) = @p, then P(@n41) = 
P(x? + an +1) = P2(an) + Plan) +1 = 22 +2, +1 = @n41. This process 
constructs an infinite number of fixed points of P(x) which are different, since 
Ent1—@Ln = ae +1> 0. But a polynomial cannot have an infinite number of fixed 
points unless P(x) = x. 
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Solution 8.7. Let P(x) = ay,x2"+-+-+a12%+<0 be a polynomial with ag # 0. Since 


wrt) = 2 (0() rm) sore (+) 


= On +Qn_10" 1 +--+ +012"! + agz”, 


we have x” P (+) = P(z) if and only if a, + @n_12@"-1 +--+ +ai2""! + agz” = 
Ant” + an 2"! +...+a,2 +a if and only if the “complementary coefficients” 
are equal, that is, a; = ay_;, for alli =0,...,n. 


Solution 8.8. Use the previous exercise to see that P(—1) = 0, then P(x) = 
(x + 1)Q(x), for a polynomial Q(x) of degree n — 1. Since 


er OG) =Pa)=aP (=) = 5" € iB 1) Q (=) 


it follows that Q(x) = x"-!Q (4). Hence, using again the previous exercise, it 
follows that Q(x) is reciprocal. 


Solution 8.9. A reciprocal polynomial does not have 0 as a root, since an = ap 4 0, 
then a # 0. Since a" P (+) = P(a) = 0, it follows that P (+) =0, then + is also a 
zero of P(x). 


Solution 8.10. If n is odd, it follows that x2”~? + a?"—-44...+a4+2?+1 can be 
factored as (2"—1 + g?—? + ?—3 4... 41)(gP—-1 — gP-2 4 gh 3 — gm 4 4... 4-1), 
which proves that the polynomial in the left is divisible by 1+ 2 4 gl,” 


If n is even, —1 is a root of 1+ 24 
of 127 +a*++--+27"-?, Then 1+ 22 
ltatart---+a7}, 


-+a"—!, but it is not a root 
| 


x?"~? is not divisible by 


Solution 8.11. Suppose that n > m. Recall that Euclid’s algorithm is used to find 
the greatest common divisor of (m,n), in the following way: 


m= Ms, Try 


m=17152 1T1T2 


T7-1 = 758541 + 0, 
with 0 <r; < rj_1 and r9 =m, hence (m,n) = 13. 
Notice that 


eg? —-1la=27™1t"1 _ 1 


=a" (a! —1)+a¢"—1 


ms1 _ 1 
=" oS ) (a —1)4+a"—-1, 


am —1 
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then the division of <”—1 by 2” —1, leaves remainder x"! —1, then (a”—1, 2-1) = 
(x — 1,2"! — 1). Proceeding in the same way, we obtain (#” — 1,v” — 1) = 
(2™ — 1,a7 —1) = (@! — 1,27 —1) =.--- = (2-1 - 1a -— 1) = 2 - 1. 
Therefore, (2” — 1,2" —1)=a™ —1, 


Solution 8.12. The problem is equivalent to finding all pairs (m,n) such that 


(x™™*” _ 1)\(x — 1) 

(art — 1a" — 1) 
is a polynomial. Notice that x” — 1 and 2”*!— 1 are divisors of 2™”*" — 1. These 
factors can only have « — 1 as a common factor, but by the previous exercise, 
(a™t+1_1, 2-1) = (+1) _1, therefore it will be enough to have (m+1,n) = 1. 


Solution 8.13. If a is an integer with P(a) = 0, then P(x) = (x — a)Q(a), for 
some polynomial Q(«) with integer coefficients, and P(0) = —aQ(0) and P(1) = 
(1 — a)Q(1). But if @ is an integer, then either a or 1 — a is even, and so one of 
P(0) and P(1) is even, which is a contradiction. 


Solution 8.14. Consider the polynomial with roots x, y, z, that is, P(w) = (u— 
x)(u— y)(u— z) =u? + au? + bu+c. Then, by Vieta’s formulas, 


LYz 
a=-“2-y-z=-u, b=a2yt+yzt+2m=—, c=—xyz, 
w 


therefore, b = —£ = £. Hence, P(u) = u? + au? + bu + ab = (u+a)(u? +b), and 


u=—a=vw is aroot. Without loss of generality, we can assume that it is x, that 
is, c+y+z2=2, from where y+ z = 0. This last equality implies that y = —z 
and, then b = —y?, hence the other roots are y and —y. That is, the roots are 


(x,y, —y) and therefore the solutions of the system are the triplets (x,y, —y) and 
its permutations, with z,y € R. 


Solution 8.15. Since the coefficients of the polynomial are integers, it is enough 
to see that it is irreducible over Z[z]. The polynomial has no integer roots, since 
a root of «4 — x? — 3x2 +52 +1 must divide 1, and then it must be 1 or —1, but 
P(1) = 3 and P(—1) = —5. Or, by Exercise 8.13, and because P(0) and P(1) are 
odd, P(x) = 0 has no integer solutions. 

Hence, if P(x) can be factored, it must be into two monic quadratic polyno- 
mials, as follows: x+ — 2° — 32? + 52 +1 = (2? + br + c)(z? + dx +e), with b, ¢, 
d, e integers. 


Equating coefficients, it follows that: 


b+d=-1 
ct+te+bd=-3 
be+cd=5 


ce=1. 
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The last identity implies c = e = 1 or c= e = —1. Now, the third identity takes 
the form b+ d = 5 or b+ d = —5. In any case, these equalities are in contradiction 
with the first identity. 


Second Solution. It is enough to see that the polynomial is irreducible over Za[z]. 
But in Zg[z], the polynomial can be written as x+ + a3 + 27 +241. It is clear 
that 0 and 1 are not roots of this polynomial, then if it is reducible it should be 
decomposed as the product of two irreducible quadratic polynomials. But the only 
irreducible quadratic polynomial in Z[z] is z?+x+1, and (#?+a+1)(a?+a2+4+1) = 
gtt+a?+1A4at4+23+ 224241. This completes the proof. 


Solution 8.16. Consider the integers 7 = n and xg41 = P(axx), for k > 0. If 
k =1, the result is immediate. Suppose now x, = 20, with k > 2, and define d; = 
Uj4+1 — XH. Since d; = U41— % divides P(axi41) = P(2x;) = U42—- Vj41 = di+i, for 
alli = 0,1,...,4—1, and since dy = dp # 0, it follows that |do| = |di| =--- = |dgl. 

Suppose that dp = d;. In this case dz = do, otherwise 13 — x2 = —(x2 — 21), 
then x3 = x; and the sequence of iterates takes the form 20,21, %2,%1,%2,.... 
Hence it should not exist xz, with k > 2, that coincides with xo. Similarly, if 
d; = do, for every j, then x; = x9 + jdo # 2, for every j, which is a contradiction. 
Hence do = —dj, that is, 21 — 49 = —(aq — 41). Therefore xo = 22. 


Solution 8.17. Suppose that a, = 1. Ifr1,...,rn are the roots, by Vieta’s formulas 
it follows that r7r3---r2 = 1 and 


re bre bee br? = (ri Fee bra)? — 2 > Try = a2_1 — 2an_2 <3. 
l<i<j<n 


The inequality between the arithmetic and the geometric mean guarantees that 


ee 2 / 
retro te tre > nt/rirg..-r2 =n. 


Both inequalities imply that n < 3. 

In the case n = 3, from the eight polynomials of the form x? + x7 +2+1, 
the only ones that have three roots are 2° — 2 + (a? —1) = (wv? —1)(z7+1). In the 
case n = 2, only the polynomials x? + 2 — 1 have its two roots real. In the case 
n = 1, the only polynomials are x + 1. 


Solution 8.18. If P(a) = b, P(b) = cand P(c) =a, then P(P(P(a))) = P?(a) =a, 
by Exercise 8.16, and P?(a) = a. But on the other hand, P(P(a)) = P(b) = c 
then c = a, which is a contradiction. 


Solution 8.19. Suppose that r1,...,1r, are all the roots of P(#) and that all are 
real; by Vieta’s formulas it follows that 


n 


Sor =-2n and S- rrp = 2n?. (10.11) 


i=l 1<i<j<n 
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On the other hand, the Cauchy—Schwarz inequality guarantees that (77, ri) < 
yy r? 12, and then — . r? Kiet (On a ri). Hence 


i=1 i=1't > 
2 
n n 
y nn =H(S ") 22) r? 
Ros i 5) i 
1<i<j<n i=1 i=1 


contradicting equation (10.11). 


Solution 8.20. Calculate the derivative of the polynomial P(x), that is, P’(x) = 
3x? — 2x — 8, which has roots x = 2 and x = —%. Since P(2) = 0, then 2 is a 
multiple root. 


Solution 8.21. The fact that P(x) is divisible by (x + 1)? is equivalent to the 
fact that —1 must be a root of multiplicity at least 2 of P(x), that is, P(—1) = 
P'(-1) = 0. This is equivalent to 


—-l+a—b+c=0 
3-—2a+b=0 


Then, the solution’s triplets are (a,b,c) = (t,2t — 3,t — 2), with fE R. 


Solution 8.22. The polynomial of the Lagrange interpolation formula is 


” nokak U(@ — 1)(a@ — 2)-+-(@-—k+1)(a-—k-1)---(a4—n) 
P(e) =) (-1yr "2 k(k—1)---(kK-k+1)(k—-k—1)---(k—n) 


k=0 
_ ” nokak U(@ — 1)(a@ — 2)-+-(@-—k+1)(a-—k-1)---(a4—n) 
_ Zan ao 
Then, 
P(n+1) 
_~ n—kak (tt 1)n---(n+1-—(k-1))(n+1-—k-1)---(n+1-n) 
2 _ kl (n — k)! 
aR aes (n +1)! a ee, ineee (n +1)! 
aS) a7 fei ea Cea Emre 
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On the other hand, 


n+1 n+l 

1 = (2 pa Lye = S- ( k ) ghar 
k=0 
—P(n+1)+2""". 


Therefore, P(n + 1) = 2"*1 -1. 


Solution 8.23. (i) First observe that « € [-V5, V5], since the left-hand side is 
non-negative. Squaring both sides of the equation and rearranging, we get 


z* — 1027 +a2+20=0, 


which can be factorized as 


Then, x? + 2—5=0or 2? —2—4=0. The solutions of these equations are, for 
the first 71.2 = $ (-1 a0 V21) and for the second #3,.4 = 4 (1 + V17). Only two 
of them are in the interval [-/5, /5], and therefore the solutions of the equation 


are 5 (— 1+ 21) and $ (1 — 17). 


(ii) As in the previous part, squaring both sides of the equation, it follows that 


g* —2ax*7+2+a07-a=0, 
which is a quadratic equation in a, 


a? — (227 +1lla+ae*+a¢=0. 


The discriminant of the quadratic equation is (2x — 1)”, so that the roots of the 
equation are a, = «7 +2 and a2 = x7 — 2 +1. It follows that, 


— (20? + lea+a*+e=(@=27% -—2)(a-—2? +2-—1)=0. 


Now, solving the quadratic equations x7 + 2 -—a=0 and 2?7-x+1-a=0, 
give us the roots x = Seat VIF and g = = ues AEE ACESD) (") We can show that the 
root hye rte te is always in a Va, Va] while =¥*** Ta j is not. On the other hand, 


the root vie would be in [—/a, Va], if 3 < a < 1 and the root x = 
en Aeelc) belongs to [—,/a, Va] only when a > 1. 


Solution 8.24. It is clear that x > 0,a+az>0anda—\V/a+z > 0. Squaring both 
sides of the equation leads to 


xz? =a—Vat+a_ which is equivalent to V/a+¢=a-—2’. 
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Then, a — x? > 0, and after squaring, it follows that 


a+za=(a—27)’, 


4 2 


which is equivalent to the equation P(x) = x* — 2ax? — x + a? — a = 0. In order 
to solve this equation, consider a as the variable and x as the parameter, then 


a? — (227 + 1)a+a2*—2=0. 
The discriminant of the equation is (2x? + 1)? — 4(a4 — x) = (24 + 1)?, then the 
roots of the equation are a, = x? — x and ag = x7 + 4+ 1. This implies that we 


can factorize P(x) as 


P(x) = (a? —x—a)(2? +4+1-a). 


2 


The positive roots of the equation «<* — x — a = 0 do not satisfy the condition 


a—x? > 0, since a— x? = —2. The roots of 22 +2+1—a=O0are x, = —1V* ae 
and #2 = —-yv¥4e"s ars Only x, can be non-negative, and this happens when a > 1. 


Solution 8.25. First, observe that x is a positive number. Taking conjugates on 
the left-hand side of the equation leads to 


pa —— = 
JetVJe+J/e-Je Vetve 


then m is also a positive number. Dividing by \/z and simplifying the equation, 
gives us (2 — m)\/a+/e = mi/x—/e. Then 2—m > 0, and hence, after 
squaring, (2—m)?(a+./x) = m?(x—,/z) which is equivalent to (2—m)?(\/z+1) = 
m?(./e—1). Solving for /x, we get /z = ma hence m > 1 and the solution 


(m?—2m+2)? 


mae for l<m< 2. 


to the equation is x = 


Solution 8.26. From the first equation, we get 


a = y+ 76— Vy +11 which is equivalent to x(\/y + 76 + \/y + 11) = 65. 


Then, 
65 


a 
vyt 64+ JSyt ll 
Similarly, we can obtain Y= Te and z = Tee Without loss of 


generality, we can assume that « < y < z. From these inequalities and since the 
function \/Z is increasing, it follows that 


Ve+6+Vet+ll< H/yt 6+ JSytll < Vvz4+76+V24+11. 
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Then, taking inverses and multiplying by 65, it follows that y < x < z. Hence, 
x = y. From this equality, we obtain 


65 65 
5 
Jytet+Vyt+ll Vet+6+Ve+11 


Thus «= y =z. 
Then, in order to find the triplets, we need to find the solutions to the 


equation 
a (Ve +76 + Va + 11) =65, (10.12) 


where x is a positive real number. Since the function x (vz + 764+ JVx+ 11) is 
monotone increasing for positive real numbers, there is at most one solution to 
the equation (10.12). Since 5 is a solution, the only triplet that solves the system 
is (5, 5,5). 


Solution 8.27. Consider a, b and c as the unknowns, then we have a system of linear 
equations. Multiplying the first equation by x and then by y, next substituting cx 
in the second equation and cy in the last equation, we obtain 


al 1 
a(z? +1) —b(2y+z) = —— = (10.13) 
TZ Y 
g diy. Pet 
a(zy — z) — b(y* +1) =--- —. (10.14) 
CT YZ 


Now, multiply equation (10.13) by y? +1 and equation (10.14) by —(xy + z) and, 
add them. It follows that 
ety +274+1 


a(a? + y? + 2? +1) = ——-——_—_, 
LZ 


hence a = +L. Similarly, we obtain b = + and c = +. Since a, b, ¢ are positive, x, 
Lz Y% xy 


y, z must have the same sign. Therefore, abc = wy hence ryz = ta That 


is, the solutions to the system are 


( b a c ) 34) ( b a c ) 

= = a ————— ni 3 3 = . 

Vabe’ Vabe’ Vabc Vabe vVabe Vabe 

Solution 8.28. Let Q(x) = 2* + a,a*~! + aga*-? +--+ + ap_12 + ax and P(x) = 
x? + px + q. Consider the equality 


(a* + aya*—1 4 --- + ay)? + p(o® + aya* 1 + +--+ an) +4 


(a? + px +9)" — ay (2? +pe+q)* | —-»-— a, = 0, 
Calculating the coefficients of 22", x?*-!, ..., v', 2°, we get a system of equations 
for a1, G2, ..., a, p, g. It is quite difficult to write this system, and to solve it 


even more. However, some useful observations can be made without solving the 
system. 
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When the polynomials are expanded, notice that the coefficients 6), bo, ..., 


b; of the powers of 77*—1, 7?*-?, ..., x*, are 


by = 2a1 at Ri(p, q) = 0, 
bo = 2a2 + Ro(p,q, 41) = 0, 


by = 2axn + Rx(p, q,@1,.- .;Qk—-1) = 0, 


where each R; is some algebraic expression in terms of p, g, a1, ..., @e—1- The first 
of these equations implies that a, can be expressed in terms of p and q; the second 
equation implies that az can be expressed in terms of p, g and a,, and therefore, 
only in terms of p and q. Similarly, we can conclude that all coefficients of the 
polynomial Q(x) that commute with P(a) can be expressed in a unique way in 
terms of p and q, which is what we wanted to prove. 


Solution 8.29. First, let us see that the polynomial Q(2) = P(P(x)) commutes 
with P(x). In fact, Q(P(x)) = P(P(P(2))) = P(Q(a)). This polynomial Q(x) 
has degree 4 and, by the previous exercise, it is the only polynomial of degree 4 
that commutes with P(x). Similarly, it can be shown that the only polynomial of 
degree 8 that commutes with P(x) is R(x) = P(P(P(a))). 


Solution 8.30. Let S(x) = Q(R(x)) and T(x) = R(Q(x)). Since P(x) commutes 
with both Q(z) and R(x), it follows that P(S(x)) = P(Q(R(x))) = Q(P(R(a))) = 
Q(R(P(«))) = S(P(a)). Therefore, P(a) commutes with S(x). Similarly, it can be 
shown that P(x) commutes with T(x). Since S(a#) and T(x) are monic polynomials 
of the same degree (if Q(x) and R(x) have degrees k and I, respectively, then S(x) 
and T(x) have degrees kl), by Exercise 8.28, it follows that S(x) = T(x), that is, 


Q(R(2)) = R(Q(a)). 


Solution 8.31. Let P(x) = ax +b and Q(x) = cx +d. The condition P(Q(x)) = 
Q(P(«)) implies that acx + ad+b = aca + bc+ d, that is, d(a— 1) = b(c— 1), and 
from here we proceed by cases. 

First, if a = 1, then b(c — 1) = 0, and b = 0 or c = 1. If b = 0, it follows that 
P(x) = x and Q(x) = ca +d commute and they have the common fixed point 
— 4. Now, ife¢=1, then P(x) = x+b and Q(x) = x+d, which clearly commute. 


Second if a 4 1, then d = be) and we have the polynomials, P(x) = ax + b, 
with fixed point -—2, and Q(x) = ca + ble“) with fixed point -—4, if c £1. 


a—1? a—1? 


If c= 1, then d = 0, hence P(x) = ax + b and Q(x) = x, a case that was already 
considered. 


It is clear that if P(x) = «+a and Q(z) = ++ 8, then they commute. Now, 
if there is x such that P(ap) = Q(a%o) = Xo, then P(a) = a(x — xo) + % and 
Q(x) = b(a — x) + Zo. A direct calculation proves that the last two polynomials 
commute, which is the end of the proof. 
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Solution 8.32. Notice that 
Pa(Qa(@)) = Pa(Q(@ — a) + a) = P(Q(a— a) +a—a) +a= P(Q(e—a)) +a. 
Similarly, Qa(Pa(x)) = Q(P(# —a)) +a. Then, P(x) and Q.(x) commute if and 
only if P(Q(a — a)) = Q(P(a — a)), which is the case. 
Solution 8.33. The system can be rewritten as 
g +y° = 69 — 5a%e2 + 5a102 = 33 
01 = 3. 
Substituting the value of a; in the last equation, we obtain the equation 
1503 — 5+ 270 + 9-27 = 33. 


Simplifying the equation, we get 03 — 902 + 14=0. 
The solutions are 02 = 2 and o2 = 7. Now, in order to obtain the values that 
we are looking for, we need to solve, for 02 = 2 and a2 = 7, the system 


x+y =3and ry = 02. 


Solution 8.34. Define y = Vz and z = W/97 — z, then the equation can be rewritten 
as y + z= 5. We have to solve the system of equations 


y+z=5 
yt +24 =97-x +a =97. 


Now, y* + 24 = of — 40202 + 202 = 97. Substituting the value of 71, we have to 
solve the quadratic equation 203 — 10002 + 54 = 97. The solutions are a2 = 44 
and og = 6. 

To obtain the values of y and z, we must find the solutions to the systems of 
equations 


y+z2=5 y+z2=5 
yz = 44, yz = 6. 
Solution 8.35. We have 
g + y° = 0? — 30102 =c. (10.15) 
From the second equation, we have 0? — 202 = b. Solving for a2, we get a2 = eet 


since 0, = a. Substituting in equation (10.15) 


2_b 
—3a(4 5 ) =e 


a? — 3ab + 2c = 0. 
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Solution 8.36. Substituting the value of z? in the second equation, it follows that 


ety? tay =o. 


From the first equation, we get 


e+y-a=-z. (10.16) 
Squaring both sides leads to 
(ety)? —2alety) +0? = 2 
(x+y)? — 2a(2+ y) +a? = ay (10.17) 


x? + ay +y? — 2a(2 + y) = —a’. 


Since 2? + y2 +27 = a? + y?+ ry = 0b’, substituting in equation (10.17) and 


solving for x + y, results in x+y = a+b" Substituting this value in (10.16 , we 
& y y g 


2a ° 
2 2\2 
get z= aa that is, ry = ea and #+y = oe Observe, since z and a 
are positive, that a? > b?. By Vieta’s formulas, x and y are roots of the equation 
21 72 2 p2y2 
9 a“ +b (a* — b*) 
= —— + ——— _ = 0. 10.18 
ed ( 2a ) " 4a? ( ) 
But the solutions of equation (10.18) are 
az+b2 a2+b2 2 4 (a2 —b2)? 
2a ( 2a ) a 4a 


W1.2 = 


2 
Since we are looking for real solutions, the discriminant must be positive, that is 


EN GP ee i oak 8 


Since 3a? > b?, then 3b? — a? > 0. Hence, 3b? > a? > b?, which means |b| < a < 


v3)d). 


Solution 8.37. Take oj =x@+y+ 2,02 =ayt+yz+ 2% and o3 = xyz. Then 


1 1 
1 =a, O2= se —0), o3= sue — 6”), 
where the third equation was obtained from the given factorization in equa- 
tion (4.8). 
Solve now, 
3 ee i ae 
u’ — au” + =(a" — b*)u — =a(a* — b*) =0 
2 2 
1 
(u — a) E 5(@ 4) =0 


2 42 
P= and u3 = — 


Its solutions are u, = a, u2 = 
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Solution 8.38. The equation is equivalent to ry + 2?y? = 3xy? + 3x7y, which is 
equivalent to xy(1 + ry — 3a — 3y) = 0. If (a, y) = (m,0) or (x,y) = (0,m), then 
they are solutions for any integer m. 

If cy 40, 14+ay—3x— 3y = 0. Since x = 3 or y = 3 does not satisfy the equation, 
then we can divide by x — 3 or y — 3. Solving for y, 


— 38e-1 4: 8 
~ 2-3 x—3’ 


so that y is an integer if «— 3 divides 8. Then, s—3 = +1, 7-3 =+2,7-3=+4 
and « — 3 = +8. Therefore, « € {—5,—1,1,2,4,5,7,11}, that is, the solutions are 
(m,0), (0,m), for any integer m, and 


(x,y) € {(—5, 2), (2, —5), (—1, 1), (1, -1), (4, 11), (11, 4), (5, 7), (7, 5)}. 


Solution 8.39. Let k be a fixed number and consider the solutions of the equation 
(a,b), with a, b € N, a> b, and from this set of solutions choose the one for which 
a+06 is minimum. 


If we can show that a = 6b, then 1+ 4 = fg hence a = 7 and, since a isa 


positive integer, k = 3 or 4. : 

Let us see that b = a in the following way. Suppose a > 6 and notice that a isa 
solution of a equation etl 4+ pat = = k, or equivalently, it is a root of the quadratic 
equation x? — (kb—1)a +b? + b= = 0. If a, is the other root, by Vieta’s formulas, it 
follows that a+a, = kb—1 and aa, = b?+0. Hence, a; +b = Feb py, Since a > , it 
follows that a > b+1 so that b > +b = a,. Therefore, the pair (b, a1) is a solution 
of the original equation. Since (a,b) is the solution with minimum sum a + 8, it 
follows that a+b < b+a; = b+ £+% so that b? +b > a? > (b+1)? = b?+2b+1, which 
implies b+ 1 < 0. But this contradicts the fact that b is positive, therefore a = b. 


Solution 8.40. Consider the case k > 3. Suppose that the integers a, b, c satisfy 
equation a? + b? + c? = kabc; then at least one of them is positive, and the other 
two are both positive or both negative. In the negative case, we can change the 
sign to both numbers to obtain a solution where all are positive. Then, without 
loss of generality, suppose that all three numbers are positive. 

Now, let us prove that the three numbers are distinct. Suppose that the 
previous statement is false, for instance a = b. Then 2a? + c? = ka?c, that is, 
c? = a?(kc— 2). Therefore, kc — 2 is a perfect square and then there is an integer 
number d > 1 such that kc = 2+ d?. Substituting the value of kc in the equation 
2a+c? = ka*c, it follows that c? = d?a? or c = da. Now, d? = kc—2 = k(da) — 
hence 2 = d(ka— d) and this implies d divides 2, that is, d = 1 or 2. In both cases 
ka = 3, contradicting the fact that k > 3. 

Then, suppose that a > b > c > 1. The triplet (kbc — a,b,c) is also a 
solution of the equation x? + y? + 2? = kayz, with kbc— a a positive integer, since 
a(kbc — a) = b? +c? anda>0. 
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Consider now the polynomial P(x) = x? — (kbc)x + b? + c?. The roots of this 
polynomial are a and kbc — a, moreover 


P(b) = 2b? +c? — kb?e < 2b? + c? — kb? < 3b? — kb? = (38 —k)b? < 0. 


The interval where P(x) is negative is the interval with end points the roots 
of the polynomial. Then b is between a and kbc — a, and since b < a, it follows 
that kbc — a < b. Hence 


max (kbc — a,b,c) =b<a= max (a,b,c). 


Repeating this construction, we obtain a decreasing sequence of positive integers, 
which is something impossible, then there are no solutions of the original equation 
for k > 3. 

Now, let k = 2. Suppose that a? + b? + c? = 2abc, where a, b, c are integers. 
Since a? + b? + c? is even, not all numbers a, b, c are odd. If exactly one of them 
is even, reducing modulo 4, we get 2 = 0 (mod 4), a contradiction. Therefore, the 
three numbers are even, and they can be written as a = 2a’, b = 2b’ and c = 2c’, so 
that a’? +b'2+c’? = 4a’b'c'. The last equation is the case k = 4, which has no integer 
solutions except (0,0,0), and from this we get (a,b,c) = (2a’, 2b’, 2c’) = (0,0,0). 

For k = 3, a solution is (1,1,1) and, for k = 1, consider multiples of 3 to 
reduce it to the case k = 3. 


10.9 Solutions to problems of Chapter 9 


Solution 9.1. Note that b = a?4+2a+1 = (a+1)? € Qandb > 0, then a = —1+ Vb. 
On the other hand, 


a? —6a= (-1 oe vb)° — 6(-1 =e vb) 
=—-14+3Vb-—3b+bVb+656Vb 
=5-—3b+(b—3)Vvb. 


Since a® — 6a and 5 — 30 are rational numbers, we have (b — 3)Vb € Q. If b 43, 
Vb € Q and, then a = —1+ Vb € Q is a contradiction. Therefore b = 3 and then 
a=-l+ VJ3. 
Moreover, it is clear that if a = —1+./3, the numbers a?+2a = 2 and a?—6a = —4 
are rational. 


Solution 9.2. First, we make the following substitution to simplify the notation, 
a= V/pq?, b= */qr? and c= */rp?. We have to prove that 4 + ; + 4 = abtbetea 
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is a rational number. Since abc = pqr is a rational number, it is enough to prove 
that ab + bce+ ca is a rational number. Notice that 


(atb+c=a2 +b? +c +3(ab+ bc + ca)(a+b+c) — 3abe. (10.19) 


Since a + b+ ¢ is a rational number, so is (a + b +c)? and clearly a® = pq’, 
b? = qr? and c? = rp? are rational numbers. It is now straightforward, from 
equation (10.19) and since a+b6+c#0, that ab+ bc + ca is a rational number. 


Solution 9.3. Since a = a(2 — a) — a(1 — a), we have that the numbers a(2 — a) 
and a(1— a) cannot be both rational numbers, then one of them is an irrational 
number; this one will define the number 8, that is, b is 2—a or 1 —a. Notice that 
a+(2—a) =2 and a+(1—a) =1 are rational numbers, and a(2— a) or a(1— a) 
is an irrational number (if —a(1— a) is an irrational number, then also a(1— a) is 
an irrational number). 

Similarly, since 4 = (a + 2) = (a + +), the numbers a + 2 and a+ 4 cannot 
be both rational numbers; then one of them is an irrational number and Db’ is 
one of the numbers 2 or 4, Notice that, ab’! = 1 or 2 is a rational number and 
a+b! =a+ 2 ora+ 4 is an irrational number. 


Solution 9.4. For each i, there exist among 1,2,...,m, |m/a;| multiples of 2;. 
None of them is a multiple of x; for 7 # i, since the least common multiple of 
x; and x; is greater than m. Then, there exist |m/a1| + |m/zr2| +---+|m/zp| 
different numbers in {1,2,...,m}, and these numbers are divisible by some of the 
numbers 21, £2, ..., &n. None of these last numbers can be 1 (unless n = 1, and 
in this case, the result is immediate). Therefore, 


2] [ele +Lze 


If we prove that n < (m+ 1)/2, then 


1 1 1 n—-1 
—+—4---4+—< 14+ 
XY x2 In m 


To prove that n < (m+ 1)/2, observe that the largest odd divisors of x, 
2, ..-, fn are all different, because otherwise, if two numbers have the same 
greatest odd divisor, one of them will be a multiple of the other, which will be a 
contradiction to the hypothesis. Therefore, n is less than or equal to the quantity 
of odd numbers among 1, 2,...,m, and the inequality follows. 
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Solution 9.5. Let m= |,/n| and a=n—m?. We have m > 1, since n > 1. Now, 
from n? +1 = (m? +a)? +1 = (a— 2)? +1 mod (m? + 2), it follows that the 
condition of the problem is equivalent to the fact that (a — 2)? + 1 is divisible by 
m? + 2. Since 


0 < (a—2)?+1< max{2?, (2m —2)?} +1 < 4m? +1 < 4(m? +2), 


then (a—2)?+1=k(m? +2), for k = 1,2 or 3. Now, we prove that none of these 
cases occur. 

Case 1. When k = 1, we have (a — 2)? — m? = 1, and this implies that a—2 = +1 
and m = 0, but this contradicts the fact that m > 1. 

Case 2. When k = 2, we have (a — 2)? + 1 = 2(m? + 2), but any perfect square 
is congruent to 0, 1, 4 modulo 8, and therefore (a — 2)? +1 = 1,2,5 mod 8, 
meanwhile 2(m? + 2) = 4,6 mod 8, then this case does not occur. 

Case 3. When k = 3, we have (a — 2)? + 1 = 3(m? 4 2). Since any perfect square 
is congruent to 0, 1 modulo 3, we have (a — 2)? +1 = 1,2 mod 3, meanwhile 
3(m? + 2)=0 mod 3, then this case is also impossible. 


Solution 9.6. It is easy to prove that when a = 0 or b= 0 ora =bD or a and b are 
both integers, the identity follows. 

Suppose now that a, b do not accomplish any of the above conditions. We 
have, for n = 1, that ¢ = ue then ¢ is a rational number different from zero. 
Suppose that ¢ = me with (p,q) = 1. 

If p is different from 1 and —1, then p divides |na], for all n, in particular it 
divides |a], therefore a = kp+e, for some k € N and 0 < € < 1. Notice that « 4 0, 
otherwise a = kp and b = kq = |b| are integers. 

Then, since there exists n € N, with 1 < ne < 2, we have that |na| = 
|knp + ne| = knp + 1 is not divisible by p, which is a contradiction. 

Similarly, it cannot happen for q to be different from 1 and —1. Therefore p, 
q € {41}, but since a  b, we have that b = —a, then |—a] = — |a], which is only 
possible if a is an integer number. Therefore, there are no more pairs of numbers 
(a,b) that satisfy the conditions the problem. 


Solution 9.7. As we proved in Example 1.3.3, we have 


2d [2] =e] [e 


and we want to find the value of the sum 


Ea) {Bh (Epon fap 8 


Adding both equations, term by term, we get 


2 ai = 
man 3n gig OS 2a eS Ee: (10.20) 
m m m 
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factorizing = on the left-hand side of the equation (10.20) and using Gauss addi- 
tion formula, we have that the sum on the left-hand side is 


+2 (m= 1) = 3 (So) Se) 


Replacing this value in equation (10.20) and solving for X, we have 


x= Med = un Vint) = hin —n+1)= ee 


Solution 9.8. Since (a+b+c)? =a3 +b? +c? +3(a4+ b)(b+c)(c+a), it follows 
that 


(ae daet) debs dee) (et) (a) 
= 10 + 3(18) = 64, 


therefore Wi + aH = 3, then the solutions are (a,b) = (=; 1), (1, z). 


Solution 9.9. From the first identity, we get a—b = 4 - ; a bee . Similarly, 
b—-c= S* andc-—a= ab Therefore a — 6 = an and, since a and 6 are 
different, we have (abc)? = 2 so that Ce = +1. It is clear that the numbers 


(a,b,c) = (1,5, —2) and (abe) = (-l ia, 2) satisfy the identities and, with 
these triplets, we obtain the two possible values of abc. 


Solution 9.10. Since (a+b)(a+c) = a(a+b+c)+be = 4 +be > 2 and the equality 
holds when bc = 1, it follows that the minimum value is 2, and it is reached when 
b=c=landa=vy2-1. 


Solution 9.11. The equation is equivalent to (bc+a)(ca+b)(ab+c) = (ab+bc+ca— 
abc)”. We expand the equation and cancel out terms to obtain abc(a?+b?+c?+1) = 
2abc(a + b +c) — 2abc(ab + be + ca), which is equivalent to (a+b+c—1)? =0. 
Therefore, a+b+c=1. 


Solution 9.12. First prove that 


and do the same for 


abc 


(sot acetate) - Eran 


Therefore, the value we are looking for is 9. 
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Solution 9.13. Notice that 


=} 
II 
a 
> 
— 
° 
+ 
oy 
—_ 
=) 
+ 
fra) 
— 
o> 
NY 
ON 
> 
=) 
oO 
° 
a 
=) 
fra) 
ro) 
> 
Ma 


tp oa fy oo Wee * yk eS) 
(b—c)(ec—a) (c—a)(a—b)  (a—bd)(b-c) 
and that 
at+b b+c cta 
(b—c)(ec—a) (c-—a)(a—b)  (a—b)(b—c) 


Hence, the value we are looking for is 0. 


= 0. 


Solution 9.14. Notice that a? + 1 =a? +ab+be+ca=(a+b)(a+c). Similarly, 
b?+1=(b+c)(b+a) and c?+1= (c+a)(c+b). Then (a? +1)(b? +1)(c? +1) = 
((a+b)(b+c)(c+a))?. 


Solution 9.15. The condition t4i44 = 0, implies that abc 4 0 and ab+bc+ca = 0. 
Since (a+b+c)? = a?+b?+c?+2(ab+be+ca), it is clear that a?+b?+c? = (a+b+c)?. 


Solution 9.16. Notice that the identity of the hypothesis implies that ab+bc+ca = 
2 


0, so on => EDIE TaT | => ayes where r= 2(a+b+c). Then, 
a? sp b? 2 C _ a de b ie c 
a2+2be° 2 4+2ca @4+2ab) 3a—r) Bb—r) 3cH—r 
27abe + ae 


~ Ba —r)(3b— 1) (3c =a, 


since (3a — r)(3b — r)(3c — r) = 27abe + ass 


From the equality arog + 2 = 1, we can also conclude that 


be 4: ca i ab 2% 
a2+2be b2+2ca c2+2ab — 


Solution 9.17. Notice that 


a+1 b+1 c+1 
ab+a+1 bc+b+1 ca+c+1 
a(1 + bc) b+1 c+1 1 e+1 
i I a 
a(b+1+b6c) be+b4+1 cat+ct+1 be+b+1 ca+c+l1 
me 1 i c+l1 ae Leber iy 
a b(c+1l+ca) cate+1 b(e+1+ca) 
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Solution 9.18. The equation is equivalent to a? — 2ab+ b? — ac + be = 0. Defining 
y = a—b and factorizing, we obtain y? — cy = 0. The roots of this quadratic 
equation are 0 and c, but 0 is not possible, since a and 6b are different. Hence, 
a-—b=c. 


Solution 9.19. If the numbers 21, ..., Z, solve the system, then 
O=a1 +a3+---+2" =n (a+ 200+ an ee 
= (a3 — 2ao + 2-1) + (23 — 323 +3-—1)+---+ (2? —nantn 


But, using the inequality between the geometric and the arithmetic mean, for each 
k > 2 and x > 0, we have 


gp RSet Atos Te Re = ka, 


with equality if and only if « = 1. 

Then, since each term of the sum (ae —ke,+k- 1) > 0 and the total sum 
is zero, we have that each term of the sum is zero, and this happens if each x, = 1. 
Then, 2 =--: = £, = 1 and, recalling the first equation, we also have that x, = 1. 


Solution 9.20. Observe that 


(1+=) (1+2)>9 = («+1)(y+1) > 9ry 
7 i = 22> 8xry 
& (x+y)? > 4ary 
& (x—y)? > 0. 


Solution 9.21. The inequality is equivalent to 
9 
x+y" +2" — 3cy2 > 7 \(e—y)(y- 2)(2-2)|- 


But since 


2 +99 +25 — Bayz = (ey +2) [lea + y— 2 +e-2)4], 


it is enough to prove that 


setyt2) (lew)? + y— 2)? + (2-2))] 2 Fie wy le 2) 


Let p = |(a — y)(y — z)(z — x)|, using the inequality between the geometric and 
the arithmetic mean, we have that 


(w—y)? + (y—2z)? + (2-2) > 3/p. (10.21) 
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Now, since |x — y| <a+y, |y—z| < y+z, |z-—a2| < z+, we get 


Aetytz)2|e-ylt+ly—2z|+|z—-2. 


Applying again the inequality between the geometric and the arithmetic mean, we 
obtain 
2(at+tytz) > 3p. (10.22) 


Hence, the result follows from inequalities (10.21) and (10.22). 
Solution 9.22. If a > 1, since b+c>a> 1, we have that 
ab + bc+ca=a(b+c)+be>1+be>1, 


which is a contradiction to the fact that ab+bc+ca = 1, therefore a < 1. Similarly, 
we can prove that b< landc< 1. 
Thus, (1 — a)(1 — b)(1 — c) > 0, then 


1l+ab+be+ca>a+b+c+abe. 


Adding 2 on both sides of the last inequality, and using the fact that ab+bc+ca = 1, 
we obtain 3+ ab+bc+ca>2+a+b+c+abc, that is, 


4>1+a+b+c+ab+bc+ca+t+ abce=(a+1)(b+1)(c+1). 


Solution 9.23. Notice that 


icine abc _ (a+ b)O+ (e+e) 
ab + be + ca ab + be + ca 
_ a +b? +c? + 3(ab+ be + ca) 
abt be+ca 


the last equality is valid, since the condition + + r= + a = 1 is equivalent 
to (a+ b)(b+ c)(c+a) = (a+ d(b+c) + (b+ c\(e+a) 4+ (c+ a\(at db) = 
a? + 6? +c? + 3(ab+ be + ca). 

Then, the result to be proved is equivalent to a? + b? +c? > ab+bce+ ca, which is 
valid using the inequality between the geometric mean and the arithmetic mean. 


Solution 9.24. Since the expression is a symmetric function in a, b and c, we can 
assume, without loss of generality, that c < b < a. In such a case, a(b+c—a) < 
b(a+c—b)<c(at+b—c). 


For example, the first inequality can be justified as follows: 


a(b+c-—a) < b(a+c-—b) ab + ac— a? < ab+be— 8b? 
= (a—b)c< (a+b)(a—b) 
(a—b)(a+b—c)>0. 
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By the rearrangement inequality, see Example 7.3.6, we have 


a’(b+c—a)+¥(ct+ta—b)+7(a+b—c) 
< ba(b+c—a)+cb(e+a—b)+ac(at+b—c) 
a*(b+c—a)+¥(ct+ta—b)+(a+b—c) 
<ca(b+c—a)+ab(e+a—b)+bc(at+b—c). 


Therefore, 2 [a?(b+c—a)+b(c+a—b)+c?(a+b—c)] < babe. 


Solution 9.25. Squaring and rearranging the given inequality, it is equivalent to 


nm n n n n n 
Sia _ 250 wy +Soy < ye _ aS aii +502. 
i=1 i=1 i=1 i=1 i=1 i=1 


But, since $7", y? = 0y_, 27, the inequality we have to prove is equivalent to 


4=1 “1? 
n nm 
y Viz S y LiYis 
j=l =i, 


which is the rearrangement inequality (see Example 7.3.6). 


Solution 9.26. Let (a1, a@2,...,@n) be a permutation of (#1, %2,...,%n) with a, < 
az < -++ < ay, and let (b1,b2,...,bn) = (fe chee ,4,), that is, 6; = 
wring? for the indices i = 1,...,n. 

Consider the permutation (a},a5,...,a/,) of (a1, @2,...,@n), defined by a, = 
trit=p tor es 7) cn: 


Using the rearrangement inequality (see Example 7.3.6), we have 


yet pg tot oy = abt + agbe +++ + abn 


> Andy ia An—1b2 Spiess tet aon, 


= Abn + Gobn-1 ++++ + Andi 


a1 a2 an 

= qa oon er 5 
Since 1 < a1, 2 < ag, ..., 2 < Gn, we get 
v1 «£2 Bn a, ag An 1 2 n 1 1 1 
SE ES lg i EI EE fe ag eT es ies See ee 
pirat Toa = ye ae tos 2 jatot +3 Ttat ss 


Solution 9.27. First, define xo; = 0, ra;-1 = $, for alli = 1,...,50. Then, we 


have S = 50- (2° = 2. Now we prove that always S < 2. 
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Let 1 < z < 50, under the conditions of the problem, we have x;_1 < 
1 — wo; — Xoi41 and taj42 < 1 — 2; — XQ;41. Using the inequality between the 
geometric mean and the arithmetic mean, we get 


©2410 2441 + LaiV2ise S (1 — £24 — Loi41)L%A41 + xi (1 — £24 — L241) 


(x25 + Zain) + (1 — £25 — =, _ 
ee 


-— 


= (Go; + Bai41)(1 — Bay — ai41) < ( 
Adding these inequalities, for 1 = 1,2,...,50, we obtain 


us i. 725 
S= D_(ai-amait + GyX2i42) < 50- iL 


Solution 9.28. (i) From ba + by < ax + by < ab, it follows that a+ y <a. 
(ii) We have 


b 1 1 
VE+ Vu=\/— +o < Var + by aka 


The first inequality is given by the Cauchy—Schwarz inequality (see Example 4.2.3), 
and the second one follows from the hypothesis ax + by < ab. 


Solution 9.29. Let r=, y= be ge then 


(«-Dy-Ye-)= (5) (5) (<3) 
( 


When we expand and cancel out terms, we obtainx +y+2=aytyz4+2r+1. 


Then 
2a—b os 2b-—c¢ rs Se=a\7 
a—b b-—e¢ c—a 
= (@+1)? + (yt)? + (2+)? 
ba? ty? + 27 + 2(¢ +y +z) 
2 2 


34 
Sta? ty? +27 + 2(cy + yz + 2e +1) 
5+(e+yt+z)? 25. 


I 


l| 
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Solution 9.30. Suppose a < b < c, then a? < bc, therefore 
a®#+1<bc+1< 2a. (10.23) 


On the other hand, since (a—1)? > 0, we have a? > 2a—1. The last two inequalities 
imply that a? = 2a — 1, that is, a = 1. 

The original second inequality can be rewritten, using that a = 1, as bc < 1. But 
since 1 < 6 <c, we also have that bc > 1, therefore bc = 1. 

The first and third inequalities becomes b+ 1 < 2c andc+1 < 20, therefore 
(b+1)(c+1) < 4bc = 4. If we expand and cancel out some terms, we get b+c < 2. 
The inequality between the geometric mean and the arithmetic mean, and the 
previous inequality, guarantee that 1 = bc < (eae) <1, then the equality holds, 
which is true only if b= c. Since bc = 1, then b = c = 1. Therefore,a=b=c=1 
is the only solution. 


Solution 9.31. Without loss of generality, we can assume that a = max{a, b,c}. 
Then c(Vb— 1) < a(Vb— 1) =e, hence b < 4. 

We also have b(.,/c—1) = a > b, then c > 4. Now, 4 < ¢ < c(\/e—1) < c(/a—-1) = 
b < 4, then 6b = c = 4 and also a = 4. Therefore, there is a unique triplet that 
satisfies the equations, that is, (4,4, 4). 


Solution 9.32. If {21,...,2,} is a real solution of the system, it is clear that also 
{x2,23,-.-,2n, 1} is a solution. But, by hypothesis, we only have one solution, 
then 21 = 2 = --- = &n. The system reduces to only one equation ax? + (b- 


1)a + c = 0, which has a unique solution if (b — 1)? — 4ac = 0. 
Reciprocally, if (6 — 1)? — 4ac = 0, the polynomial P(x) = az? + (b—1l)a+ec= 
a (a + bay has only one solution. 

Adding the equations of the system, we have )7i_, P(a;) = 0, but since 
either all the numbers have the same sign or are zero, then P(a;) = 0 for every 
ax; Hence x; = — (54), and the system has as a unique solution 7] = %2 =--: = 


b-—1 aa 
tn = — (7S). 


Solution 9.33. If one of the variables x, y or z is equal to 1 or —1, then we obtain 
the solutions (1, 1,1) or (—1,—1,—1), respectively. Now we will see that these are 
the only solutions of the system. 

Let f(t) = t? +t — 1. If one of the variables x, y or z is greater than 1, for 
example x > 1, then we have x < f(x) =y < f(y) =z < f(z) =2, which is not 
possible. Therefore x, y, z <1. 

If one of the variables x, y or z is less than —1, choose x < —1. Since 
f(t) = (t+ 4) — 3 > —3, we then get x = f(z) € [—#,-1]. But, 


f ({-3.-1)) = (-. 3) C(-1,0) and f((-1,0)) = |-3.-1), 
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then it follows that y = f(x) € (-1,0), z = f(y) € [-?,-1) and x = f(z) € 
(—1,0), which is a contradiction. Then, —1 <2,y,z <1. 

If -l<a,y,z <1, then > f(z)=y> f(y) =z> f(z) = 2, which is not 
possible. Therefore, there are no other solutions. 


Solution 9.34. Add the n equations to obtain 


n n n 

2 
y a+) a—n=)5 Xi, 
i=1 i=1 i=1 


from where )7i_, 2? =n. 


On the other hand, rewrite the equations as follows: 


2 
ayp+a2=224+1 


3 +2%2=23+1 


2 
Ceo eai HI + 1 


C+ Gn, = 8141 


and multiply the equations to obtain 


n 


n 
[[«(@ +) =[[(@i+0, 
i=1 i=1 
so that []7_, 7 = lif, A —-1, for alll <i<n. 
From the two equations, )7"_, 2? = n and [J;_, x; = 1, we obtain, using the 
inequality between the geometric mean and the arithmetic mean, that 


ie! 
n 
and it follows that a? = 23 = --- = x% = 1. Then, a possible solution is 
Gila eres 
If some x; = —1, by the symmetry of the equations, we can assume that 
x, = —1, and then it is easy to see that all x; = —1. Hence the only other solution 
is (—1,-1,...,-1). 


Solution 9.35. The only solution, with all the x;’s equal, is clearly (2,2,...,2). If 
there is another solution, let m and M be the minimum and maximum value of 
the x;, respectively. Then m < M, and for some indexes 7, k (taken modulo n), 
we would have m? = xj + 2341 > 2m and M? = zx, + r%41 < 2M, from where 
2<m <M < 2, which is absurd. Therefore (2,2,...,2) is the only solution. 
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Solution 9.36. The condition x +y-+ z = 0 implies a 2 +y%+23 = 3ryz. The 
condition z~! + y~!+271=0 sunranices that. 2? + y-? +273 = 3a ty tet. 
Now, since 1° + y® + z® = (2? + ye + 23)? — 223 y323 (x73 + y-3 + 273), we have 
x + y® + 26 = Qa? y?2? — 6a2y?2? = 3a7y?z?. Thus the result follows if we use 
again x? + y? + 2° = 32yz. 


Solution 9.37. Since the sum of the numbers is zero, d = —a — b — c, therefore 


be — ad = bc + a(a+b+c) =a(at+b)+c(a+b) =(at+c)(a+b) 
ac— bd =ac+ b(a+b+c) = b(a+b)+c(a+b) = (b+c)(a+ bd) 
ab — cd =ab+c(at+b+c) =c(c+a)+b(c+a) = (b+e)(c+a). 


Then, (bc — ad) (ac — bd) (ab — cd) = (a + b)?(b+ c)?(c+.4)?. 


Solution 9.38. We have 


~ at a? +b? wn at +ab(a? +b?) 
yes =) = Dag c aps abc 


cyclic cyclic cyclic cyclic cyclic 


1 

7 al + 64 +-c* + ab(a? + 67) + be(b? + &”) + ca(c? + a?)) 
aoc 
1 

= —(a+b+c)(a? +b? +3) =0 


Solution 9.39. Since 


a? +b? +c? — 3abe = 


and since a+6+c > 2, then 


a+b+c=p and [(a—b)*+(b-—c)? + (c—a)?] =2. 


Suppose thata >b>c.Ifa>b>c,thena—b>1,b—c>1anda—c> 2, and 
this leads to [(a — b)? + (b—c)? + (c—a)?] > 6 > 2, which is absurd, therefore 
a=b=c+lora—1=b=c. Thus, we have that the prime number is of the form 
p = 3c+2, in the first case or of the form p = 3c+1, in the second case. Then the 


triplet is (2H, aa b=) in the first case, and (ee, po} P-+) in the second case. 


3° 3 


Solution 9.40. The equation is equivalent to 


(3x)° + (—3y)° + (-1)° — 3(3x)(—3y)(—1) = 1646, 


which can be factorized as (3a — 3y — 1)(9x? + 9y? +14 9xy + 3x — 3y) = 2- 823. 
Now, the first factor on the left-hand side is smaller than the second factor and, 
since 823 is a prime number and 32 — 3y—1=2 mod 3, we get 3x — 3y—1=2 
and 9a? + 9y? + 1+ 9xy + 3x — 3y = 823. Solving the system for positive real 
numbers leads to x = 6 and y= 5. 
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Solution 9.41. Using the identity (4.8), the condition 2° + y? + 23 — 3ryz = 1 is 
equivalent to 


(gty+z)\(a? +y? +27 — cy — yz — 22) = 1. (10.24) 


Let A=27+y?+27 and B=x+y+2z. Observe that B? — A = 2(xryt+ yzt zz). 
By identity (4.9) we have that B > 0. The equation (10.24) becomes 


B?-A 
p(a-5>*) =1, 


then 34 = B? + 4. Since B > 0, we apply the inequality between the geometric 
mean and the arithmetic mean to obtain 3A = B? 4 2 = B? 4 4 t 4 > 3, that 
is, A> 1. The minimum A = 1 is reached, for example, with (x, y, z) = (1,0, 0). 


Solution 9.42. Equations «+ #=2,y+2=2,2+ ; = 2, imply that 


za+y = 2z, ry +z = 22, y2+u = 2y 


and that 
ryz +y” = 2yz, xyz + 27 = 2Qza, xyz +27 = 2Qxry. 
Therefore, 
cytyzt+zxrn=at+ytz, (10.25) 
Bayz t+ (a? + y? + 27) = 2A(xy + yz + 22). (10.26) 
We also have that 
1= 25— = (2-2)(2-y)2-2) 
Zany (10.27) 


=8-A(aty+z)+2(cy + yet 2x) — xyz. 


If we define a = « + y+ 2, we have by equation (10.25), that zy +yz+ 2% =a 
and we also get that 


2 


ety? +27 = (9+ y +z)? — 2(ey + y2 + 22) = a? — 2a. 


Now, from equation (10.26), it follows that 3xyz = —a? + 4a. Finally, by equation 
(10.27), we can conclude that 


—a* + 4a 
ne 
Hence, we get the equation a? — 10a + 21 = 0, which has roots a = 3 and a = 7. 
Therefore, x + y+ z is equal to 3 or 7. 
But, ife+yt+z=7, sinceex+¥+y+Zi+z+ 7 =6, we have that $+2+5 =—1, 
which is not possible for x, y, z positive numbers. 

The sum «+ y+ z = 3, can be achieved with x = y = z = 1, which are also 
solutions of the equations, hence the only possible value for «+ y+ z is 3. 


1=8—4a+ 2a — 
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Solution 9.43. Let d be the common difference of the progression {a,,}. Note that, 
for 7 =0,1,...,2—1, we have that 


1 Lo Ve-VG_ VG- VG 
Vit JG JGat VG JGa- JG 4-4-1 


Use the fact that a; — aj_1 = d, for all j, in order to get 


ee ee 
ay 05a F 4/03 j=l d d 
Finally, observe that 


Van — Jao _ An — ag ado + nd — ag 


n 
td fast Jaa) Afaat Jan) ~ tat Jar 
Solution 9.44. Let d > 0 be the common difference of the progression. Suppose 
that a = b—d, b andc=0b+d are the lengths of the sides of the triangle. Since 
c? = a? +b”, we have (b+ d)? = (b— d)? + b?, therefore b = 4d. On the other 
hand, the area of the triangle is 4? = = (b-d)ad _ =u¢ = 6d?, and it is also equal to 


2 
the inradius r multiplied by the boonies s= 3dradted = 6d. From this, 
r- 6d = 6d?, and then r = d. 


Solution 9.45. Suppose that {1,2,...,9} has been divided into two subsets A 
and B such that neither of them contains an arithmetic progression. Suppose that 
5 € A. It is clear that 1 and 9 cannot both be in A. Then, we have the following 
cases: 

(i) If 1 € A and 9 € B. Since {1,5} C A, we have that 3 € B; 3,9 € B imply 
that 6 € A; 5,6 € A imply that 4,7 € B; 3,4 € B imply that 2€ A;7,9¢B 
imply that 8 € A. But, {2,5,8} C A is an arithmetic progression, which is 
absurd. 

(ii) If 9 € A and 1 € B. This case is analogous to (i). 

(iii) If 1,9 € B. Then we have two subcases: 
(1) If 7 € A. In this case, 5,7 € A imply 6 € B and 3 € B. Therefore, 
{3,6,9} C B, which is absurd. 
(2) If 7 € B. Since 7,9 € B, we have that 8 € A; 1,7 € B imply 4 € A; 
4,5 € A imply 3 € B; 1,3 € B imply that 2 € A. Therefore, again we 
have an arithmetic progression, that is, the progression {2,5,8} is in A, 
which is a contradiction. 


Solution 9.46. Observe that 
2 
g(a +b +c)? — a7 (b+) —7(e+a)—cC(a+d) 


31See [5]. 
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Solution 9.47. Suppose the number of prime numbers is not infinite. Let p be the 
greatest prime number of the progression. Consider the number n = 4p! —1, which 
belongs to the progression. Since n > p, the number is a composite number and 
it does not have prime divisors of the form 4k — 1 (the factors of this form belong 
to p!), then its prime divisors are of the form 4k + 1. But the product of factors 
of the form 4k + 1 is also a number of the form 4k +1, and then n must be of this 
form as well, which is a contradiction. 


Solution 9.48. Divide the set of natural numbers N = {1,2,3,...} in the following 
way 
1 4 5 6 11 
2 3 7 8 9 10 


The sets we are looking for are A = {1,4,5,6,11,12,13,14,15,22,...} and B= 
{2,3,7,8,9, 10,16, 17, 18,19, 20, 21, 29,...}. In fact, each one of them has “gaps” 
between numbers as large as we want. Therefore, it is not possible to have in some 
of them an arithmetic progression, since the elements of the progression have a 
constant difference d, which will be overtaken by a proper gap. 


Solution 9.49. The answer is no. If there is an arithmetic progression with differ- 
ence d, we have that the d consecutive integers 


(d+1)!+2,(d+1)!4+3,...,(€+1)!4+ (d+1) 


are composite numbers. But among them there has to be an element of the pro- 
gression, because this progression has difference d, which is a contradiction. 
Second Solution. Let m > 1 be a number in the progression. Then m + md = 
m(d +1) is also an element of the progression and is not a prime number. 


Solution 9.50. Suppose that the arithmetic progression with difference d contains 
a perfect square, say a”. Then the numbers a”, a? + d, a? + 2d,... are in the 
progression, and then the numbers a? + (2a + d)d = (a +d)? are also in the 
progression. Now, it is clear that the square numbers of the form (a + kd)?, for 
every k €N, are also in the progression. 


Solution 9.51. Suppose that there are 1999 prime numbers, smaller than 12345, 

in arithmetic progression. Let p be the first prime number in the progression and 

let r be the difference of the progression. Then the progression is p, p+r, p+ 2r, 
.-, p+1998r. 

The prime number p cannot be one of the prime numbers 2,3,..., 1997, 
because if it is one of them, then p+ pr, which is in the progression, is not a prime 
number. Therefore, p > 1999. 

Since p is an odd number and p+r is prime, then r is even. All the even numbers 
are of the form 6n, 6n + 2 or 6n — 2. Let us see now that r cannot be of the 
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form 6n + 2 nor can it take the form 6n — 2. In fact, since p is prime, it is of 
the form 6k + 1 or 6k — 1. In any of those four cases, there is in the progression 
a multiple of 3, p+r = (6k +1) + (6n + 2), p+ 2r = (6k + 1) + 2(6n — 2), 
pt+2r = (6k — 1) 4+ 2(6n + 2), p+r = (6k — 1) + (6n — 2). 

Therefore r is of the form 6n and then the progression is 


p,p+6n,...,p+1998(6n). 


But p > 1999 and n > 1 imply that p+1998(6n) > 1999+ 11988 = 13987 > 12345. 
Hence, the numbers p + jr cannot be all smaller than 12345. 


Solution 9.52. For n < 3, there does not exist a rearrangement with an arithmetic 
triplet. For n = 3, the list 2, 1, 3 achieves the task. We will construct an example 
for n, using the examples of the previous values of n. On one side of the list, we 
put the even numbers between 1 and n, and on the other side the odd numbers. If 
the even numbers are j, we rearrange them using the example for the 7 numbers 
and then we have them multiplied by 2. If there are k odd numbers, to order them 
we use the example for the & multiplying those numbers by 2 and subtracting 1. 
In this way we obtain a rearrangement of the numbers from 1 to n. If on the even 
side, 2a, 2b and 2c form an arithmetic triplet, then a, b and c is also an arithmetic 
triplet for the case 7, which is absurd. If in the odd side, 2a—1, 2b—a and 2c—1 
is an arithmetic triplet, then a, b and c is also an arithmetic triplet in the example 
for the case of k, which is also absurd. Finally, one term on the even side and one 
term on the odd side satisfy that their sum is odd, then there is not a third term 
in between them such that its double would be this sum. Then, the constructed 
rearrangement does not have arithmetic triplets. 


Solution 9.53. Since there are 4 solutions for the first equation, a 4 0. Let 29 be 
the common solution to both equations. 
Taking the difference of the equations, it follows that ax} — aap = 0, which can 
also be written as axo(xg — 1) = 0. 
Then, the common solution is x9 = 0 or a = 1. 
If x9 = 0 in the first equation, we obtain a = 1, therefore xp is a solution with 
multiplicity at least 2, but this is not possible because we know that there are four 
different roots. 

Then the common solution is 79 = 1. When we substitute in the first equa- 
tion, we obtain 2a + b = 1, and then this equation can be rewritten as 


ax* + (1—2a)z?+a—1=0, 


which has 1 and —1 as solutions. Therefore 


(7 —1)(a@ + 1)(ax? —a+1)=0. 


2 


The quadratic equation az“ — a+1= 0 must have 2 different real solutions, say 


rand —r, with r > 0. 
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There are two cases, a > 1 and a < 0. 
Ifa > 1, then 0 <r <1 and the roots —1, —r, r, 1 are in arithmetic progression 


only when r = 3. In such case a = so = < and b= 1-2a=—8. 
If a < 0, then r > 1, and the numbers —r, —1, 1, r are in arithmetic progression 
only if r = 3. In such case a = 7 = —} and b = 3. 


Solution 9.54. Write A = ue a; and B= oy b;. Now we add over i the 
corresponding terms in the inequalities 
ain +b; —1 < Lain + bj] < ain + by, 


to obtain An+ B—k < X,, < An+ B. Now, suppose that {X,,} is an arithmetic 
progression with common difference d, then nd = Xnj4,—X, and A+ B-k < X, < 
A+B. Combine the above inequalities to obtain A(n+1)+B-—k<nd+X1< 
A(n+1)+B or 


An—k< An+(A+B-—X1)—k<nd< An+(A+B-—X) < An+k, 


from which we conclude that |A — d| < 4, for any integer number n; then A = d. 
Since {X,,} is a sequence of integers, d has to be also an integer number, therefore 
we conclude that A is an integer number. 


Solution 9.55. Consider a partition of {1,...,256} into two subsets, A and B. 
Divide {1,...,9} in two subsets A; and Bj, in the following way: k € Aj (resp. 
B,) if and only if 2*-1 € A (resp. B). Clearly, 41M Bi = 0. 

If A, = 9 (or By = 9), then By (or A;) has three numbers in arithmetic progression 
a, b and c. Then 27-1, 2°-! and 2°! is a geometric progression in B (or A). 

If A; 40 and By #90, then A; U B, is a partition of {1,...,9}. By Problem 9.45, 
one of the sets, say A;, contains an arithmetic progression of three terms a, b and 
c. Then 2°~1, 2°-! and 2°! is a geometric progression in A. 


Solution 9.56. Remember that the nth term in a geometric progression is ay), = 
ao: q”, where ag is the first term of the progression and q is the ratio. 

Since ap41 = ap (1 + ss), the given collection of numbers coincide with the 
first terms of a geometric progression whose ratio is 1 + + and whose first term 
is given by 4. 

The nth term of the collection is given by 


1 158 


We have to prove that (1 + +)" < 2, for n > 1. By Newton’s binomial theorem 
(Theorem 3.2.3), we have that 


1 n n 7 1 a n a 1 a 
(1+) 3) (<=) ae where TJ; = @ (=) : 
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Now, notice that 


n! 1 ‘ 
Fe GD Re (i+1) si di 


. n. ie 
Tia GDinata yt nee? n—-t 


a 


hence the sequence J; is decreasing, then T; < Ti = 1. Therefore 
1 nm 


Solution 9.57. Suppose that a, =a. 

By induction we will see that a, = a+n—1. Suppose that a, = a+n—1 and 
prove that an4; =atn+i-1, for l1<2i<n. Since aan = an +n, the hypothesis 
leads us to an = a+n-—1, then ag, = a+ 2n— 1. Now, since the sequence is 
increasing, it follows that 


atn—-1l=a4pn < Gn41 < +++ < An4i < 01+ < Gan =a4+2n—-1. 


Hence 
Qn4i =Gtn+i-1 for l<i<n. (10.28) 


If a; = 1, then we get a, = n, for all n > 1. 

What remains to be proved is the induction basis, that is, a, = 1. 

Suppose that a; > 1. Let p be the least prime number greater than (a; + 1)!+ 
a, + 1. Of course, this prime number p is an element of the sequence, that is, 
p = Gy, = a, + (n— 1), for some n. By equation (10.28), the a, are consecutive 
numbers. Moreover, by property (ii), n = p— a; +1 is also a prime number. 
Since a; > 1, p—a, +1 < p, and by the way we have chosen p, we have that 
p—ayt1 < (a,4+1)!4a,4+1 < p. Then (a, +1)!4+2 < p—ay+1 < (a, 4+1)!4+a,4+1. 
But this is a contradiction, since among the numbers 


(a, + 1)!4 2, (a1 +: 1)!4+3,...,(a. +1)!4+a,4+1 


there are no prime numbers, that is, all the numbers are composite numbers, since 
j divides ((a; + 1)!+ 7). The contradiction proves that a, = 1. 


Solution 9.58. The proof is by induction over n + m. The statement is clear if 
m+n = 2. Suppose that the statement is true for m+n < k, and consider 
m+n=k arbitrary numbers aj, a2, ..., @m, 01, bz, ..., bn. Define the sets 


A= {a1,02,...,am}, B = {by, bo,..., bn}, 
C = {c1,€2,..-,;em}, D = {di, do,...,dyn}. 


We have two cases: 
1.If ANC £0 or BND F YO. For example, suppose that ANC F 0. 
This implies that a; = cj, for some indices 1,7 € {1,2,...,m}. Without loss of 
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generality, let 7 < 7. If i = 7, one of the terms in the equality we want to prove 
is zero and, then we can apply directly the induction hypothesis. If 7 < j, then 
Cet SCF = A < A411 <-+++<aj;, then 


las — ej] + |ai41 — Ciga| ++++ + lag — | = (ai — ci) + (Giga — Cig) +--+ + (aj — Gy). 


If we change the order of the terms, the value of the sum does not change, and 
this value is equal to 


(@it1 — Gi) + (Giza — Ci41) + +++ + (ay — Gj-1) + (a — 4) 


= |ai41 cil t lai+2 Ci+1| beta |aj—1 cCj-2| t la, cj-11, 


since aj — c; = 0. Then the result follows from the induction hypothesis, for the 
m+n—1=k-—1 numbers 


ay < dg < +++ SM aj_1 < Ajay <6 Mam, 0, <b < +--+ < dy, 
Cy < C2 St Cj S Cj S++ << Cm, dy <dg<-:+<dy. 


2.If ANC = BND = 9. In this case, we have that a; is in D and b, is 
in C’. Without loss of generality, suppose that a, < b;. Then a, has to be equal 
to d,. We will prove that b, has to be equal to c,. If 6; = c;, for some 7 > 1, 
then b; > c, and, since c; = b;, for some j > 1, we have that b; > b;, which is 
a contradiction. Therefore, b; = c,, and taking into account that a; = dj, this 
implies |a1 — ci| = |b; — d,|. Now, we use the induction hypothesis for the numbers 


a2 <a3 <-+++<@m, b2<03 <--+< bn, 
C2 <3 <6 Mem, do <d3<---< dp. 


Solution 9.59. First, observe that for n > 2, we have 


n-1 j n—-1 1 1 ; 
Se Ga) ae (10.29) 


j= 


Multiplying by n! the equation (10.29), we obtain the desired representation 


Solution 9.60. Remember that every integer number relatively prime to p has a 
multiplicative inverse modulo p. Denote the inverse of z modulo p by x~!. Observe 


that 
(7)-2= (2) - EGER a) - 
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Observe that + 7 (R i) is an integer number, since it is equal to =k) and p divides 


k-1 
prove that the sum is divisible by p. Observe that, modulo p, we have 


2 
Gy: Then the last sum is congruent, modulo p°, to p? sy (Gs) . We 


= 4p 4 —_ -1)2 
(ha) = LO VMO-DO-2-—- kD 
x [(k—1)(k—2)---(p—k+))°Y 
= Som)? [(-1))-(-2)(2)71 (= DY) = 174]? 
= — Cees le oa 
But the inverse numbers of 1, 2, ..., p — 1, modulo p, are the same numbers 


in some other order. Then the sum is congruent to )(?_; | k2, which is equal to 
(p — 1)p(2p — 1)/6. This is divisible by p, since p 4 2,3. Then ) — 2 is divisible 


by p®. Since 
2p — 
Sac wan mee Cee eee) 
pod 2\\p 

it follows that ee |) — 1 is divisible by p?, as we wanted. 


a 


Solution 9.61. If $ € 5, then by (ii), = = + e Sand ay = a €S. 
6 


_* d— ZC 
_ Toye a Se Sandif = eg, oo 3 = GES. 


Consider a rational aunabet qo = Be with (ao, bo) = i and 0 < q < 1. Then it is 


enough to see that either >“ 


bo—a 
=o1 belongs to S. 


If go = 4 there is nothing to do. If qq < 3, then ag < bo — ao. If qo > 3, then 


bo — ao < Go. 
ag : 
bo —ao? if go < 
T= 


Let 
Ba : 
aan ’ if qo > 


NIF Ne 


eee a ee: then qo € S. 


Now, if q = #, with (a1, 61) = 1, and considering 
a if a< $, 
Q2=) 4 . 1 
rr if a > D> 


it follows that 0 < q2 < 1 and if q2 € S, then q € S. 
This process of going from gz to qz+1 is possible if no gz is equal to 4 =; otherwise, 
the proof is complete (q, € 4 € S implies that qx-1,.--,q0 € S). 
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The process cannot be infinite. If do me 3, then P= MH = aaa and 6; | bo — ao, 


hence 6; < bo — ao < bo. If go > $, thee b; | do and by < ao < bo. Hence, in any 
case by < bo. Similarly, it follows that be41 < bx, for all k > 0. Thus, {bg} is a 
decreasing infinite sequence of positive integers, which is impossible. 


Solution 9.62. Suppose * =k and k is not a perfect square. Then a? — kab+ 


oe 
b? = k. Suppose (ao, bo) is a solution of the equation. 

By symmetry, we can assume that a9 > bo > 0. We know that ao is a root of the 
quadratic equation a? — kab + b2 — k = 0. Let c; be the other root of the previous 
equation; the two roots satisfy a9 +c; = kbp and aoc; = b3 —k, then c) = kbo — ao 
is an integer. Now, since k is not a square, agc; # 0, hence cy 4 0. 

If cy < 0, then cf — keybo +02 > cf +k +02 > k, which is a contradiction, therefore 
oak < bo 1 < ap-1 

a ao 


= ao = 


ci > 0. Moreover, cy = < ao. Thus (ci, bo) is a positive 
solution of a? — kab + b? = k, with c; < ao. Proceed in the same way to construct 
a decreasing sequence of positive integers ap > cy; > cg > ++: > 0, but this cannot 


happen. 


Solution 9.63. Since a, b, c are the roots of P(x), by Vieta’s formulas it follows 
that P(x) = 2? — (a+b+c)a? 4+ (ab + be + ca)x — abc = x? — 2007x + 2002, and 
then a+b+c=0, ab+ be + ca = —2007, abe = —2002. 

Hence, 


a-1\) fb—-1\ (e—1\ - ebé— (ab+ be+ co) + a+b +e-1 
a+l1 b+1 c+1) abe+tabtbet+catatb+cH+l 
2002 — (—2007) — 1 4 1 


~ =2002 + (—2007) +1 4008 ‘1002 


Solution 9.64. If ¢ =a+b+c, y = abc, z = 4 + ; + 4 are integers, also 
ab+be+ca = abc(+ + i + +) = yz is an integer. Moreover, a, b, c are the roots of 
the polynomial w? — ew? + yzw — y = 0. Since the coefficients of the polynomial 
are integers and the coefficient of w? is 1, by Gauss’ lemma or by ge pone sy 
theorem, a, b, c are integers. Suppose that ! < a <b<c,sincel <+ ~+¢% ++4 < 3 
it follows that a = 1, 2 or 3. Ifa =1, then 5 +4 < 2, and the only cn Bie are 
(b,c) = (1, 16 ne 2). Ifa = 2, then 1 —— em <1, hence (6, c) = (3,6) or (4,4). 
Ifa =3, ++ = 4, and the euly solution if (b, c) = (3,3). Thus, the solutions are 
(a,b,c) = (1, 1 ,1), (1, 2,2), (2,3, 6), (2, 4,4), (3, 3,3). 


Solution 9.65. If one of a, b or c is zero, then one of the equations is linear and this 
one has a real solution. The discriminant of the equations are 4b? — 4ca, 4c? — 4ab, 
4a? — 4bc. Then, given that 


(4b* — 4ca) + (4c? — dab) + (4a? — 4bc) = 2 [(a — b)? + (b—c)? + (c—a)”] = 0, 


one of the discriminants is non-negative and therefore the equation with that 
discriminant has a real solution. 
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Solution 9.66. Let u, v be the roots of the quadratic polynomial and let a, 6, y 
be the roots of the cubic polynomial, with all of these roots being non-negative. 
By Vieta’s formulas, 


2 
=4 =-— 
Uutv 5 UU 3% 


a+B+y=—a, aB+Byt+tya=b, aby =8. 


Now, using the inequality between the geometric mean and the arithmetic mean, 


4\? utv\? 2 
4= =~ = > => 
(3) -(*) ee =-js 


2 2 
—50= 5 (at 6 +7) > 2 apy = 


Hence, on both inequalities the equality holds, and then u = v, a = 6 = y and 
—2a = 4, Hence a = —6, a= 8 = y = 2, therefore b = 12. Thus, the only pair is 
(a, b) = (—6, 12). 


Solution 9.67. We can choose appropriate signs in +P(+.) in order to assume 
that a, b > 0. 


(i) There are two cases: 


(1) c>0, ja] + |b] + |e] =a+b+c= P(l) <1. 
(2) c <0, la] + |b] + cl =a+b-—c= P(1) — 2P(0) <3. 


Then, 3 is the maximum that is attained with the polynomial P(x) = 22? — 1. 


(ii) There are four cases: 


(1) c>0,d>0, Jal + |b] 4 |e] + |d] =a+b+c+d=P(l)< 

(2) c>0, Pear ta her ee, eee eee P= on 

(3) ¢< 0, d>0, [al + |b) + [cl + |d| =a+b-—c+d= $P(1)— $P(-1)+ 
8 p(L) + 8p(-l) <7. 

(4) c,d <0, |al+|b|+]e|+|d] = a+b—c—d = 3P(1)—4P($)+$P(—$) <7. 


With the polynomial P(x) = 4x23 — 3x, the maximum 7 in this case, is attained. 


Solution 9.68. Notice that dx? +cx?+br+a = «3 (d+c++b-4+a-z); then its roots 
are the inverse of the roots of ax* + bx? + cx + d. If {a, 8, y} are the roots of the 
polynomial ax? + bx? + cx +d, it follows, by Vieta’s formulas, that a+8+y7=—4 


and 4 + 3 + > = —§. Using the inequality between the geometric mean and the 
arithmetic mean, we can conclude that 25 = (a+8+y)(4+ a + =) > 9. 
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Solution 9.69. Given that 2/2? —1l=a2— \/x? , and squaring both sides, we 
get that 


A(z? — 1) = a? — 22/22 -p+a2°-p 


Aa? — 4 = Qa? — Qar/x?2 — p—p 
2x7 + (p — 4) = —2a/x? — p, 


then 2x? + (p—4) <0, since x > 0. Squaring the last equation and simplifying, it 
follows that 


4a* + 4a? (p — 4) + (p — 4)? = 4x? (2? — p) 
827(p — 2) + (p— 4)? =0 


Yn 


Since x is a positive real number, then p < 2 and x = oa: 
—p 


Solution 9.70. Let a, 6, y be the roots of P(a) that are positive. From Vieta’s 


d= P(0) < 0 and ay > 0, it follows that a > 0. Dividing by a3, the inequality 
to be proved, it is enough to see that 


(2) s9(2)-1(8) = 


that in terms of a, 8, 7 is 


d 
formulas, it follows that a+ B+y=—2,a6+By+ 7a = £, apy = ——. Since 
a 


2(a+ 64 y)° 9aBy+7(at+B+y7)(aB+ By + ya) <0. 


After simplifying, the left-hand side of the previous inequality is 
a? 6 + af? + B27 4+ By’? 4+ 7’at+ 707 < 2(a? + B+7°). 


This inequality follows from the rearrangement inequality applied in the following 
way, 


B+ By +7a<a+ B+, Pat+yB+a’y <a? + B+7’. 


Solution 9.71. By Vieta’s formulas, it follows that -—a = a+6+7,b = afS+6y+ya 
and —c = ay. Since a? = 6+7, then a? = —a—a. Observe that a ¥ 0, otherwise 
a = 0, and then ¢ = 0, contradicting the fact that c is odd. Hence By = —< and 
b=a(B+7)+ By =a8 - £. 
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Therefore, 


0=a4 —ba—c=(a+a)? —ba—c= a? + 2aa4 


2 


Py 
= -—a—a+2aa+a* — ba—c=a(2a—b—1)-— (c—a* +a). 


Observe that 2a — b—1 4 0, otherwise 2a = b+ 1, and since b is even, 2a 
would be odd, a contradiction. Hence, from the previous equation, it follows that 
a= sate“t) is rational, and then it is an integer since the polynomial is monic 
and it has integer coefficients. 

On the other hand, —a = a(a@ +4 1) is even. If B = 7, then 26 = 6+y7=-a-a. 
If 6 is rational, it must be an integer; then from equation 23 = —a — a, it follows 
that a is even, but then c = —a(7 is even, a contradiction since c is odd. 


Solution 9.72. Let xo be a real solution of equation 2? + px +q = 0. Then 


ee te 1 pof/lfPae1 _ 1+ V5 _, 
y: = y: 2 


Notice that x9 could be equal to s ifp=q=-1. 

If y is a real root of an equation of the form t? + pt + q = 0, with p,q € [-1, 1], 
then any number z with absolute value less than or equal to the absolute value of 
y, would be a root too. To see this, let y? + py + q = 0, for p,q € [—1,1], and let 
z = ay, where |a| < 1. The equation ¢? + apt + a*q = 0 has coefficients wp and 
a’q in the interval [—1,1], since Ja| < 1. Moreover, z is a root of this equation, 
since 


2 + apz + a°q = (ay) + ap(ay) + a7q = a*(y? + py + q) =0. 
Therefore, all solutions of the quadratic equations belong to the interval 


_—i4+Vv5 1475 
es ae Teal 


Solution 9.73. Define f :R— N by 


n—-1 


f(a) =|] +|2+ =| pee ford |= tne 


n 


We have to show that f(x) = 0. Observe that 


r(rod)= [ptf feedetfooe [eater 


=| x Sid ett) 4 lett) [na 4 


n 


ne+a) 


and since |x +k] = |x| +k, for every integer k, it follows that f (x + mi) = f(z), 
for every real number xz. Hence, f is a periodic function with period =. In this 


|; 


n 


10.9 Solutions of Chapter 9 285 


way it is enough to study f(x), for 0 < a < +. But f(x) =0 for all these values, 
then f(x) = 0 for every real number z. 


Solution 9.74. The sought for identity can be rewritten as 


Be Me oe Bo 1 ow Gh W's _ 
2°92 mld "lore Tg) To 


We now use a special case of the Hermite identity (see Problem 9.73 or Example 


1.3.2), then for n = 2, E + | = |2a| — |a|. This implies that 


bla] +L] Ge] + La - Le] += 


This last sum is telescopic and moreover | =| = 0, for k large enough. 


Solution 9.75. This inequality can be proved using Hermite’s identity, but here we 
present an idea for a shorter proof. Let S;, be the right-hand side of the inequality. 
Then, if we set So = 0, we get 


oe aN for all _n=1,2,.... 
n 


Then 
k(S, —Sp-1) = |ka|, for k=1,2,...,n+1. 
Adding these n + 1 equations, it follows that 


Sy — Sg —--+— Spt (nt+1)Sp41 = [(n+ La] + [ne] +--+ + [a]. 


Now proceed by induction. The basis n = 1 is clear. Suppose that S; < |ka], for 
1<k<vn, then use the last identity for (n + 1)S;,, hence 


(n+1)Snr4i < [(n+1)x| + ({[nz|] + |a]) +--+ + ({2] + |ne]). 


Using n times the fact that |u| + |v] < [w+ v| for any real numbers wu and y, it 
follows that (n+ 1)Snii < (n+ 1)[ (n+ 1)ax], which ends the proof. 


Solution 9.76. First observe that since f(10) = 0 and f(10) = f(5) + f(2), then 
f(5) + f(2) = 0, but f(n) is non-negative, then f(5) = 0 and f(2) = 0. On the 
other hand, f(9) = f(3) + f(3) = 0. Then, given that 1985 = 5 - 397, it follows 
that f(1985) = 0, since 
f(1985) = f(5) + £(397) 

= 0+ (397) 

= f(9) + f(397) 

= f(9 397) 

= f (3573) = 0. 
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Solution 9.77. The function must satisfy that f(y) > 0, for y > 0. Then 
1 
F(xfly)) = fle) - 
(2f(u)) = Fle) ~ —— 


Let a = f(1) > 0. Taking x = 1 and then y = 1 in (10.30), it follows respectively 
that 


(10.30) 


1 1 


= -—— =a- — or a 
f(xa) = f(x) — —., for «€Rt. 


Taking x = 1 in the last equality, f(a) = f(1)- + =a- 4. 
Taking x = a in the equation (10.30), it follows that 


1 1 1 
NOL) ANG ey OSS ray (10.32) 
On the other hand, using equation (10.31), 
faf(y)) = fF) - = =a-—=—-— 20.33) 


af(y) yf(y) af(y) 
Combining equations (10.32) and (10.33), it follows that 
1 a 1 1 


=~+—— = —- +. 
a ayfy) yfy)  af(y) 

Hence f(y) = 1+ £4, for ye Rt. 

This is the only possible solution of the equation. Now substituting in the last 

equation, it follows that (a — 1)? = 1, but since a > 0, the only choice is a = 2, 

and then f(x) = 1+ + is the only solution. 


Solution 9.78. For x € [0,1], |f(x)| = |f(«) — f(0)| < |e — 0] = x and |f(x)| = 
| f(x) — f(1)| < ja — 1] =1-— <2. Then |f(x)| < min {z, 1-2}, for x € [0,1]. 

If |x — y| < 5, then |f(x) — f(y)| <|z—yl < 5. 

If |x — y| > 4, without loss of generality, we can assume that 4 < x < 1 and that 
y < $. Since |f(x)| < min {x,1—2}=1-—a and also |f(y)| < min{y,1—y} =y, 
it follows that | f(x) — f(y)| < |f(@)|+|f@)|<1-2+y=1-(e-y) <3. 


Solution 9.79. Let F = {f(n)} and G = {g(n)}, for n = 1,2,.... Since g(1) = 
f(f(1)) 41> 1, then f(1) = 1 and g(1) = 2. Now we prove that if f(n) = k, then 


Haken 1 (10.34) 
g(n)=k+n (10.35) 
$(R11) = bE. (10.36) 


If we assume for the moment that these statements are true, they can be applied 
to f(1) = 1 to obtain g(1) = 2 and f(2) = 3. If we apply equation (10.34) to 
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f (2) = 3 and to the next numbers, we obtain a chain of results: 


f(3) = f(4) =6, f6)=9, f9)=14, 
f(14) = 29, f(22)=35, f(35)=56, f(56) = 90, 
f(90) = 145, (145) = 234, (234) = 378, 


But f(240) is not in this chain. Observe that equation (10.36) generates larger 
numbers; for instance, if we apply it to f(145) = 234, we get (235) = 380. 
Looking at the previous values of the chain, we can see that applying equation 
(10.36), f(56) = 90 and then f(91) = 147, f (148) = 239. Finally, f(240) = 388. 
It only remains to prove equations (10.34), (10.35) and (10.36). Assuming that 
f(n) =k, it follows that the elements in the two disjoint subsets 


{f(1), f(2),---,F(&)} and {g(1), 9(2),.--,g(n)} 


cover all the natural numbers from 1 to g(n), since g(n) = f(f(n)) +1 = f(k) +1. 
Counting the elements in the sets, it follows that g(n) = k+n or g(n) = f(n)+n, 
which is equation (10.35). Equation (10.34) follows from k+n = g(n) = f(k) +1. 
From equation g(n) — 1 = f(f(n)), notice that g(n) — 1 is an element of F’, that 
is, two consecutive integers cannot be elements of G. Since k + n is an element 
of G, it follows that both k +n—1 and k+n-+1 are elements of F’, moreover, 
they are two consecutive elements of F. Therefore, equation (10.34) implies that 
k+nt+1= f(k+1). 


Solution 9.80. Take x = 0 and y = 1 in equations (9.2) and (9.1) to get f(1 
f(0,1) = 2. Moreover, if we take x = 0 and y = 0, by equations (9.3) and 


:0) = 
( 
we get f(1,1) = F(O, f(1,0)) = f(1,0) +1 =3. Now, if we take x = 0 and y 
1 


9.1), 


= 

in (9.3) and using the previous results, it follows that f(1,2) = f(0,f(1,1)) = 
f(1,1) +1 =4. We claim that 

fry) =yF+ 2. (10.37) 


We already have verified this equation for y = 0, 1, 2. The inductive step follows 
from (9.3): 


f(,k) = f(0, f(,k-1)) = f(,k-1) +1=(k-1)4+241=k+42 


Now, using induction, show that f(2,y) = 2y+3. Observe that f(2,0) = f(1,1) = 
3; now, from f(2,y+1) = f(1,f(2,y)) = f(2,y) + 2, we obtain the inductive 
step. Also, it follows that f(3,0) = f(2,1) = 5 and f(3,y+1) = f(2, f(3,y)) = 
2f(3,y) +3. Then, we get 


f(3,y) = 2f(3,y— 1) +3 = 22f(3,y— 2) +3) +3 


= +++ = QYf(3,0) + (29-1 +--+ +2+1)3 


2¥—1 
= 24(2° — 3) Sen Gach 213 3. 
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2 
Finally, once again by induction, we show that f(4,y) = 2? —3, where the tower 
of numbers 2 has y + 3 floors. 
For this, notice that f(4,0) = f(3,1) = 24-3 = 13 and f(4,y4 1) = 
f(3, f(4,y)) = 2/4)+ — 3, and the inductive step is completed. 


Solution 9.81. Since f(n+m) — f(m)— f(n) = 0 or 1, it follows that f(m+n) > 
f(m) + f(n). 

If m =n = 1, then f(2) > 2f(1), but f(2) = 0, that is, 0 > 2f(1), and since 
f(n) > 0, then f(1) = 0. 

If m= 2 andn=1, then f(3) = f(2) + f(1) + {0 or 1} =0 or 1. Since f(3) > 0, 
then f(3) = 1. 

If m = n = 3, then f(3 +3) = f(2-3) = f(3) 4+ f(3) + {0 or 1}, that is, 
f(3+3) > 2- f(3) = 2. Notice that 


f(3+6) = f(8+2-3) > f3) + f2-3) 2 F(3) +2- (3) = 3f(3). 


Hence, f(3n) = f(3+ (n — 1)3) > f(3) + (n— 1)f(3) =n- f(3) =n. 

Therefore f(3n) > n, for all n. If for some no the inequality is strict, then 
for all n > no the inequality is also strict. 

Since f (9999) = f(3 - 3333) = 3333, it follows that f(3n) =n, for3<n< 
3333, in particular f(3- 1982) = 1982. Now, 


1982 = f(3- 1982) = f(2- 1982 + 1982) > f(2- 1982) + f(1982) > 3- f(1982), 


then 1982 > 3- f (1982). Thus, f(1982) < 4 < 661. 


On the other hand, f(1982) = f(1980 + 2) > f(1980) + f(2) = f(3- 660) = 660. 
Therefore, 660 < f(1982) < 661, that is, f(1982) = 660. 


Solution 9.82. First, we show that 1 is in the image of f. For xp > 0, let 


= 1 
= F(@o) 


Then condition (i) states that f(aof(yo)) = yof(xo) = 1, that is, 1 is in the image 
of f. Then there is a value of y such that f(y) = 1. This, together with « = 1 in 
(i), imply that f(1-1) = f(1) = yf(1). Since f(1) > 0 by hypothesis, then y = 1 
and hence f(1) = 1. 

Taking y = = in (i), we obtain that f(af(x)) = f(x), for all « > 0. Then 
xf (a) is a fixed point of f. Now, if a and 6 are fixed points of f, then using (i) 
with « =a, y = b, we guarantee that f(ab) = ba, hence ab is also a fixed point of 
f. Thus, the set of fixed points of f is closed under multiplication. In particular, 
if a is a fixed point, all non-negative integer powers of a are fixed points, that is, 
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a” is a fixed point for all non-negative integers n. Then, by (ii), there are no fixed 
points greater than 1. Since xf(«) is a fixed point, it follows that 


uf(x)<1 or f(a)< a for all x. (10.38) 


Let a = xf(zx), then f(a) =a. Now, use « = + and y =a in (i), to obtain 


(Er) = sa) =1=a7 (4), 


(7) =T Hae) = Fw 


This shows that aG) is also a fixed point of f for all z > 0. Then f(x) > 4. This 


then 


and (10.38) imply that f(x) = +. This function clearly satisfies the conditions of 
the problem. 


Solution 9.83. Suppose that | f(y)| = 0 for some y, then the substitution « = 1 
implies that f(y) = f(1)|f(y)| = 0. Then if | f(y)| = 0 for all y, it follows that 
f(y) = 0 for all y. This function obviously satisfies the conditions of the problem. 
Now, we have to consider the case when | f(a)| 4 0, for some a. Then it follows 


from f(|aJa) = f(x) |f(a)], that 


f(x) = (10.39) 


This means that f(71) = f(«2) if [vi] = [we], then f(x) = f(|a]). Hence we can 
assume that a is an integer. 
Now, we have 


fla) = 5 (24-5) = saa) |r (5) = eave) 


this implies that | f(0)| 40, then we can assume that a = 0. Therefore, equation 


(10.39) implies that f(x) = ons = C £0, for every x. Now, the condition of the 
problem is equivalent to equation C = C|C], which is true exactly when |C| = 1. 
Then, the only functions that satisfy the conditions of the problem are f(x) = 0 


and f(x) =C, with |C| =1. 


Solution 9.84. For « = y = 1, we have f(f(1)) = f(1). Now, if we take x = 1 and 
y = f(1), and since f(f(1)) = f(1), it follows that [f(1)]? = f(1). Then there are 
two possibilities, either f(1) = 1 or f(1) =0. 

If f(1) = 1, substituting y = 1 in the functional equation, we get f(xf(1))+ 
f(x) = xf(1) + f(a), then f(x) = x, for all x € R. But this function is not 
bounded, hence f(1) = 1 is not true. 
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If f(1) = 0, taking « = 1, we get f(f(y)) + yf) = f(y) + fly), then 
f(f(y)) = 2f(y). If fy) € Img f, then 2f(y) € Img f, and by induction, f(y) = 
2° f(y) € Img f. We conclude that f(y) < 0, because if f(y) > 0, it will follow 
that 2" f(y) € Img f, for all n, which is impossible since the function f is upper 
bounded. 


Substituting x by $ and y by f(y) and, noticing that f(f(y)) = 2f(y), 


we obtain f(xf(y)) + f(y)f (g) = 2f(y) + f (Sf(y)). Then xf (y) — f(af(y)) = 
f(y) f ($) —f (EF) = 0, since f(x) < 0, for all x. All these results together and 
equation (9.4) imply that yf(x) > f(y). 

Considering that yf(x) > f(xy), and taking x > 0, y = +, we obtain f(x) > 
0. Since f(a) < 0, then f(x) = 0. Clearly f(x) = 0, for all a € R, satisfies the 
functional equation and it is bounded. 

Suppose that f is not identically zero, then there exists xp < 0 such that 
f (xo) < 0. Let yo = f(xo), then f(yo) = f(f(xo)) = 2f (x0) = 2yo. For any x < 0, 
it follows that yox > 0, then f(yor) = f(2yox) = 0. Hence, after substituting y 
by yo in (9.4), we get f(2yox) + yof (x) = 2yox + f(xyo), thus f(x) = 22, for all 
x <0. Hence, the other solution is f(x) = 0 for « > 0, and f(a) = 22, for x < 0. 

Therefore, the only solutions are 


0 if? SO 
_-0 d = ’ = M5 
F(2) se Ae ee if 2 <0. 


It is easy to verify that these functions satisfy the conditions of the problem. 


Solution 9.85. First notice that ag, > 1 and dan41 <1, for all n > 1. 
The proof of the following statement will be by induction for k > 2. 

P, : For every pair of positive integers a, b with (a,b) = 1 anda+b<k, 
there exists an integer n such that a, = ¢. 
If k = 2, the only positive integers a, b that satisfy (a,b) = 1 and a+b < 2, are 
a = b=1, and in such a case ay satisfies $ = a, = 1. 

Now, suppose that the statement is true for k > 2; we will prove that it is valid 
for k + 1. Let a, b be positive integers that satisfy (a,b) =1anda+b<k+1. 
If a > 6, then a — b and b satisfy that (a — b,b) = 1 and (a—b)+b=a<k, then 
by the induction hypothesis, there is an integer n with ay, = ab Then 


a—b a 
ag An + b + i 

If a < b, then b—a and a satisfy that (b-—a,a) = 1 and (b— a) +a=0< k; hence 

by the induction hypothesis, there is an integer n with ay, = pea, Then 


1 1 1 


a 
a SS 55S SS SS SS SS 
aan Gn +1) E41 Ob 
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Let us now see the uniqueness of the representation. 

If an =Qm > 1, then m and n are even. However, if a, = Gm <1, then m and n 
are odd. In the first case, n = 2n’ and m = 2m’, and then a, = am implies that 
Gn! = Am’. In the second case, n = 2n’+1 and m = 2m’ +1, then a, = am implies 
that rT a ao , and then a, = a. Thus, in any case the equality ayn = ay, leads 
to another equality a; = dn, where the subindices are smaller. This process can 
only be applied a finite number of steps to conclude that n’ = m’ = 1 or n’ = 1 or 
m’ = 1. In the first case, it follows that n = m, and in the other cases we conclude 
that apy, = a, = 1 or @m = a, = 1, but this is not possible, since at the beginning 
we pointed out that the a,,’s are not equal to 1, when n > 1. 


Solution 9.86. Since an41 = Ta for n > 0, it follows that = = = Lindy = 
a +n. Then 
1 1 
= — +999 
@1000 = 999 
1 
= — +999 + 998 
ag98 


1 
= — +999+998+---+1 
a1 


999 - 1000 
+ ——____ 


1 = 499501. 


I 


Therefore a1000 = T0501 . 


Solution 9.87. From the definition of x; it follows that for every integer k, 
L4k—3 = LoR-1 = —Lap—2 and L4p_-1 = Lap = —LoK = Tp. (10.40) 
Then, if we set S, = >", aj, it follows that 


k k 
Sak = So ((wan—s + L4p—2) + (Lap—1 + Lak)) = S70 + 2%,) =2S,, (10.41) 
i=l i=l 
Sak+2 = Sap + (aks1 + Lak+2) = Sa. (10.42) 
Also, observe that S$, = S77, vj = 0y_,1 =n mod 2. We will show, by induc- 
tion on k, that S; > 0, for all 1 < 4k. The basis is true since 71 = 73 = %4 = 1, 
X2 = —1. For the inductive step, suppose that S; > 0, for allz < 4k. Using relations 
(10.40), (10.41) and (10.42), we obtain that 


S4r+4 = 2Sp41 = O, S4r+2 = Sar > 0, 


Sante + Sanza 


> 0. 
5} = 


S4k4+3 = Sapte + Cap43= 
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Then, it will be enough to show that $4.4, > 0. If k is odd, then S4, = 25; > 0; 
since k is odd, S; is also odd, and then $4, > 2. Therefore S4p41 = Sap+%ap41 > 1. 
Reciprocally, if k is even, then r4p41 = Lap41 = Ue41- Thus Syp41 = Sap+apqi = 
29% + 2p41 = Spe + Se41 > 0 and the induction is complete. 


Solution 9.88. First, from the problem conditions, it follows that each a, (n > s) 
can be expressed as Gn = Gj, +@j. with jy, j2 <n, ji +jg =n. If, say, 71 > s, then 
we can proceed in the same way with a;,, and so on. Finally, we represent a, as 


An = Aj, +++ +4i,, (10.43) 
l<ij;<s, ipt-:-tipan. (10.44) 


Moreover, if a;, and a;, are the numbers in (10.43), obtained on the last step, then 
i, +%2 > s. Hence we can adjust (10.44) as 


1<ij<s, tte tigen, ti tig>s. (10.45) 


On the other hand, suppose that the indices 71,...,%, satisfy conditions (10.45). 
Then, writing s; = 7, +---+72;, from the problem’s condition we have 


An = As, 2 As,_, + Ai, 2 As,_9 + Gi,_, +i, 2+ 2 Ai, +++ + 4,. 


Summarizing these observations, we get the following lemma. 


Lemma 10.9.1. For every n > r, we have a, = max{a;, +--+: +a;,}, where the 
collection (i1,...,%%) satisfies (10.45). 


Now we write r = max{/@|1<i<s}, and fix some index / < s, such that 
A ’ 


s=4. 

Consider some integer n > s?J + 2s and choose an expansion of a, in the form 
(10.43), (10.45). Then we have n = 11 +---+ip < sk, sok > n/s > sl+2. Suppose 
that none of the numbers 73,..., 7% equals J. Then by the pigeonhole principle there 
is an index 1 < 7 < s which appears among 73,...,7, at least | times, and surely 
j #1. Let us delete these / occurrences of j from (i1,...,%%), and add j occurrences 
of 1 instead, obtaining a sequence (11, i2,75,...,%),) also satisfying (10.45). Using 
the lemma, we have 


Qiy Hr +i, = An 2 Gi, + Aig + Gy tee + ay, 


or, after removing the common terms, la; > jay, then 4 < ae The definition of 1 
leads to la; = jay, hence 


An = Ai, + Gig + Gi, +++ + ay ,. 


Thus, for every n > s7/] + 2s, we have found a representation of the form (10.43), 
(10.45) with 7; = 1, for some j > 3. Rearranging the indices we may assume that 
ip =. 
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Finally observe that in this representation the indices (71,...,%,—1) satisfy the 
conditions (10.45), with n replaced by n—1. Thus, from the lemma, we get an,—; + 
a > (ai, +++: +4%,_,) + at = Gn, which, by the problem’s condition, implies 
Gn = On—1 + a for each n > s71 + 2s, as desired. 


Solution 9.89. For each i = 1,2,...,k —1, let P; be the set of all prime numbers 
congruent to i modulo k. Each prime number (except possibly k) is contained in 
exactly one of the sets P,, Po, ..., Pp_1. Since there are an infinite number of 
prime numbers, at least one of these sets is infinite, say P;. Let p = 21 < 42 <-+- < 
In <-+- be its elements arranged in increasing order, and define a, = =+*, 
fori = 1s Dies 

Then the sequence p+ ka, contains all members of P;, starting with x2. The 
numbers a, are positive integers, p is prime and the sequence {a,} is increasing, 
hence it satisfies the conditions of the problem. 


Solution 9.90. The hypothesis implies a+b+c = 2, ab+bc+ca = —1 and abc = 0. 
Then a, b, ¢ are the roots of the cubic polynomial 2°? — 2%? — x = 0, which are 
0, 1+ V2. Then we can assume that a = 1+ /2, b = 1-— V2 and c = 0. Hence, 
a? +b? =6 and ab = -1. 

Now, we have that 8,_18n41 = (a"~1 + b"-1)(a™t1 + 0771) = a?" 4 Ph + 
a”—1pr—1(q? + b?) = 82 — 2a"b” + (ab)"—1(a? + b?) = 8? — 2(ab)” + 6(ab)”"! = 
s? — 8(-1)”, then |s2 — sn_1$n41| = |8(—1)”| = 8. 


Solution 9.91. (i) We show that the series 
2) Spc Oe ee apt ay ey es SO (10.46) 


has sum greater than or equal to 4. This clearly implies that some partial sum of 
the series is greater than or equal to 3.999. 

Let L be the infimum (the greatest lower bound) of the sum of all series of the 
form (10.46). Clearly L > 1, since the first term + > 1. For all € > 0 we can find 
a sequence {z,,} such that 


2 2 2 
Fee ee a eh (10.47) 
Ly v2 x3 


Setting yn = ee with n > 0, it follows that 1 = yo > yi > yo > --: > 0. The 
series on the right-hand side of the inequality (10.47) can be written as 


1 2 2 2 
Fin (B+BrBy..), 
XY Y1 Y2 ¥3 


By definition of LD, the series inside the parenthesis has a sum greater than or 
equal to > L. Hence, by (10.47), we have that LD + € > + +a,L. 
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Applying the inequality between the arithmetic mean and the geometric 
mean on the right-hand side of the inequality we get L + ¢€ > 2VZ. Since this 
is true for all € > 0, it follows that L > 2V/L. Thus, L? > 4L, and since L > 0, 
this implies LD > 4. 


(ii) Let z, = sy, then 


Co 2 Co 

Die x 1 an 
ye =0 n-1 
n=0 En+1 ano 


and the partial sums of this series are less than 4. 


Solution 9.92. By (i) and (ii), it follows that all the elements in the sequence are 
rational numbers. Suppose that a, = , with p and q integers such that (p,q) = 1, 
then ap41 = Cree), Since (p,q) = 1, it follows that (2p? — q?,q?) = (2p, q”) = 
(2,q7), which is equal to either 1 or 2. 

If q > 2, then the denominator of a,+41 is greater than the denominator of ax. 
Hence, the sequence of denominators will be increasing and therefore it cannot be 
an equality among the terms of the sequence. 

Moreover, if |ax| > 1, then writing |a,| = 1+e, it follows that a,41 = 1+4e+2e? > 
|a,|, which gives an increasing sequence. 

Therefore, in order that the terms of the sequence repeat themselves, the first term 
must have denominator at most 2 and must be between —1 and 1, this gives us 
only 5 possible values: 


© ao = —1, which gives the sequence —1,1,1,1,.... 

° ao =—4, which gives the sequence —$,—4,—4,.... 
© ag = 0, which gives the sequence 0,—1,1,1,1,.... 

e a= $ which gives the sequence $,-3, -4, —4, ee 
© ao = 1, which gives the sequence 1,1,1,1,.... 


Solution 9.93. The first terms of the sequence are aj9 = 0, ay = 1, a2 = 2, 
a3 = 5, a4 = 12, a5 = 29, ag = 70, a7 = 169. Observe that Aan+1 = 2an +an-1 = 
42An + A1G4n—1 and An42 = 24n41 + On = 2(2an + Gn—1) + Qn = 5an + 2an-1 = 
3Qy + A2Gn— 1. Then we can conjecture that 


Anim = Am4+14n + AmGn—1- (10.48) 


To show it we use induction on m. For m = 1, 2 it was already proved. Now, 
suppose that the equality is true form = k—1 and for m = k, and show that the 
relation holds for k + 1. Observe that 


Antk+1 = 2Antk + Qnte—1 = 2(Gk414n + GgAn—1) + pan + Op—14n—1 


= (2ag¢41 + Qk) an + (2aK% + Gk—-1)Gn—1 = Ak424n + Ak414n-1, 


which finishes the induction. 
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If we let n = m in (10.48), we obtain the equality aan, = dn(Gn41 + Gn—1). 

Also note that if n is even, then a, is even, which is easy to deduce using 
the formula of the sequence an = 24,1 + Gn—2. Now, if n is odd, then a, = 1 
mod 4. In order to see this, use induction again. For n = 1, the result follows since 
a, = 1, then assume that a2,_; = 1 mod 4. Then, since don41 = 2dan + Aon-1, 
we only need to observe that a2, is even, which finishes the induction. 

Summarizing, if n is odd, that is, if there is no power of 2 dividing n, then 
Gn = 1 mod 4, hence there is no power of 2 dividing ay. 

If n is even, then n — 1 and n+ 1 are odd, hence an41 + a@pn—1 = 2 mod 4, 
that is, in the equality ag, = @n(@n41 + @n—1), only one extra factor of 2 appears 
inside the parenthesis, and this ends the proof. 


Solution 9.94. Since 


1 1 
J@m+1 t+ On —Ominti] S - T a s |@m + anti — amentil S Ho 
from the two inequalities it follows that 
2 2 
|(@m4+1 — 4m) — (@n41 — @n)| < Popa. eas 
Now, using twice the previous inequality, we get 
|(@m44 am) (Qn41 an)| 
< |(@m41 — Gm) — (@k41 — Gk) + (Ge41 — ae) — (Gn41 — @n)| 
2t 2 4 
S|(@m41 — 4m) — (4k-+1 — ax) + [(Gk-41 — ak) — (Qnti — Onl S E+ T= FZ. 


Since k is arbitrary, |(@m+1 — Q@m) — (G@n+1 — Gn)| is equal to 0, then an41 — an is 
constant. 


Solution 9.95. The function f(z) = = + % is decreasing in (0,n] (it can be seen 


that f’(a) < 0, or that the graph is decreasing with the identity f(z) — f(y) = 
Gave) 
xryn 


. First we see, using induction in n, that /n < an < Tet for n > 3. 


For n = 3 is clear, since V3 < ag = 2 < Non Suppose the result true for n, 


anti = f(an) < f(/n) = = On the other hand, an41 = f(an) > f (=) = 
Te > V/n+1, then the result follows. 
Now, let us see that a, < /n+1. If an41 = f(an) > —® is true for n > 3, 


n-1 
then a, > Z=+ for n > 4. Since f is decreasing, then 


Vn—2 
n—-1 ) = (n— 1)? +n?(n — 2) 
vn —2 (n—1)n/n —2 


| =n, for n > 5. The case n = 4 follows easily after noticing 


Kone ares ( Lined, 


2 


for n > 4. Hence |a? 


that a4 = 2. 
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Solution 9.96. Denote by /(n) the last digit of a positive integer n, that is, the 
units digit. The sequence {1(n)} is periodic with period 10. Now, for a fixed positive 
integer a, the sequence {I(a”)} is periodic with period equal to 1 if a ends in 0, 1, 
5, 6; the period is equal to 2 if a ends in 4 or 9; and the period is 4 if a ends in 2, 
3, 7, 8. 

Since the least common multiple of 10 and 4 is 20, and if 


m=(n+1)"** + (n +2)? +--- + (n+ 20)"F79, 


then I(m) does not depend on n. We now calculate the last digit of 14 + 2? + 3° + 
-- +2079. By the periodicity of the sequence of the form {I(a”)}, the last digit of 
this number is the same as the one in 


ip? BP eat He 5 bh Bi ee eB ae OS Oe Bs a a be 7 Ba, 


The units digit of this last number is 4. Therefore, the last digit of a sum of the 
form (n+1)"41 + (n+2)"F?7 +---+(n+100)"41 is equal to 1(4-5) = 1(20) = 0. 
Thus, b, is periodic with period 100. 


Solution 9.97. Notice that (1 + V3)?! + (1 — V3)?"*+ is an even integer. In 
order to see this, simplify the binomials to obtain 


er b af ayrree 4. + (1 = a/ ayers 


* ge v3)’ aS ee " (-v3)’ 
es ‘) (v3 v3)” _ ae ') 34 


Now, since —1 < 1—V3 <0, it follows that —1 < (1—V3)?”"+! < 0, therefore 
[+ -vay"| = | + vats vay | = v8) vee 
is an even integer. 

It can be shown that 2”+! divides ie + V3) ‘ea . To see this, observe that 


(1 + v3) mae Ge (1 = v3) dake (1+ V3)(4+ 2V3)" + (1 — V3)(4 — 2V3)” 
= 2"(1-+V73)(2 + V3)” + 2"(1 — V3)(2 — V3)”. 


It is only left to see that 2 divides (1 + V3)(2 + V3)" + (1 — V3)(2— V3)", 
and for that use again Newton’s binomial theorem. 


Solution 9.98. The characteristic polynomial of the recursion an42 = 3an+1 — 2an 
is A? -3A+2, which has as roots \ = 2,1. Then a, = A\”"+B for some real numbers 
A and B which are determined by 3 = aj = A-2+ Band 5 = ay = A- 274 B. 
The previous system has solutions A = B = 1, then a, = 2” +1, forn > 1. 
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Solution 9.99. The relation a,4¢6 = a, follows from the relation an42 = a@n41 — 
an, since Qnt+6 = 4n+5 — An+4 = An+4 — An+3 — An+4 = —(GQn42 _ Gn+1) = 
—(Qn41 — an — Gn+41) = an. 


Solution 9.100. Since a2 = 27, ag = 57, a4 = 137, we can conjecture that an = 
F3,_,. Use strong induction in order to show the result. A relation between 3 
Fibonacci numbers that helps is Fon41 = 3Fon-1 — Fons. 


Solution 9.101. Calculate the first terms, 


1 1\2 1 1 
= 5 3 — 911 
Us (2 an =) (2 + =) = 2) =a (2 + 5) Oe et aT 


This allows us to conjecture that u, = 27 + oan for some numbers r,, which must 


be determined. If the numbers r,, are integers, then | tu, | = 27”. 
If un = 2’ + s+, then from the original equation it follows that 


arn? 


: 1 a 1. -\" 1 
unas = (2 +s) ((2 +o) -2)- (0+4) 


= (27 +277) (277-1 4 Q727m—1) (2 + 5) 


2 


25 9rnt2rn=1 ae Q-Tn-2rn-1 fe 91 n—2rn-1 fs Q-Tnt2rn-1 = (2 a 5) . 


Therefore, if we can find a sequence {r,} that satisfies rn41 = Tn + 2rn—1 and 
1 — 2rn—1 = (—1)", the proof is complete. 
The characteristic equation of the recursion rn41 = Pn +2rn—1 is A2-A-2 = 
0, and its roots are A = 2, —1, and since rg = 0 and ry = 1, it follows that 
T= is a is the solution, and it is also solution of the other recursion. 
2r—(-1)” 


Hence, |u,| = 27s _, for alln EN. 


298 Chapter 10. Solutions to Exercises and Problems 


Solution 9.102. First notice that the integers n that satisfy |./2n| = m are the 
ones that satisfy m < /2n <m+1. Then m? < 2n < (m+1)?, but even numbers 
between m? (inclusive) and (m+ 1)? are m, if m is odd, and m + 1 if m is even. 
Hence the sequence a, is 


1,2,2,2,3,3,3,4,4,4,4,4,5,5,5,5,5,..., 


where the integer k appears k& times in the sequence if k is odd or k+ 1 times if k 
is even. 

When we write all the numbers 63, we arrive to the term a, with n = 
14+34+34+54+54+---+63 + 63 = 2(1+3+---+63) —1= 2(32)? —1= 2047. 
This last term and the 62 previous ones are equal to 63, in particular a2o29 = 63. 


Solution 9.103. Since P(0) = 0, it follows that P(#) = xQ(z), for some polynomial 
Q(x) of degree n — 1 that satisfies Q(j) = Se for j = 1,2,...,n. If R(x) = 
(a + 1)Q(x) — 1, then the degree of R(x) is n and R(j) = 0, for 7 = 1,2,...,n. 
Hence, R(x) = ao(a — 1)(a — 2)...(a—n). Ifm>n, 


ag(m = 1)(m~ 2)... (man) +1 


Q(m) = at 
Evaluating R(x) in « = —1, it follows that —1 = ao(—2)(—3)...(—n — 1), then 
ayyrth 
ao = he Hence, 
_ _ (-1)"t! mim — 1)(m— 2)...(m—n) m 
EOS GN) eas m+1 Ted: 


Solution 9.104. Consider Q(x) = wP(x) — 1 = c(a — 1)(a — 2)... (a — 2”). For 
x#1,2,...,2”, it follows that 


2 ae aoe ee eee 
OG) gale. ean: +o 
Since Q(0) = —1 and Q’(x) = P(x) + 2P'(z), then 
_pvn = 1 1 1 _l- gr _ 1 
Toe ee (-; ae m) ee 


Solution 9.105. 
Lemma. If P(x) is a polynomial of degree less than or equal to n, then 


Se bei 
a *t)P@ =o. 


Proof of the lemma. Proceed by induction on n. For n = 0, (5) P(0) - (i) P() - 
Po — Po = 0. 
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Suppose valid the result for all m < k and consider the polynomial P(2) of degree 
k +1. The polynomial P(x) — P(a + 1) has degree less than or equal to k, then 


= s-n(' is ‘) (P(é) - P+) 


-Zen( Pro zer Gn )r0 


= P(0)+ so(-1) (* eS ‘) + (; ue | P(i) + (—1)**? P(k + 2) 


; a 1-1 
w=1 


Hence, for the polynomial P(x) the result holds and therefore the proof of 
the lemma is complete. 


Now, apply the lemma to the polynomial P(x) of the problem, 


= yu) @ : ') P(i) = Sn) (" J, ') c i ‘) ‘ Peay Basel) 


=) (-1)'+ (-1)*"*Pin+ I), 
i=0 


hence P(n +1) is 1 if n is even and it is 0 if n is odd. 


Solution 9.106. Suppose that there are polynomials Q(x) and R(x) with integer 
coefficients such that P(x) = Q(x) R(x). Since P(0) = 3, we can assume, without 
loss of generality, that |Q(0)| = 3. If Q(v) = v* + ag_ya*-! +--+ +0, with 
ag = +3, R(x) = a! + b_ia'-1 +--+ +89 and P(x) = 2” + cy,_12"-14--++ 9, it 
follows that c; = ajbo9 + a;-1b1 + -:-. 

Let j be the smallest index such that 3 does not divide a;, then 3 neither 
divides c;, since 3 { bo. Hence, 7 > n— 1, and then k > n—1 and! < 1. Thus 
the polynomial R(x) has the form +x +1, but neither 1 or —1 are roots of P(x). 
Therefore, P(a) is irreducible over Z[z]. 


Solution 9.107. Suppose that the degree of Q(x) is n < p— 2. Using the lemma 
in Problem 9.105, 


0= Ty ("7 ‘Jews FW mod p. 
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Solution 9.108. Since P(x) > 0, for x > 0, the polynomial can be decomposed in 
the following way 


P(x) = ao(x + a1) -..(@ + Gn) (x? — big +1)... (2? — bat +Gn), 


with a; > 0, for 0 < i < n, and each quadratic polynomial x? — bjx + cj has no 
real roots. 

Since the product of polynomials with positive coefficients is a polynomial with 
positive coefficients, and since the factors (a+ a;) already have positive coefficients, 
it will be enough to analyze the quadratic factors. 

Let x? — ba +c be a quadratic polynomial, with b? — 4c < 0. Then 


(14+2)"(x2 —be +c) = ss ee — be +c) 


i=0 


n! [(b-+¢ + 1)i? — ((b + 2c)n + (2b + 3c + 1))i + c(n? + 3n + 2)] 
il(n — 7+ 2)! 


Now, C; will be negative if its discriminant is negative (depends of i). The dis- 
criminant is 


D = ((b + 2c)n + (2b + 3c4+ 1))? — 4(b +4 1)(c(n? + 3n + 2)) 
= (b? — 4c)n? — 2Un + V, 


where U = 207 + be +b— 4c and V = (2b+c+ 1)? — 4c. But since b? — 4c < 0, 
it will be sufficient to take n large enough, and then we will do this with every 
quadratic factor. 


Solution 9.109. Notice that 


a(a* — y*) + b(a? — y®) + e(a? — yy?) + d(x —y) =0 
(a8 +a? y + ay? +y?) + O(x 


a 
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Ifu=act+yandv=2?+y’, then 2? +2y+y? = wi tu and the previous equation 


becomes auv+8(u?+v)+cu+d = 0, or equivalently, (2au+b)v = —(bu?+2cu+2d). 


Since v > am it is clear that u?|2au+b| < 2|bu? + 2cu+ 2d|, which is 
true only for a finite number of values of u. Since there are an infinite number 
of pairs of integers (x,y) with «P(x) = yP(y), there is an integer u such that 
«P(x) = (u—«)P(u—<) for an infinite number of integers x, but since P(x) is a 
polynomial, the latter is true for every real number 2. 

If u 4 0, then wu is a root of P(x). 
If u = 0, then P(x) = —P(—z); this implies b = d = 0. Then P(x) = az? + cx = 
x(ax? +c), hence u=0 is a root of P(z). 


Solution 9.110. It is clear that (xyz)? = abe, then xyz = +Vabc, hence x = =4%%* 


y = Svee zy = =¥e solve the system. 


Solution 9.111. It is clear that xy + yz +22 = $(a+b+4+c), zy = $(at+b- 


(c+a—b)(a+b—c) 
2(b+c—a) , 


c), yz = (b+ c—a), zx = $(c+a-—b). Hence x = + 


ss Cree) z=H,/ Creare’) solve the system. 


Solution 9.112. The system is equivalent to the following system: 


1 1 1 1 1 1 1 1 1 
4+—= 


ry LZ a yz yo O° Za zy 


By the previous problem, 


(ab + be — ca)(bce + ca — ab) 
2abc(ca + ab — bc) 


and similarly for the other variables. 


Solution 9.113. If A, B, C are the expressions on the left-hand sides of the equa- 
tions, it follows that -A+ B+C = (-a+b+c)?, A-B+C = (a—b+o), 
A+B-—C=(a+b-c)? and-A+B+C=A-B+C=A+4+B-—C=1. The 
system is equivalent to -a+b+c=1,a—b+c=1,a+b—c=1, which has the 
unique solution (a, b,c) = (1, 1,1). 


Solution 9.114. Proceed by induction on n. The case n = 1 is trivial. Suppose 
that it is true for n > 1. The polynomial Q(x) = P(«+1)— P(x) has degree n— 1 
and takes integer values in the integers, then by the induction hypothesis, there 
are integers ao, ..., @n—1 such that 


Qe) =aa(,%,) te tao(§), 
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For any integer x > 0, it follows that P(x) = P(0)+ Q(0)+ Q(1) +---+ Q(x—-1). 
Using the identity Ca) + () feet (a) = Ga for any integer k, we obtain 
the desired representation of P(x), 


P(x) = na(®) acest @ + P(0). 


Solution 9.115. Let r be a zero of P(x). Then |r|? —|r| < |r?—r| = p. If |r| > prt, 
then 
a 
Ir? — |r| = IrI(irP-* — 1) > pF *(p— 1) > p, 


which is a contradiction. Here we have used prt > a> which follows from 
p?-! = ((p—1) +1)?-!. Therefore, |r| < p>. 
Suppose that P(x) is the product of two non-constant polynomials Q(x) and R(x) 


with integer coefficients. One of these polynomials, say Q(a), has constant term 
equal to +p. On the other hand, the zeros r1, ra, ..., Tp of Q(x) satisfy |ri], ..., 


\r~| < p?-1, and moreover r;---1r~, = +p, hence k > p, which is impossible. 


Solution 9.116. Let P(x) = ana" + anya" +--+ + a,x + ao. For every 2, 
the triplet (a,b,c) = (6x, 3x, —2zx) satisfies the condition ab + bc + ca = 0. The 
condition in P(x) implies that P(3x) + P(5x) + P(—8x) = 2P(7z), for all x. Now 
comparing coefficients on both sides of the equality, it follows that the number 
K(i) = (3° + 5* + (—8)' — 2- 7°) = 0, if a; 4 0. Since K(i) is negative for i odd 
and positive for i = 0 or for i > 6 even, then a; = 0, for i 4 2, 4. Therefore, 
P(x) = agx? + ayx*, for any real numbers az and ay. It is easy to see that all 
polynomials of the previous form satisfy the conditions set for the problem. 


Solution 9.117. We have shown that if for some integer t, Q(t) = t, then P(P(t)) = 
t (see Exercise 8.16). If such t also satisfies P(t) = t, the number of solutions is 
clearly at most the degree of P(a), which is equal to n. 

Let P(t1) = ta, P(t2) = ti, P(ts) = t4 and P(t) = t3, where ty x ti, for 
i = 2,3,4. Then we have that ts — t, divides t4 — tz and vice versa; therefore 
t3 — ty = £(t4 — ta). Similarly, we have that t3 — tg = (ta — 11). 

Suppose that we have positive signs in both equalities: tz — tg = t4 — t) 
and ts — t) = t4 — tg. Substracting these equalities, we find t; — tg = te — ty, 
which is a contradiction. Then, at least one of the equalities has negative sign. 
For each one of those cases, this means that t3 + t4 = t, + te, or equivalently, 
ty + tg—ts — P(t3) = 0. Let C = t, + te, then it has been proved that each integer 
number that is a fixed point of Q(x), different from t, and to, is a root of the 
polynomial F(x) = C — x — P(x). This is also valid for t; and tz, and since P(x) 
has degree n > 1, the polynomial F(a) has the same degree, therefore it has no 
more than n roots. Hence, we have reached the result. 
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Solution 9.118. For the first positive integers, it follows that 


P(1) = P(0? +1) = P(0)? +1=1 

PQ) = P(1? +1) =>P(1)? +1=2 

P(5) = P(2? +1) = P(2)?+1=5 
P(26) = P(5? +1) = P(5)? +1 = 26. 


Then, for zo = 0 and for n > 1, it follows that x, = 2?_, + 1. Then P(z,) = 
P(a?_, +1) = P(a?_,)+1=22_,+1 = 2p. Hence, P(x) has an infinite number 
of fixed points, therefore P(x) = x. 


Solution 9.119. Let P(1) =a, then it follows that a? — 2a — 2 =0. Since P(x) = 
(x —1)P,(a) +a, for some polynomial P; (x), substituting in the original equation 
and simplifying leads to (x — 1)Pi(x)? + 2aPi(x) = 4(a@ + 1)P,(2x? — 1). For 
x = 1, it follows that 2aP,(1) = 8P,(1), and together with a ¥ 4, implies that 
P,(1) = 0. Hence, P;(x) = (a—1)P2(x), for some polynomial P2(x). Then P(x) = 
(a — 1)? P(x) +a. 

Suppose that P(a) = (a—1)"Q(x) +a, where Q(z) is a polynomial with Q(1) 4 0. 
Again, substituting in the original equation and simplifying, we get (x—1)"Q(a)?+ 
2aQ(x) = 2(2x + 2)"Q(2x? — 1), which implies that Q(1) = 0, which is a contra- 
diction. Therefore P(x) = a. 


Solution 9.120. It is clear that P(x) and Q(x) have the same degree, say n. The 
cases n = 0 and n = 1 are clear. Suppose that R(x) = P(x) — Q(x) £0 and that 
0<k<n-—1 is the degree of R(x), then 


Writing Q(a) = 2" +---+a 1" + ao, we obtain 
Q(P(x)) — Q(Q(z)) = [P(x)” — Q(x)"] +--+ + ai[P(x) — Q(2)]. 


The main coefficient of the polynomial Q(P(x)) — Q(Q(ax)) is n and it is equal 
to the coefficient of the term x” ~"**. On the other hand, the degree of the 
polynomial R(P(x)) is equal to kn <n? -n+k. Therefore the main coefficient of 
P(P(x))—Q(Q(a)) is n, which is a contradiction with the fact that the polynomial 
is zero. 

It is left to prove the case R(x) equal to some constant c. Then the condition 
P(P(x)) = Q(Q(x)) implies that Q(Q(x) + c) = Q(Q(x)) — c, hence the equality 
Q(y +c) = Q(y) — c follows for an infinite number of values of y. Thus Q(y+c) = 
Q(y) — c, which is only possible for c = 0, which can be proved comparing the 
coefficients and using that Q(x) is monic. 


Notation 


The following notation is standard: 


the positive integers or the natural numbers 
the integers 
the rational numbers 


the positive rational numbers 
the real numbers 


the positive real numbers 
the irrational numbers 


the complex numbers 


is {0,1,...,p—1} with the sum and product modulo p. 


if and only if 

imply 

the element a belongs to the set A 

A is subset of B 

the absolute value of the number « 

the module of the complex number z 

the fractional part of the number x 

the integer part of the number x 

the set of real numbers x such that a < x < b 
the set of real numbers x such that a <a <b 
the polynomial P in the variable x 

the degree of the polynomial P(x) 

the function f defined in [a,b] with values in R 
the derivative of the function f(z) 

the second derivative of the function f(z) 

the nth derivative of the function f(z) 

the nth power of a function f(x) 
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expxz =e 
d. £(a,b,..-) 
cyclic 


Notation 


the nth iteration of a function f(z) 
the diference operator of f(z) 

the determinant of a matrix A 

the sum a; + a2 +---+ an 

the product a,-a2-...- Gn 

the product for all a1, a2,...,@n except a; 
the maximum value among a, b,... 
the minimum value among a, ),... 
the square root of x 

the nth root of the real number x 
the exponential function 


represents the sum of the function f evaluated in all the 
cyclic permutations of the variables a, b,... 


We use the following notation for the source of the problems: 


AMC 
APMO 
IMO 
MEMO 
OMCC 


OIM 
OMM 
(country, year) 


American Mathematical Competition 

Asian Pacific Mathematical Olympiad 

International Mathematical Olympiad 

Middle European Mathematical Olympiad 
Mathematical Olympiad of Central America 

and the Caribean 

Iberoamerican Mathematical Olympiad 

Mexican Mathematical Olympiad 

problem corresponding to the mathematical olympiad 
celebrated in that country, in that year, in some stage 


Bibliography 


15 


Andreescu T., Andrica D., Complex numbers from A to ... Z, Birkhauser, 
2005. 

Andreescu T., Gelca R., Mathematical Olympiad Challenges, Birkhauser, 
2000. 

Andreescu T., Enescu B., Mathematical Olympiad Treasures, Birkhauser, 
2006. 

Barbeau E.J., Polynomials, Springer-Verlag, 1989. 

Bulajich Manfrino R., Gémez Ortega J.A., Geometria, Cuadernos de Olim- 
piadas, Instituto de Matematicas de la Universidad Nacional Auténoma de 
México, Sociedad Matematica Mexicana, 2012. 

Bulajich Manfrino R., Gdmez Ortega J.A., Valdez Delgado R., Desigualdades, 
Cuadernos de Olimpiadas, Instituto de Matematicas de la Universidad Na- 
cional Auténoma de México, Sociedad Matematica Mexicana, 2010. 
Bulajich Manfrino R., Gémez Ortega J.A., Valdez Delgado R., Inequalities: 
A Mathematical Olympiad Approach, Birkhauser, 2009. 

Cardenas H., Lluis E., Raggi F., Tomas F. Algebra Superior, Editorial Trillas, 
1973. 

Djukic D., Jankovic V., Matié I, Petrovié N., The IMO Compendium, 
Springer, 2006. 

Engel A., Problem-Solving Strategies, Springer, 1998. 

Fine B., Resenberger G., The Fundamental Theorem of Algebra, Springer, 
1997. 

Goldberg S., Introduction to Difference Equations, Dover Publications, 1958. 
Gomez Ortega J.A., Valdez Delgado R., Vazquez Padilla, Principio de las 
Casillas, Cuadernos de Olimpiadas, Instituto de Matematicas de la Universi- 
dad Nacional Auténoma de México, Sociedad Matematica Mexicana, 2011. 
Honsberger R., Ingenuity in Mathematics, vol. 23 in New Mathematical Li- 
brary series, 1962. 

Niven I., Montgomery H., Zuckerman H., An Introduction to the Theory of 
Numbers, Wiley, 5th edition, 1991. 


© Springer Internation! Publishing Switzerland 2015 307 
R.B. Manfrino et al, Topics in Algebra and Analysis, 
DOI 10.1007/978-3-3 19-1 1946-5 


308 


16 
17 
18 


19 
20 


21 
22 


23 


Bibliography 


Remmert R., Theory of Complex Functions, Springer, 1999. 
Rudin W., Principles of Mathematical Analysis, McGraw-Hill, 1976. 


Savchev S., Andreescu T., Mathematical Miniatures, The Mathematical As- 
sociation of America, 2003. 


Small C.G., Functional Equations and How to Solve Them, Springer, 2007. 


Soberén P., Problem-Solving Methods in Combinatorics: An Approach to 
Olympiad Problems, Birkhauser, 2013. 


Spivak M., Calculus, Editorial Reverté, 1993. 
Tabachnikov, S. (editor), Kvant Selecta: Algebra and Analysis IT, American 
Mathematical Society, 1999. 


Venkatachala B.J., Functional Equations. A Problem Solving Approach, Prism 
Books Pvt Ltd, 2002. 


Index 


Absolute value, 10 
properties of, 11 
Algorithm 
division, 66, 140 
Euclid, 142 
Arithmetic progression, 33 
difference of the, 33 
of order 2, 34 


Bertrand’s postulate, 243 


Binomial 
Newton, 54 
square, 15 


Binomial coefficient, 53 


Cartesian Plane, 10 
Complex number, 75 
argument, 75 
conjugate, 75 
imaginary part, 75 
module, 75 
real part, 75 


Decimal system, 8 

Dense set, 101 
Derangement, 128 
Descartes’ rule of signs, 155 


Determinant 
2 x 2 matrix, 18 
3 x 3 matrix, 18 
properties of, 19 


Difference operator, 111 


Endpoints, 10 

Equation 
characteristic, 122 
difference, 111 
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Factorial, 53 
Factorization, 25 


Formula 
Abel’s summation, 133 
de Moivre, 79 
interpolation, 151 
Pascal, 54 


Function, 89 
non-increasing, 98 
additive, 103 
bijective, 94 
bounded, 99 
bounded above, 99 
bounded below, 99 
codomain, 89 
constant, 89 
continuous, 100 
correspondence rule, 89 
decreasing, 98 
domain, 89 
even, 96 
graph, 89 
identity, 89 
image, 89 
increasing, 98 
injective, 94 
iteration, 111 
limit, 99 
non-decreasing, 98 
odd, 96 
periodic, 97 
range, 89 
surjective, 94 

Functional equations, 111 
Cauchy, 102 


Functions 
composition, 93 
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difference, 91 
equality, 89 
product, 91 
quotient, 91 
sum, 91 


Geometric progession 
ratio of the, 36 


Geometric progression, 36 
Greater than, 6 


Hanoi Towers, 44 


Harmonic progression, 34 


Identity 
Sophie Germain, 27 
Imaginary axis, 75 
Induction 
bases, 43 
step, 43 
Induction principle 
Cauchy’s, 49 
simple, 43 
strong, 48 
Inequalities, 21 
Inequality 
Cauchy—Schwarz, 69 
helpful, 26 
Nesbitt, 24 
rearrangement, 24 
Infinite descent, 57 
Integers, 1 
Interval 
close, 10 
open, 10 


Irrational number, 4 


Koch’s snowflake, 130 


Lemma 
Gauss, 147 
growth, 86 


Matrix 
2% 2017 
3 x 3, 18 

Mean 
arithmetic, 22, 49 
geometric, 22, 49 
harmonic, 22 
quadratic, 22 


Monomial, 139 


Natural numbers, 1 


Notable product 
three variables, 16 
two variables, 15 


Number line, 3 


Numbers 

even, 32 
fractional part, 14 
greater than, 6 
integer part, 12 
Lucas, 128 

odd, 32 

square, 32 
triangular, 31 


Parameters, 153 
Period, 97 


Polynomial, 139 
characteristic, 122 
coefficients, 63, 139 
commute, 157 
conjugate, 154 
constant, 63 
cubic, 63 
cyclotomic, 148 
degree, 67, 139 
derivative, 150 
discriminant, 67 
equality, 139 


Index 


greatest common divisor, 64, 142 


homogeneous, 161 
integer coefficients, 145 
irreducible, 146 

linear, 63 

main term, 139 

monic, 63, 139 


Index 


over the integers, 63 
over the rationals, 63 
primitive, 147 
quadratic, 63 
quotient, 64 
reciprocal, 143, 144 
remainder, 64 
root, 63, 139, 141, 145 
several variables, 161 
solution, 63, 139 
symmetric, 161 
Tchebyshev, 158 
zero, 63 

Polynomials 
division, 64, 141 
equality of, 63 
product, 64 
product by a constant, 64 
subtraction of, 64 
sum of, 64 


Quadratic polynomial 
complex coefficients, 79 


Rational numbers, 2 

Real axis, 75 

Real numbers, 4 

Root 
primitive, 83 

Roots 
multiple, 150 
multiplicity, 67, 143 
second-order equation, 67 
unity, 82 


Second-order equation, 67 
discriminant, 67 

Sequence, 115 
bounded, 118 
complete, 125 
convergent, 126, 135 
decreasing, 125 
divergent, 126, 135 
Fibonacci, 51 
finite differences, 113 
increasing, 124 


limit, 126, 135 
monotone decreasing, 125 
monotone increasing, 124 
periodic, 119 
properties, 118 
recursive, 118, 120 
totally complete, 125 
Series, 129 
convergent, 129 
derivative, 132 
divergent, 129 
geometric, 131 
harmonic, 131 
power, 131 
formal, 131 
Smaller than, 6 
Smaller than or equal to, 7 


Straight line 
oriented, 3 
Subsequence, 127 
Sum 
of Gauss, 32 
of the cubes, 39 
of the squares, 38 
partial, 129 
telescopic, 40 


Theorem 
binomial, 54 
Hisenstein, 147 
factor, 66, 82 


fundamental of Algebra, 81, 87 


proof, 85 
rational root, 146 


Vieta 
formulas, 65, 145 
jumping, 163 
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